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Learning objectives

¢ Naive mean-field method

= jts derivation as |-projection
= jts update equations



Previously: variational inference

D(q|lp) = >_x a(x)(Ing(z) — Inp(z))

= —H(q) —Eg[>_; ;Ind;j(zi, ;)] +InZ
ore does ot depend on

the optimization is defined such that

e marginals of interest can be read from g € Q
e entropy and expected energy are easy to calculate/approximate
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Previously: loopy BP

arg min, D(q||p)

iy l p(z) = 5 [1; ¢ij(zi, )
Hi,je 15 (Ti,T5)
Q q(z) 1L qi(ii)zvbi—l

g, ~ suchthat > . gi;(zi,z;) = 4;(z;) Vi,j €&, z;

e pseudo-marginals can be read from g
e entropy term is approximated (Bethe approximation)
e expected energy term is exact



Naive mean-field: objective

P(1,2,4)
l-project p into the product form )."14:\
arg mingcg D(q||p) @ @ @

l 1
l p(z) = 7z |1; ¢1(z1)

a subset of vars.
q(z) = [1; ai(=:)
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Naive mean-field: objective

Pi1,2,4)
. . Hggunn
l-project p into the product form )»"4§
arg mingco D(q||p) @) @ @)

!
l pe) = 3 [l érlar)
o(a) = L (x)

= argmingeg —H(q) — Ey[>_;In¢1(z1))] HInZ
S H(qg) o1 2oa (L Licr ¢i(2i)) In@r(zr)
® both terms are tractable for family Q
® the objective is non-convex

® |ower-bound on Z (this is not true for loopy BP)



Is I-projection the right choice in MF?

M-projection of p into a q with factorized form q(z) =[]}, a(z)

gives ¢"(z) = [1;, p(z)
D(pllg) = Epllnp(z)] — Yy Eplln (zx)]

= Ey[ln 20ls] + 30, By [In B2

= D(pllg") + > D(p(xx)|lq(zx))

minimized when this is zero! ¢=¢"
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Is I-projection the right choice in MF?

M-projection of p into a g with factorized form q(z) =[] a(zx)

gives ¢"(z) = [, p(zx)

calculating the M-projection:

D(p|| 11, a(zx)) = —Ep[lng] + const. = —E, >, Ingx] + const. = — ), Eplln gi] + const.
...but we are projecting into product form to obtain p; in the first place

we do I-projection because it is easier



Optimization

objective: argmax, ) ; H(q:) + >/ (Ilic; i(2i)) In ¢1(xr)

1

(block) coordinate descent:

0.8 I\

e optimize qi, one at a time

® NonNn-convex 01

o

e stable convergence points are local optima

p(a,b) =TI(a =b)(.5 —€) +I(a # b)e
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Derivation of updates

objective: argmaxg ), H(q) + X1 > ., (I Lics @:(xi)) In g1 (z1)
optimizing individual gi(z:)

arg maxy, H(g:) + 3 jicr 220, (I Ljer 95(25)) In ¢1(21) + Cg—)

only the Markov blanket of "i" appears ignore: terms that do not depend on qi
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Derivation of updates

objective: argmaxg ), H(q) + X1 > ., (I Lics @:(xi)) In g1 (z1)
optimizing individual gi(z:)

arg maxy, H(g:) + 3 jicr 220, (I Ljer 95(25)) In ¢1(21) + Cg—)

only the Markov blanket of "i" appears ignore: terms that do not depend on qi

argmax,, H(q:) + >, ¢i(z:) [Zmel fo,i(HjeI,j i gj(z;)) In ¢I(33I)]

In g(:)

arg maxg, —D(¢i(2:) | =—z79(2:))  minimized by  a(z:) o< g(z:)

closed form update: ai(z:) < exp(Egyy 2 rjicr In ¢1(21))

expectation is wrt the current estimate gj for the markov blanket of i



Closed form update

for each node i:

qi(Ti) o eXp(EQMB(i) ZI|7:€I In ¢1(z1))

avBG) (ZMB()) = @ (@5) @k (k)@ () @m (Zm) g (20) 4o (20)

image: wikipedia
three factors that involve xi:

