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Learning objectives

e multivariate Gaussian density:

m different parametrizations
= marginalization and conditioning
= expression as Markov & Bayesian networks



Univariate Gaussian density

1 _(w—%ﬁ
p(:z:;,u,a): WG 20

e motivated by central limit theorem
e max-entropy dist. with a fixed variance

B (X)
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Multivariate Gaussian

x € R™ is a column vector (convention)

p(x; 1, %) = \/;TE exp (—3(x — )" T (x — p))

l
(2m) ¢ |5

compre to p(z;u,0) = ==e o



Multivariate Gaussian: sufficient statistics

p(x;p, ) = \/éﬁ exp (—3(x — )" I (x — p))

p=E[X]

Ei,i = Va,r(Xi)
Ei,j = COU(XZ',XJ')

¥ = E[XX!] — E[X]E[X"] the covariance matrix

nXxn nXxn

only captures these two statistics



Multivariate Gaussian: covariance matrix

since y'Zy = (y' E[(X - EX])(X - E[X])"]y) =a® >0

move this expectation out



Multivariate Gaussian: covariance matrix

since y'Zy = (yTE[(X - EX])(X — E[X])T]y) = a® > 0
move this expectation out
Y - (0 e issymmetric positive definite (PD) y'Zy >0 Vy;ly| >0
e the inverse of a PD matrix is PD

» the precision matrix A=%"1>0
e is diagnoalized by orthonormal matrices



Multivariate Gaussian: covariance matrix

since y'Zy = (y'E[(X - EX])(X — E[X])T]y) = a® > 0
move this expectation out
Y - (0 e issymmetric positive definite (PD) y'Zy >0 Vy;ly| >0
e the inverse of a PD matrix is PD

= the precision matrix A=X"1>~0
e is diagnoalized by orthonormal matrices

> = QDQT

L

diagonal
e orthogonal rows & columns of unit norm Q" =Q'Q =1
e rotation and reflection



Multivariate Gaussian: covariance matrix

¥ =QDQ"
!
l diagonal (scaling)

e orthogonal rows & columns of unit norm QQ* =QTQ =1
e rotation and reflection

Scaling along axes in some rotated/reflected coordinate system



Multivariate Gaussian; example

oo &P (—a(x = )T (x — )

 [4,2] _ [-.87,—.48] [5.1,0] [-.87,—.48]" |,
12,3 T | —48,.87 | |0,.39] | —.48,.87
Q D Q'

5.1 x [—.87,.48]




Multivariate Gaussian: from univariates

given n univariate Gaussians X ~ N(0,1) ) (KQ) |



Multivariate Gaussian: from univariates

given n univariate Gaussians X ~N(0,1)
scale them by v/ D;; DX ~ N(0, D)
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rotate/reflect usingQ QD%XNN(O,QDQT):N(O,E) R T TR R




Multivariate Gaussian: from univariates

given n univariate Gaussians X ~N(0,1)
scale them by v/ D;; DX ~ N(0, D)
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0.015

rotate/reflect usingQ QD%XNN(O,QDQT):N(O,E) R T TR R

more generally

X ~N(p,2)= AX +b~N(Ap+ b, ATAT)




parametrization

moment form (mean parametrization)

p(x; 1, %) = \/|;Tz| exp (—3(x — ) S (x — )
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moment form (mean parametrization)
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parametrization

moment form (mean parametrization)

p(x;p, %) = \/|;Tz| exp (—3(x — p) S (x — )

n = X'y :local potential

A =¥ 1 :precision matrix

information form (cannonical parametrization)

p(x;m, A) = |/ i exp (—3xT Ax +nx — §1 An)



parametrization

moment form (mean parametrization)

1 1 —
p(x;p, %) = NS exXp (_i(x — )2 (x - N))
n = Y"1u :local potential pw=A1n
A =¥ 1 :precision matrix Y =A1
information form (cannonical parametrization)
p(x;m, A) = |/ i exp (—3xT Ax +nx — §1 An)

the relationship between the two types goes beyond Gaussians

(exp-family lecture)



marginalization

moment form X~ N(y,X)

is useful for marginalization:

X = [XA7XB]T

X4~ N(Nma 2M)

plY)

(x)d

= [pa, uB]"

2 AA) 2AB
z]BA) z)BB

|
1



marginalization
moment form X~ N(u,X)

is useful for marginalization:

i = [pa, uB]"
X = [X4, X
| d v _ | 244, 24B
:. s X4 ~ N (tm, Zm) Y.BA, XBB
Hm — HA

Yim = 24



marginalization

moment form X~ N(u,X)

is useful for marginalization:

i = [pa, uB]"
X = [X4, X
| d v _ | 244,248
:, s X4 ~ N (tm, Zm) Y.BA, XBB
Hm — HA

Yim = 24
marginalization as a linear transformation: A= [Ia4, 0]

X~NWpX) = AX ~ N (n4,X44)



Marginal independencies; moment form

covariance means dependence & vise versa
X; L Xj ’ 0 < Ei,j — CO’U(XZ',X]') =0

. . Xz Mg Ui270 2 2
marginalize N(p, %) to get [Xj] ~ N( [uj] [0 02]) = N(xi; i, 07 )N (x5 pj, 05)
77y



