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Learning objectives

e entropy
e exponential family distribution

= duality in exponential family
e relationship between

m two parametrizations
= inference and learning as mapping between the two
= relative entropy and two types of projections



A measure of information

a measure of information I(X = z)

e observing a less probable event gives more information

e information is non-negative and I(X =z) =0 P(X =z) =1

e information from independent events is additive
A=alB=b=IA=a,B=b=I1(A=a)+I(B=0)



A measure of information

a measure of information I(X = z)

e observing a less probable event gives more information

e information is non-negative and I(X =z) =0 P(X =z) =1

e information from independent events is additive
A=alB=b=IA=a,B=b=I1(A=a)+I(B=0)

definition follows from these characteristics:
I(X=z)= 10g(@) = log(P(X = z))



Entropy: information theory

X==z I(X =z) 2 —log(P(X =z))
entropy: expected amount of information
H(P) £ E[I(X)] = - ZmEVal(X) P(X = z)log(P(X = z))

expected code length in transmitting X (repeatedly)

e e.g., using Huffman coding

achieves its maximum for uniform prob. 0 < H(P) <log(|Val(X)])



Entropy: example

VCLl(X) — {aa b7 ¢, d7 €, f}

P(a) = 3, P(b) = 1, P(c) = §, P(d) = {5, P(e) = P(f) = 5,

an optimal code for transmitting X:

a— 0

b 10 average length?

c — 110 1 1 1 1 1 1
H(P)=—3log(5) — 7log(5) — zlog(z) —

d— 1110 (P) 9 1‘3(2) 1 1g(4) g g(s)

e — 11110 b} b} %

F — 11111 l

contribution to the average length from X=a



Relative entropy: information theory

what if we used a code designed for g?

average cod length when transmitting X ~p

IS H(pa Q) = erVal(X) p(il?) log(q(m))

negative of the optimal code length for X=x according to q
cross entropy



Relative entropy: information theory

what if we used a code designed for g?

average cod length when transmitting X ~p
H A
IS H(pa Q) — erVal(X) p(il?) log(q(m))
negative of the optimal code length for X=x according to q
cross entropy

the extra amount of information transmitted:
D(pllq) £ X cvax) P(z)(log(p(z) — log(g(z)))

Kullback-Leibler divergence or relative entorpy



Relative entropy: information theory

Kullback-Leibler divergence

D(pllq) = 3 ,cvax) P(z)(log(g(x) — log(p(z)))

some properties:
non-negative and zero iff p=q

asymmetric
D(pl|u) = 2., p(z)(log(p(z)) — log(};)) = log(N) — H(p)



Entropy: physics

16 microstates: position of 4 particles in
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Entropy: physics

16 microstates: position of 4 particles in

" v w5 || oo o8 |}*.c. || top/bottom box
A8 ool ||a%ec : 5 macrostates: indistinguishable states

« ae oc || co o |Ifece || assuming exchangeable particles

0 Lo T e / with Val(X) = {top, bottom} we can assume
----.--?- ----- CA ---.-:B-----'- | == 5 different distributions

o |l[*¢ «cfs e} mMacrostate = distribution
e coo Natw U0 IN ,
Q// - entropy of a macrostate: (normalized) log

number of its microstates



Entropy: physics

entropy of a macrostate: normalized log

oB Ae eB pe eB apC o #micrOStates
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Entropy: physics

entropy of a macrostate: normalized log

oB Ae eB pe eB apC o #micrOStates
= i assume a large number of particles N
Ae oo °B .B.D A.. 5 on ) 1 . 1
______ o |(la oy ) H=xhizgy) =5 @) - In(Ny!) — In(Ny)))
* s oc||[®en ‘c AB..C-D ~ NIn(N) - N
'_é':;'c"fo"k\ o Yoo N D) N, 1. /N N, 2 (N
& = =5 mn(3) - ¥ (3
P(X = top)

nats instead of bits



D iffe re ntia I e ntO rpy (continuous domains)

divide the domain Vai(X) using small bins of width A

3z, € (A4, A>i + 1))
[ p(z)de = p(2)A

Ha(p) = = > p(2:))Aln(p(z:)A) = =In(A) = >_; p(=:)Aln(p(z:))

ignore

take the limit A — 0 toget H(p) = fVal(m)p(a:) In(p(z))dx



max-entropy distribution

maximize the entropy subject to constraints
arg max, H (p)

p(x) >0 Vz

fVal(X) p(r)dz =1

Epldr(X)] = pr VE



max-entropy distribution

maximize the entropy subject to constraints

arg max, H (p)

p(x) >0 Ve
p(z) o exp(_; Oror(z))

