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Abstract:

In this paper we present a novel method for modeling an object composed of
several tensor-product solid primitives while preserving the desired volume of each
primitive and ensuring high-order continuity constraints between them. We achieve
those requrments with minimal necessary change from the original object. The
change can be represented geometrically as the squre distance between the original
and resulting objects control point configurations or physically as the deformation
energy required to convert the original object into the resulting one. The computa-
tion method we use utilizes the Uzawa algorithm for non-linear optimization.

We show how the algorithm can be used in an interactive environment by relax-
ing exactness requirements while the user interactively manipulates free-form solid
primitives. On current workstations, the algorithm runs in real-time for tri-quadratic
volumes and close to real-time for tri-cubic volumes.

Although in this work we limit the method description to Bézier solids, it can
easily be adopted for most of the other common definitions of free-form solids, for
example for NURBS. The only restriction on the mathematical definition of the solid
that we have is that it should be a defined as a linear combination of the control

points.
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1 Introduction

Some of the important trends in geometric modeling in the last few years have been
the reliance on solid models rather than surface-based models and the enhancement
of the expressive power of models, by using free-form objects in addition to the usual
geometric primitives and by incorporating physical principles, all this while empha-
sizing interactive performance. In this paper we integrate all of these requirements
in a single geometric primitive.

The primitive we use is a tri-variate tensor product volume. The use of 3-
D definition of the object enables us to preserve while shaping the body it’s basic
properties such as volume. We present a novel algorithm for free-form volume design
enabling us to model a body built from a number of tri-variate tensor product volume
primitives while keeping the volume of the body as desired and keeping continuity

constraints between the primitives.

1.1 Background

The common approach to representing and manipulating free-form objects is by
using a boundary representation (Brep), with parametric surfaces for the boundary.
Adjacencies between neighboring surface patches are stored explicitly. Using a Brep,
it is inherently difficult to model physical attributes associated with the object. Such
attributes are easier to consider when using parametric free-form solids instead of
surfaces. The difference between the two is the dimension of the parameter space
(two for surfaces and three for solids.)

Some previous systems have used free-form solids (e.g. [Farouki85]). However,
parametric volumes are not used in the way that surfaces are used, for direct object
design, but rather for design of separate deformation entities used for modification
of existing objects (free-form deformations (FFD) [Sederberg86]). This can be ex-
plained by the fact that if only the boundary of the object is of interest, there is
no need to use free-form solids which enable control over what happens ‘inside’ the
object. In this paper we use free-form solids as primitives for geometric design, not
as deformation entities.

FFD utilizes a tri-variate tensor-product parametric Bézier solid defined by a



lattice of control points. The defining parameter space is the unit cube. Naturally,
other basis functions (such as NURBS) could be used as well [Griessmair89]. Seder-
berg suggested a user interface based on control point manipulation, with which is
it rather difficult and tedious to obtain a desired deformation. Direct manipulation
of object points instead of control point manipulation was suggested in [Borrel91,
Hsu92]. The user directly moves an object point, and the system automatically
computes the control point configuration yielding the desired point displacement
constraints. In [Rappoport94] this method is extended to approximate (‘probabilis-
tic’) point constraints with a non-isotropic shape parameter. [Joy91] gave methods
to manipulate a group of control points in a single operation. A more general type
of extension to FFD was presented in [Coquillart91], who defined an arbitrary vol-
ume and used numerical routines to compute local coordinates within this volume.
Neither of the above methods attaches any physical meaning of the deformation.

Physics-based modeling is a successful research area in geometric modeling. Sev-
eral papers [Terzopoulos94, Welch92, Kallay93, Moreton92, Celniker91, Greiner93|
presented surface design schemes based on minimization of an energy functional
subject to linear point constraints such as location and tangent vectors. We are
not aware of any work using similar ideas for free-form solids. Other applications of
physics-based modeling are in reconstruction and tracking [Fang92], motion control
[Shapiro88], and modeling of flexible and rigid objects [Barzel88].

The only relevant reference we are aware of for volume preservation ' is [Au-
mann92], which gives an algorithm that approximates a surface of revolution by
a surface which is not a surface of revolution while trying to preserve the original
volume. Free-form solids are not discussed, and it seems that the algorithm is not
suited for them at all. Formulae for computing the area or volume enclosed by

curves and surface patches were given in [Elber94, Liu87].