¢i,z,m(fb’i,$l,wm) = P(CUi | wl,wm)
¢i,n,o(mi7 Ln, wo) = p(:L‘O ‘ Lis .’En)

¢i,j,k(a7i7mj7wk) - p(xj ‘ wi7wk)



Closed form update

for each node i:

qi(Ti) o eXp(EQMB(i) ZI|7:€I In ¢1(z1))

avBG) (ZMB()) = @ (@5) @k (k)@ () @m (Zm) g (20) 4o (20)

image: wikipedia

three factors that involve xi:
e initialize qi (random or uniform) Gitm (@i Tt, Tm) = p(@i | @1, Tm)
e iteratively update qi for each node i Bino(Tis Tny o) = P(2o | Ti, Tn)
e until convergence

¢i,j,k(a7i7mj7wk) - p(mj ‘ wi7wk)



Example: MF in Ising grid

recall the Ising model:

p(z) o< exp(D_; Tihi + ) ; jeg TiTj i)

T; € {—1, +1}

local field
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Example: MF in Ising grid

recall the Ising model:

p(z) o< exp(D_; Tihi + ) _; jeg TiTj i)

T; € {—1, +1}

local field

for each node i:

gi(z;) o eXp(EqMB(i) [hizi + Zj zix;Ji ;)
= exp(zi(hi + Eqyp4) D 75 Jij))

= exp(zi(hi + 3 Jij By, [x5]))

Zexp(wi(th%j Ji ki) » qi(2;

mean-field! m;

:+1):
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Example: MF in Ising grid

recall the Ising model:
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Example: MF in the Ising grid

apply MF to image denoising
prior p(z) o eXp(Zi,jee wiwjji,j) where J;; >0

likelihood »p(y|z) xexp(}_;ziyiJi) where Ji>0

posterior p(z |y) ocexp(d_; Tihi + 32, jee Tizj i)

e e .
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iter. 15

image credit: Murphy
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Example: MF for multivariate Gaussian

mean parametrization p(x;p,%) =

|'A11, 0, Aigs,

0 |
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A3,17 A3,2, A3,37 A3,4
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canonical parametrization p(x;7,4)




Example: MF for multivariate Gaussian

mean parametrization p(x;u =) = o exp (—3(x —p) T (x — )

|-A11a Oa A1,37 0 -|
| 0, Azp, Azz, 0 |

A p—
Asi, Asa, Assz, Asy
07 07 A4,37 A4,4
n=2>X
X1 X3 X A=3-

X4

. . . A
canonical parametrization p(x;n,A) = |/ 5 exp (—3x"Ax + nx — 7 A7)
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Example: MF for multivariate Gaussian

given a multivariate Gaussian (n,A)

l-project it into product of univariates of "any" form
mean-field update:

In g;(2:) = Eqgg [— > jemse Tizihi; — s Aawd + mwi] + const.

from the precision matrix terms that do not depend on xi
Hj
— 1A 2 | JA . s
= —5Nux; ZjeMB(i) rilklzj|Aij + nixi + const.

it follows that ¢(z;) has a univariate Gaussian form: ai(z:) = N (@i; pi, 0°)

Mi <= Ai_il(ni - ZjeMB(i) Aijpj)
a? — A;il



Example: MF for multivariate Gaussian

given a multivariate Gaussian (1, A)
l-project it into product of univariates of "any" form

it follows that ¢ (z;) has a univariate Gaussian form: g(zi) = N (zi; i, 0°)

pi = NG (0 = X jenrpy Nigiy)
01-2 +— Ai_il

since the projection has the same mean

this gives an iterative solution for w=A""7n

e with (n,A) as input



Structured mean-field

replace the product form q(z) = [[; gx(zx)

with tractable sub-structures  ¢(z) =[], ar(z1)

allow efficient exact inference



Structured mean-field

replace the product form g(z) = [ ax(zx)
with tractable sub-structures  ¢(z) = [I;qr(z1)

allow efficient exact inference

updates are produced by coordinate descgent in each substructure
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Summary

l-project into tractable sub-graphs:
® naive mean-field
e perform coordinate descent
Inherits the mode-seeking behavior of I-projection
optimal in special settings (e.g., some dense graphs with weak interactions)
less restricted than BP in the choice of dists.
in practice, LBP often performs better



