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In this lecture we discussed:

e Johnson’s reweighting algorithm

e A* search meets graph theory

1 Johnson’s Reweighting Algorithm

Idea

e Reweight edges of input graph so that 1) All new edge weights are > 0 2) All shortest paths
are the same.

e Run Dijkstra’s Algorithm n times using each vertex as a source.

Observation

Adding a constant to all edge weights to make them positive does not preserve shortest paths since
the length of paths that have many edges (but might be shortest paths) are increased more than
the length of paths with few edges.

Solution

(i) Form G’ from G = (V, E) by adding a new vertex s ¢ V and edges (s,v) for all v € V, with
w(s,v) = 0.

(ii) Find shortest paths from s to all v € V using Bellman-Ford algorithm on G’. Let DJi] be the
shortest path length from s to .

(iii) Let w(4,7) = w(i, j) + D[i] — D[] for all (i, j) € E.
(iv) Run Dijkstra’s algorithm on G with weight w for every source vertex v € V.
For step 1 to 3, T'(n) = O(mn). For step 4, T'(n)=0(n(nlogn + m)) (if Fibonacci Heap is used).

In total, T'(n) = O(n?logn +mn). When m is small (G is a sparse graph), Johnson’s reweighting
algorithm is faster than Floyd-Warshall’s algorithm whose running time is O(n?3).

Proof

First we need to prove the shortest paths remain the same after the reweighting. < Shortest path
in G using weights w is shortest path in G using weights w. Suppose a = vgvy - - - v = b is a path
from a to b in G. Using w: the path length is W = w(vo, v1) + w(vi,v2) + - - -w(vk_1vg). Using w,
the path length W = @ (vg, v1) + w(v1,v2) 4 - - (vp_10%) = w(vg, v1) + D[ve] — D]v1] + w(vy, v2) +



Dlv1] — D[v2] + - - - + w(vk_1,v) + D[vg_1] — D]vg] = W + D|vg] — D[vg]=W + D|a] — D[b]. The
path P from a to b that minimizes the path length w(P) is the same path that minimizes the path
length w(P) = w(P) + D[a] — D[b] since a and b remain the same for all such paths.

Secondly we need to prove w(i, j) > 0 so that we can use Dijkstra’s algorithm. Because D][j] is the
shortest path length from s to j, then D[i] + w(i, j) > D[j] = w(i,j) + D[i] — D[j] = w(3,j) > 0,

2 A* search meets graph theory

Problem Finding shortest path from s to ¢ in a big graph G (edges are positive).
Options

e Preprocess G and store all answers to all queries (s,t). This takes two much space (Q(n?)).

e Run Dijktrsa’s algorithm on the graph for each query. This is two slow even if we run the
algorithm in a bidirectional way.
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Figure 1: Running Dijkstra’s algorithm in three scenarios

As presented in the first two graphs in Figure 1, neither the basic use of Dijkstra’s algorithm nor
a bidirectional use of it is efficient.

Idea Change edge weights to cause Dijkstra’s algortithm to visit fewer vertices (descirbed in the
third graph in Figure 1).

Example

Suppose m(v) is the shortest path length from v to t, let w(u,v) = w(u,v) — w(u) + 7w(v). The
black numbers in Figure 2 denote the original edge weights of the graph. The red numbers denote
the edge weights after reweighting. We can see that the vertices we visited are exactly in order:
A—-B—-C—D—E.



Figure 2: Example of reweighting

In this example, we know exactly the destination ¢ when we reweight the graph, thus Dijkstra’s
algorithm using modified edge weights visits exactly vertices on shortest path from s to ¢t. But in
reality we do not know what t is when we preprocess the graph.

Solution

(i) Choose a set L of “landmark” vertices from V.

(ii) For every v € L, compute the shortest path lengths dist(x,v) (from x to v) and dist(v,z)
(from v to x) for all v € V.

(iii) Given the query that to find shortest path from s to ¢, run Dijkstra’s algorithm using edge
weights w(u,v) = w(u,v) — w(u) + w(v) for all (u,v) € E where 7(v) = mazc{dist(v,x) —
Te

dist(t,x), dist(z,t) — dist(z,v)}.
Further information can be found in [1].

Observation

As dicussed in the example above, if we are lucky enough to choose the destination ¢ as the landmark,
the m(v) in step 3 can be simplied to: max{dist(v,t) — dist(t,t),dist(t,t) — dist(t,v)} = dist(v,1),
which is exactly the m(v) we used in the example above.
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