![Sederberg86] refers to an unpublished report about volume preserving deformations, but such
deformations cannot be everywhere locally satisfied with polynomial fields except for the simple

case of pure shears.



1.2 Proposed Approach

As mentioned above, we use free-form solids as design primitives. In the context
of solid model design in general and specifically of free-form solids, one of the most
basic physical properties of a space cell is its volume size, the measure of the domain
it contains. A major drawback of current user interaction techniques when applied
to free-form solid design is that the user has no way of controlling the contained
volume size. Currently, solid design (as opposed to using volumes for free-form
deformations) is not much more than design of the surfaces bounding the volume,
each of them independently.

We present a novel method for modeling an object composed of several tensor-
product solids while preserving the desired volume of each primitive and ensuring
high-order continuity constraints (and any linear constraints in the control points)
between the primitives. The method utilizes the Uzawa algorithm for non-linear op-
timization, with an objective function based on deformation energy or least squares.

The algorithm is very useful for several applications. For example, hierarchical
FFDs were used by [Chadwick89] for computer animation of muscles. A similar
effect could be achieved by a combination of point displacement constraints and
smooth increase/decrease of desired volume size. The algorithm is useful in indus-
trial design, where basic functional requirements are automatically obeyed without
imposing limitation on the creativity of the designer. When the object material
is known, volume preservation means weight preservation, hence is attractive for
mechanical engineering applications when the engineer designs a part or an assem-
bly.The preservation of volume of each element of the objects enables us to keep
required proportions between volumes and weights of object parts. Obviously, sim-
ple scaling of the object in order to achieve a desired volume is not possible, due to
the presence of point location and continuity constraints.

Our algorithm uses Bézier solids of arbitrary orders as the underlying mathe-
matical definition of a free-form solid primitive. A Bézier solid of known orders is
completely specified by its control points. The input to our algorithm consists of
the desired object form (set of primitives defined by their control points configura-
tions), desired primitives volume sizes and a set of linear constraints on the control

points implied by continuity requirements between the primitives or imposed di-



rectly by user. The control points configurations can either be given directly by the
user through control point manipulation, or computed from point displacement con-
straints specified by direct solid manipulation as in [Borrel91, Hsu92]. The algorithm
computes a control point configuration closest to the given one (in a deformation
energy minimization or least square sense) such that the deformed primitives con-
tain volume of the given sizes and the linear constraints are fulfilled. The algorithm
does not automatically guarantee that the boundaries do not self-intersect. the con-
straints rising from topological correctness demand can be found in [Stewart93] and
can be if desired incorporated into the set of constraints handled by our system.

Note that it is the global volume of a given free-form ‘cell’” primitive that is being
preserved, not the volume of an object embedded within the cell or of local sub-cells.
This approach was introduced in the finite element method for rubber type materials,
but here we avoid the complexity of the penalty approach [Bercovier81] and use a
duality argument to deal with the constraint, based on the Uzawa algorithm for
non-linear programming [Arrow58, Ciarlet88].

Special measures were taken in order to endow the algorithm with real-time per-
formance on current workstations. We utilize the fact that the volume size actually
depends only on the boundary surfaces of the deformed primitive, hence volume
size computation can be done with a subset of the control points. The inside points
are of no interest to the user as well for the object representation, but are required
for any physical computations on the object such as tear strength or deformation
energy. The inside control points are computed once from the outside points using
a 3-D variant of the Coons surface formula when energy computation is required.
and then serve as input to the minimization algorithm as well.  Preservation of
both linear and volume constraints together requires quite heavy computations and
there for can not be achieved during interactive modeling. During interaction only
one set of constraints is preserved (either volume or linear). In addition, while in-
teractively preserving the volume the algorithm relaxes its accuracy requirements
during object manipulation, computing an accurate solution only when real-time
performance is no longer essential while still giving the user a feeling that volume is
preserved during interaction.

Although in this work we limit the method description to Bézier solids, it can

easily be adopted for most of the other common definitions of free-form solids, for



example for NURBS. The only restriction on the mathematical definition of the solid
that we have is that it should be a defined as a linear combination of the control
points.