Marginal independencies; moment form

covariance means dependence & vise versa
X; L Xj ’ 0 < Ei,j — CO’U(XZ',X]') =0

marginalize NM(p,X) to get [}é] NN([ ] [‘5 00]) N (@s; i, 07 )N (255 15, 05)

S# # ® % s N\ Gaussian is special in this sense
S — T~ N correlation: normalized covariance

- Cov(X;,X;)
-: : (XZ’ X ) \/ Var(X;)Var(X;)

image from wikipedia



Conditional independencies; information form

zeros of the precision matrix mean conditional independence

X; J_Xj ’ X—{Xi,XJ‘} = Ai,j =0

A # 0 adjacency matrix in the Markov network (Gaussian MRF )

A
p(X; n, A) = % €Xp (_% TAx + nx — %nTAn) A11 0, A3, 0

A2 29 A2,3’ 0

A32 A3,3’ A3,4J
A4,3’ A4,4

e
—®
)



Conditional independencies; information form

zeros of the precision matrix mean conditional independence

X; J_Xj ’ X—{Xi,XJ‘} ~ Ai,j =0

A # 0 adjacency matrix in the Markov network (Gaussian MRF )

p(x;n, A) = (‘A£ exp (—3x"Ax +nx — 37" A7) A11 0, Az, 0

Azp, Azz, O

A3 2, Az, A3,4J
Agz, Mgy

write it as the product of factors: {
corresponding Vij (@i, T) = —@ilijT;
potentials Wi(z:) = —%Az‘,z‘m? + @



Gaussian MRF; information form

p(x;n,A) = (2‘%) exp (—3xTAx + nx — 37" An)

Vi (X, Xj) = —zilijz; @ (%)
’%‘(Xz') — _Ai,iCU? + ;x5

A should be positive definite
e otherwise the partition function

Z = [ exp(—;xTAx + n"x)dx is not well-defined



Conditioning; information form

conditioning: easy in the information form

X4 | Xp ~N(nas,AaB) - =[ [XA,X]J;]T
Ao = A n = [n4,nB

4B 44 A— [AAA,AAB:|

naB = Na + AapXp Apa, App

% )
&)



Conditioning; information form

conditioning: easy in the information form

X4 | Xp~N(map,Aap)
Ayp = Aas
naB = Na + AapXp

not so easy in the moment form!
X4 | Xp ~ N(paB: Z4B)

Sap = Y44 — ZupX55EB4

pap = pa— Sap¥pp(Xp — ps)

X = [X4,Xp|T
n = [na,ns)’
A [AAA,AAB:|

ABAaABB

% )
&)



Gaussian Bayesian network

an alternative representation for multivariate Gaussian

linear Gaussian CPD X4 | Xp ~ w! Xp + N (po, 02) @ @

and Xp ~ N(ug,XB)



Gaussian Bayesian network

an alternative representation for multivariate Gaussian
linear Gaussian CPD X4 | Xp ~ w' Xp + N (u0, 07) @ @
and Xp ~ N(uB,XB)

joint dist. <> conditional form (CPD)



Gaussian Bayesian network

an alternative representation for multivariate Gaussian

linear Gaussian CPD X4 | X5 ~ w X5 + M (o, 02) @ @
and Xp ~ N(uB,XB)

joint dist. <= conditional form (CPD)

Xo ~ N(.U’(]a 0(2))

X1 = w'Xp ~ N(wTup, w Spw) KA 20 o WS e )
1 — B ~ B B



Gaussian Bayesian network

an alternative representation for multivariate Gaussian

linear Gaussian CPD X4 | X5 ~ w'Xp + N (o, 02) @ @
and Xp ~ N(ug,XB)
joint dist. <= conditional form (CPD)
sum of two Gaussian RVs is a Gaussian RV

the pdf of the sum of RVs from the convolution of pdfs

Xo ~ N(.U’(]a 0(2))

X1 = w'Xp ~ N(wlpp wiSsw) | 4 0T Mgt 2,
1 — B ~ B B



Gaussian Bayesian network

an alternative representation for multivariate Gaussian

linear Gaussian CPD X4 | Xp ~ w' Xg + N (wo, 03) @ @
and Xp ~ N(us,XB)

joint dist. <& conditional form (CPD)

marginal over X, is Xa~N(uo+w' pp, 05 + w' Spw)

T 2 T T
joint dist.is  (Xa,Xg) ~ A (0T W HB| 100 W SpW, W 2
1B YW, B

all the other elements follow from the marginals

COU(XA, XB,i) = Zj ijOD(XB,j, XB,z')



Gaussian Bayesian network

an alternative representation for multivariate Gaussian

linear Gaussian CPD X; | Pax, ~ wil Pax, + N (ui, o?)

worst case: O(n) parameters per node
...() ® evenif X issparse!

generally:

e DAG structure depends on the ordering
e v-structures X; L Xj = Ek,j =0

e d-sepration to find the sparsity of ¥



quiz
what is the sparsity patterns of X, A, and w'in Gaussian BN?

case 1 case 2

T E - (%) Kol
x



Summary

e multivariate Gaussian:
= mean param. (moment form) 3, u

o useful for marginalization
o sparsity << marginal independence

= canonical param. (information form) A, n

o useful for conditioning
o sparsity <= conditional independence

e Gaussian Bayesian network (linear Gaussian CPD)
e Gaussian MRF (using information form)