Lagrange multipliers

fVal(X) p(r)dz =1

Epldr(X)] = pr VK




Exponential family

an exponential family has the following form

p(z;0) = h(z) exp((1(0), o(z)) — A(0))

sufficient statistics
log-partition function

the inner product of two vectors
A(8) = In(fy g x) (@)ezp(, O i () da)

with a convex parameter space 9 € © = {# c RP | A(0) < o}



Example: univariate Gaussian

L exp(— 240

2o

moment form: p(z;pu,o0?) =

p(x; p, 0%) = h(z) exp((n(0), p(x)) — A(0))
1 \ [z, 2%
n(pu,0?) = [L, 5] 5 (In(27m0?) +



Example: Bernoulli

conventional form (mean parametrization) p(%; ,LL) — ,Ll,m(l — ,LL)l_m

p(z; p) = hl(w) exp({n(0), ¢(x)) — A(0))




Linear exponential family

when using natural parameters

p(x;0) = h(z) exp((0, #(z)) — A(0))

|

natural parameters

simply define 7(0) to be the new  ?

natural parameter-space needs to be convex

HcO={0cRP|A®) < x}



Linear exponential family

when using natural parameters

p(x;0) = h(z) exp((0, #(z)) — A(0))

| |

can absorbitasa natural parameters

sufficient stat. with § = 1 simply define 7(0) to be the new § ?

natural parameter-space needs to be convex

HcO={0cRP|A®B) < x}



Example: univariate Gaussian

natural parameters in the univariate Gaussian

p(z;0) = exp((0, #(z)) — A(0))

1

JTRMES Y - G
4, 4] BT L (n(6y/7) + o

-—
—

)?

where 8 € ® x R~ is a convex set



Example: Bernoulli

conventional form (mean parametrization) p(a;; ,u) — ,ux(l — /,L)l_m

p(z; ?) = h(z) exp((0, ¢(x)) — A(6))

(), In(1 — p)] [I(z =

— —



Example: Bernoulli

conventional form (mean parametrization) p(a;; ,u) — ,ux(l — /,L)l_m

p(z; ?) = h(z) exp((0, ¢(x)) — A(6))

[In(ge), In(1 — p)] [I(z =

however © is not a convex set @

— —



Example: Bernoulli

conventional form (mean parametrization) p(w; ,u) = ,ux(l — ,u)l_w

p(z;0) = h(z) exp((8, p(z)) — A(0))

€ R’ I(z =

— —



Example: Bernoulli

conventional form (mean parametrization) p(w; ,u) = ,ux(l — ,u)l_w

p(z;0) = h(z) exp((8, p(z)) — A(0))
),

i

this parametrization is redundant or overcomplete @

€ R? [[(z = 1),I(z = 0)]

p(:I?, [01, 92]) - p(CI}, [01 +¢,02 + c])

redundantiff 30 s.t. Vz (0,¢(x)) =c



Example: Bernoulli

conventional form (mean parametrization) p(:c; /.L) — ,ux(l — /,L)l_m

=
B
D
N—"
I

h(z) exp((0, (z)) — A(6))

4—
—
—



Example: Bernoulli

conventional form (mean parametrization) p(a:; /.L) — ,ux(l — /,L)l_m

p(z; ?) = h(z) exp((0, ﬁ(w» - ATH))
In 1) M(z=1)]  log(l+é)

© is convex and this parametrization is minimal @



Example: categorical distribution

more generally p(x;p) =], Mf}ﬂczd)

have a minimal linear exp-family form

p(z;0) = exp((6, ¢(x)) — A(0))

In22,...,In 2] I(x = 2),...,I(x = D)]