The paper is organized as follows. Section 2 gives necessary mathematical nota-
tions. Section 3 formalizes the mathematical problem involved. Section 4 explains
in detail how to compute the size of the volume enclosed by a tensor product Bézier
solid and the partial derivatives of the volume size function. Section 5 explains
how to ensure continuity constraints. Section 6 explains how to compute the en-
ergy required for a change of a tensor product Bézier solid from one control point
configuration to another and the energy derivative. Section 7 presents the numeri-
cal algorithm used to solve the mathematical problem, and Section 8 describes our

implementation and results.

10



Figure 1: A quadratic Bézier in initial cube state

2 Notations

We introduce here the formal mathematical notations used during the rest of the
work.

A tensor product Bézier solid is defined using a set of control points
Pijk S RB)

The image of a parametric point (u,v,w) in the unit cube is

P, vw) = 3530 S B2 (u) BY (0) By (w) P 1)

=0 j=0 k=0

where B?(t) is the Bernstein polynomial defined by

Br(t) = ( " ) (1 — )"t

11



Denote the z,y, z coordinates of a control point by PZ,, P/, PZ, respectively.

Denote the volume of the solid primitive defined by a set P of control points by
Volume(P),

and by
dVolume(P)

apP

the vector whose components are the partial derivatives

dVolume(P) oVolume(P) 0Volume(P)
aPt:La;bc ’ aPt:i/bc ’ aPrfbc

for every triplet abc € [1...n] x [1...m] x [1...1].

Denote the energy of a transformation from a Bézier solid defined by a con-
figuration @) of control points to one defined by configuration P of control points
by

Energy(P - Q).
and by
dEnergy(P — Q)
oP

the vector whose components are the partial derivatives

OFnergy(P — Q) dFnergy(P — Q) 0FEnergy(P — Q)
aPrfbc 7 aPu%/bc ’ aPtfbc .

Denote the matrix representing the linear constraints by C'. Denote by P the

column vector of all the control points (from all the Bézier solids in the system)

(P2, PV, P%,,1) , that is P = (P,1). The constraints are achieved when C'P = 0.

igky tagky * gk

12



3 Statement of the Problem

The general problem we handle is finding a control point configuration that satisfies
the existing constraints ( linear and volume) and which results in an object as close
as possible to the given one. The change of an object can be represented in two
ways, one the simpler is as the sum of squares of distances between the original
control point positions and the new ones, the second more physically based is as the
energy required to get from the original object to the new one.

In this section we formalize this problem as a set of mathematical requirements
that the target control points configuration should satisfy.

We will denote as Dist(P, Q) the distance between two objects resulting from

control points locations P and () where it can stand for:

e If using energy approach Energy(P — Q).
e If using LSQ approach (P — Q)" (P — Q).

In case we use the program to model objects directly , the modeled (“original”)
objects are usually close to the desired final ones - since if a designer enforces a set
of constraints on an object then during modeling he won’t violate them too much
(if he wants two primitives to be connected he will not set them too much apart),
in this case the the distance measure should be L.SQ since we want the resulting
object control points to be as close as possible to the “original” ones so the shape
of the object will change as little as possible.

Another way of modeling we can use is completely physically based and in it
we use as the “original” object the element in an initial state (usually the standard
rectangular shape) and we deform it by implying linear constraints on some of the
control points and running the energy minimization process, the resulting object
then simulates the behavior of an elastic material with internal pressure (volume
preservation) that was subject to the same constraints. The difference of results
achieved using the two technics is shown in Figure 2.

As explained in Section 1, the “original” control point configuration could have
been obtained by any method, including control point manipulation and direct ma-

nipulation of points inside/on the solid.

13



Figure 2: Example of results of the two distance functions applied on 2-D Bézier
patch of 2 x 3: a: initial state; b: with constraints applied on right and left side
points with no volume preservation; c: resull of applying LSQ) method on original
patch with constraints; d: result of applying energy method on original patch with

constraints.

The constrained minimization problem (M) resulting from both distance com-
putation approaches will be:

Given a control point configuration Qy,...,Q, (each Q; representing a single
tri-variate primitive), a set of corresponding volume sizes Vi,...,V, and a matriz
C' representing linear constraints on the control points, find a new control point
configuration P = Py, ..., P, such that the following holds:

o P minimizes the expression:

B Ei:l Dist(P/, Qi)
e For each i1, Volume(P;) =V,

o CP =0 (recall that P = (P, 1)).

The desired volumes V; could be the initial volume sizes if the application is
interested in volume preservation or any other number. (e.g. smoothly varying the

desired volumes can be used for growing (‘dilating’) the object in animations.)

14



The computations of Volume(P) and of Energy(P — @) are quite complicated
and are explained in detail in the following sections (Section 4 and Section 6).
The creation of matrix €' from the continuity constraints involved is explained in
Section 5.

The presented problem is non-linear since as explained in the next section the
volume function and it’s derivative are non linear. Therefor to solve it we require a
method for solving non linear constrained minimization problems. The method we

use is explained in detail in Section 7.
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4 The Volume Function

Volume calculation and preservation is one of the main innovations of our program.
Fundamental subroutines in the Uzawa-based volume preservation algorithm to be
presented in Section 7 are the computations of Volume(P) and of %ITS(P). Below
we show how to compute analytically the volume size of a tensor product Bézier
solid. We show that the computation of the volume size can be represented as a
scalar product of two vectors: one whose components are the multiplication of the
coordinates of the solid’s control points, and second one whose components are based
on the Bézier basic functions and therefor can be computed off-line just once for each
combination of orders of basis functions. It is not even essential to understand how
this second vector was created; it is enough for it to be given.

Note that the way of computation we present gives us exact analytical results
independent of the control point configuration, as opposed to the usual volume com-
putation methods using volume subdivision into pyramids which requires adaptive
subdivision to get a closer result and requires new subdivision computation for each

control points configuration in order to get exact results.

4.1 Computation of the Volume

The size of the volume specified by a three-dimensional function F'(u,v,w) defined

1 1 1
/ / / Jrdudvdw
0 0 0

where Jr is the determinant of the Jacobian matrix of £

over the unit cube is

0F; .
Jp = det (8:@)’ 1=2T,Y,2 T;=U,V,W.

In our case F is given by Equation 1. For example, the entry in the first row and

column of the Jacobian matrix is

aFl‘ d Ny Ny Nw DT
O ZZZZ]C:@BZ (U)Bj (v) By Pz’jk'
T g

16



The derivative of a Bernstein polynomial of order n can be expressed by the scaled

difference of two Bernstein polynomials of order n — 1 [Farin92]:

d . n=1 n—1
%B (v) = n(B5 (u) — B (u))

with the convention that Bi(u) =0 for b < 0,a <0, or b > a. Denote
at d n n T
dijp = = B (u) Bj" (v) By (w) = (2)
(BT (u) — BT (w) By (v) Bi (w),
and similarly v;;; and w;;;. The determinant Jr can be written

2k Wik Pl Xin i Py 2k Wige Py
c]F = det szk 'ljl']kpmk szk @i]kpmk szk wijkpmk ) (3)
Zijk ﬂi]kPZ]k ZZ]k ﬁi]kPZ]k ZZ]k wijkpuk

expanding, we obtain:

‘]F = Z aijkpi?k Z @lmn lmn Z wopq opq Z uijkpig;k Z 6l’mnPlZmn Z 7“DOZ?qPoypq

igk Imn opq ik Ilmn opq
= 2 Vit P D Wt Pl D Wopg Pl 3 0iik P 3 Wi Pl 3 hopg Py
17k Imn opq ijk Imn opq
.- T » - .. T ~
+ Wik Py D i Pl D Vopg Py = D0k Py Y Vtmn P 3 thopy Py
igk Imn opq igk Imn opq

Since the determinant is a multylinear operator and due to the structure of the

summations, we can write:

uijk Ulmn ﬂopq
_ - - - y  pz
JF - Z Z Z det Uik Ulmn  Uopq szkplmn Popq (4)
ijk Imn opq _ _ _
Wijk  Wimn Wopg
Let I = ijklmnopq be a new index notation, in the range 1...(n,n,n,)*. Denote

the determinant in Equation 4 by det;(u,v,w), and denote

11l
cr = / / / deti(u, v, w)dudvdw.
o Jo Jo

Since the integral is a linear operator, the volume can be written as:

VOlume ZZZCI igk lmn oqu (5)

ijk Imn opq

17



Let p be a column vector indexed by I containing all terms of the form PZ, P\ Pz |
and let ¢ be a column vector of the same size whose components are ¢;. Then

Equation 5 can be expressed as the scalar product of p and e:
Volume(P) = c"p.