Example: Beta distribution

for shape parameters a,8 € R" x ®"

plsa, ) = Hilfa 1 - 2)
2 x\\"
linear exp-family form Ll ““\
p(z;0) = exp((0, 4(z)) — A(6))
l l 0.5 P
la—1,8—-1] In(z),In(1 — )]

where 6 € (—1,+00) x (—1,400)

image: wikipedia



Example: exponential distribution

for the rate parameter A € R*

Az 1.6

p(z;\) = de™? L al

1.2

linear exp-family form 1.0

— 0.8}

o

p(CE; 0) = h(ib) exp(<97 ¢($)> — A(H)) 0.6l

[ | |
—A 1 T ~In(=0) 0.0
where 0 € R

A=0.5 |

— )\ =1

A=15 |

image: wikipedia




Example: Poisson distribution

for the rate parameter A € R*

linear exp-family form

p(z;0) = h(z) exp((0, ¢(z)) — A(6))

(
Lo
In(A) !

where 6 e R

l

Z

|

exp(0)

0.40

0.35} |

0.30}
- 0.25/
& 0.20}
o
0.15}
0.10}

0.05f /

0.00

*e e A=1

o N=1
o A=10 |

r "
fadls!
L =

F q @ fﬁ b\U‘u l
0 5 10 15 20

image: wikipedia



Example: Ising model

pairwise MRF with binary variables z; € {0,1}

p(x;0) = exp(—>_; ;<; 0iziz; — A(0))

for i = j this encodes the local field

where 6 € R

2D Ising grid

image: wainwright&jordan



Example: mixture models

Xs Vs
X is discrete and p(z,y) = p(z)p(y | z)
for mixture of Gaussians \ [m!:ﬁ] Py (Ys | @s)
sufficient statistics: [i(z=1),...,I(z = D)] Ys O

more genral forms

natural parameters:
=l =il
9: [91,---,9D,%,---,%?,FI,---,T]

overcomplete parametrization for p(x)

natural params for each component in the mixture

image: wainwright&jordan



Example: general Markov networks

log-linear form for positive dists.

p(z;0) = exp(D_; Oxr(Dr) — A(0))

l

cliques in the
the undirected graph

where 6 € R

(3, cvax) exp(— 2 O dr (D))
familiar log-sum-exp form

image: Michael Jordan's draft



Example: general Markov networks

Discrete distributions

p(z;0) = exp(d_, Oxdr(Dr) — A(0))

Mean parameters are the marginals

mean parameters natural params. sufficient statistics image: Michael jordan's droft
H1,2,0,0 = P(Xl = 0,X2 = 0) —> 91,2,0,0 ]I(X]_ 0 X2 O

[(X1=1,X2=0

pio10=P(X1i=1,X=0) «—— 61210

)
( )
I(X; =0, Xz = 1)
I( )

(
p1201 = P(X1 =0,Xo =1) ¢—— 01201
( X1=1,X =1

11 =P(X1=1,Xo=1) «—— 61211



Mean parametrization

natural parameter § => mean parameter = Ey[¢(z)]

one-to-one mapping <= if minimal sufficiant statistics

fe® & peM= {Ezi[qﬁ(w)] Vp}

any distribution p

M is also convex Why? mean parameter space



Mean parametrization: example

Multivariate Gaussian

natural parameter # —> mean parameter u = Ep,[¢()]

n=%"'u, A=%" &S p=ATly Tl
! l
sufficient statistics: ¢1(X) = X, ¢2(X) = X?

Y —pp
M, 0 are both convex M

M = {(p.3) ER™ x ST | T — pp" = 0}

1



Marginal polytope

for variables with finite domain: Val(X)

mean parameter space is a convex polytope

M = {Ey[¢(z)] Vp} = convig(x) vV}

image: wainwright &jordan



Marginal polytope: example

2 variables Xi,X; e {0,1}

Hi12

sufficient statistics B

mean parameters
0,1,0) M2

pr = E[X1], p2 = E[X], p12 = E[X1 X5]
231

marginal polytope
M ={E,[¢(x)] Vp} = conv{(0,0,0),(0,1,0),(1,0,0),(1,1,1)}

image: wainwright &jordan



Summary so far...

motivate entropy from physics and information theory
derivation of exponential family using entropy
examples:

m famous univariate distributions
= minimal & overcomplete discrete MRF
® multivariate Gaussian

expected sufficient statistics and natural parameters
m jdentify the same distribution



Significance of pand 0

inference 6 = u=E,[é(z)]

e for ¢r(z) =I(z; =r,z; = s) mean parameter are marginals



Significance of pand 0

inference 0 = u=FE,[¢(z)]

e for ¢r(z) =I(z; =r,z; = s) mean parameter are marginals

learning w© =10 st. Eyl¢(z)]=p

e given samples Xi,Xs,..., X, ~ps
e calculate expected sufficient statistics o=+ >, ¢(X;)
e find 0 s.t. E,[é(z)] =i



Duality in exponential family (bonus)

e consider log-partition function A(6) = log fVal(X) exp((0, ¢(x)))dx

e its derivative gives the forward mapping

VHA(H) — fVal(X) p&(x)(b(m)dx = K



Duality in exponential family (honus)

e consider log-partition function A(6) = log fVal(X) exp((0, ¢(x)))dx

e its derivative gives the forward mapping
Vo A(0 fVal (z)dz =
e itis convex and its conjugate dual is negative entropy

—H (pg()) = A*(u) = maxgeo (p,0) — A(0)
A(0) = max,em(p, 0) — A*(n) 9

(VA)

(VAY)

image: wainwright &jordan



Conjugate duality: example

p(z,0) = exp(fz — In(1 + exp(6)))  © =%

A(9)

forward mapping: V,A(6) = 11}2(;0()0) = | mean parameter

conjuage dual: A*(1) = maxger(p,0) — In(1 + exp(0))

substitute 0 = lnl?l(ljil,) backward mapping

A*(p) = pln(p) + (1 — p) In(1 — p)
negative entropy!




Difficulty of inference

A(0) = max,ep (s, 0) — A (1)
e.g., gives us marginals in the Ising model

(VA7)

e easy in the univariate case
= closed form mapping VeA(6)

¢ in (high-dimensional) graphical models:

variational I m M js difficult to specify (exponential #facets)
= entropy doesn't have a simple form (approximate)

inference

image: wainwright &ordan



Relative entropy & inference

A(9)

relative entropy of p(z,61) and p(z,6-)

D(61]|02) = (p1,61 — 02) — A(61) + A(62)
where p1 = VA(61)

02
D(6" || 6%)

90) + (VA(OY), 6 — 6)

0
takes the form of a Bregman divergence

alternative form:

miny, em D(p1][02) = max,, em(pa, 02) — A*(u1) — A(62)

familiar optimization! does not depend on 4]

SO mapping ¢ — x is minimizing the KL-divergence

® not symmetric, which one to use? is this the "right" one?
image: wainwright &jordan



Projections

Project p into a convex set of dists. @

l-projection ¢’ £ argmin,co D(q||p)

(information projection)
—H(q) + Eg[—In(p)]




Projections

Project p into a convex set of dists. @ T ——
l-projection ¢’ £ argmin,co D(q||p)

(information projection)
—H(q) + Eg[—In(p)]

M-projection ¢ = arg ming o D(p||q)
(moment projection) _E,[Ing]
p



Projections: example

project into a g with factorized form q(a,b) = q(a)q(b)

M-projection: l-projection:
M) =¢"(@)=5 a(@)=q@")=.25

@ (®°) =¢” (") =5 ¢’ (a') = ¢ (") = .75



M-Projection

M-projection of p into a q with factorized form gq(z) =[], 9()

and otherwise unrestricted

gives ¢"(z) = [1;, p(z)
D(pllg) = Epllnp(z)] — Y Eplln (zx)]

= Bylln 250051 + 324 Bl 555

= D(p|lg™) + 32, D(p(zk)||a(zx))

minimized when this is zero! ¢=¢"



M-Projection: exponential family

M-projection of p into a go(z) = exp((0, #(x)) — A(0))

is given by moment-matching Eg[¢(z)] = Ep[é(z)]

D(pllger) — D(pllgs) = (Ep[¢(z)],0 — 0') — A(0) + A(¢)
= (Eq[¢(z)],0 — 0") — A(0) + A(0') = D(gellger) > ()

M-projection produces a distribution with the same L



Projections, inference & learning

A(6) = maxep(p,0) — A ()

e corresponds to I-projection
e the variational approach to inference

A*(p) = maxgeo(p, 0) — A(0)

e corresponds to M-projection
e maximum likelihood learning

image: wainwright &jordan



Summary

intuition for entropy & relative entropy

derivation of the exponential family

examples of linear exponential family

mean & natural parametrization

inference and learning as a mapping between the two

= relation to conjugate duality
= relation to information and moment projections