The vector ¢ depends only on the orders of the Bézier basis functions, hence can
be computed once and for all for every practical order combination (the number
of all practically useful order combinations is small.) Computing the elements of ¢
analytically, via symbolic integration is very complicated even for relatively small
Bézier orders, therefor they can be computed using numerical integration only. We
compute it using Gauss numerical integration method [Press88], which gives us an
exact result since the integrated functions are polynomials. A component ¢; is

computed as

Ccr = Z Z Z wrwswtdetl(xra Ts, xt)
ros

where w,, w, w; are the Gauss weights corresponding to the points z,, x4, x; in the
unit interval. The number of sample points on each dimension is determined ac-
cording to the order of the basis function in that dimension.

The description above was simplistic for the sake of ease of explanation. Actually,
volume size depends only on the boundary surfaces (Stokes’ formula [Gibson44].)
In Bézier curves, the end points pass through the first and last control points. In
Bézier surfaces, the positions of the four boundary curves are defined only by the
control points corresponding to parameter values of 0 or 1 in any of the parameters.
Similarly, in Bézier volumes the boundary surfaces are not influenced at all by the
‘inner’ control points. The inner control points can be completely neglected during
the computation of the volume size and in fact when computing the elements of the
¢ vector we will find that for any combination ijklmnopq containing an inside point
coordinates the values ¢;jxinmopq are equal to zero.

In practice, then, to accelerate the volume computation we let the index [ run
only on values of 17kimnopg which define ‘outer’ control points. This simple obser-
vation can save an order of magnitude of floating point operations when the orders
of the Bézier basis functions are high. We emphasize that in either case, run-time

volume computation simply entails a scalar product between two vectors.

18



4.2 Computation of the Volume Derivative

The volume preservation algorithm requires the computation of the vector
dVolume(P)/OP whose components are of the form dVolume(P)/dP,. where r

is z,y or z. For example,

8V0[ume(P) . 0 (Zz]k Zlmn Zopq Cijkimnopg Pi?kplgnnpozpq)
oP7 0P%, ’

abc abc

and since for every ijk # abc the partial derivative vanishes we get

dVol P
2 unze( ) = Z Z cabclmnopqplgnn Pozpq-
anle Imn opq

19



5 The Constraints

In this section we explain the different linear constraints imposed on the control
points configuration required in order to achieve desired geometrical or physical

effects.

5.1 Continuity Constraints

Continuity constraints between primitives in an object are essential for any object
design. Continuity of order k& (C*) between two adjacent volumes Fj(u,v,w) and
Fy(u,v,w) defined on [0,1]* in the u direction is achieved when the following holds
OFFy (u,v,w OFFy(u, v, w
( 1( 3 Uy )) (1,1)/,11)/) _ ( 2( 3 Uy ) (O,U/,’UJI)
OFu 0Fu

for every (v',w’) € [0,1] x [0, 1].

In our case for two adjacent primitives defined by control points configurations

P and Q) we will get

o* . B (u ;L”v p(w) Py .
(2 P ) 1

(ak(zzjk Bi* (u) B (v) Bp (w) Qijik)

F% )(O,U,w).

Since derivative is a linear operator we get

(Z (%) Bf”(U)BS”(w)Pijk) (1,0, w') =

ijk

O"BI™ (W) (o pam
(2}; (W B; "(v) By (w)Qijk (O,U/,w').

ij
and therefor
. " 0" By (u) 0" Bi' (u)

%: B (v") B (w') (XZ: (W(l)ﬂjk i, (0)Quk | | =0.
To hold this for each v’,w’ € [0,1] x [0.1] necessary and sufficient condition is that
forg=1...n,,k=1...n,

OF BI"(u) OF BI"(u)

> (W(l)ng ~ kg (0Quk | =0,

7
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thus getting a set of n,n,, linear equations in PFj;x, Q.
As mentioned in Section 4.1 the derivative of a Bernstein polynomial of order

n can be expressed by the scaled difference of two Bernstein polynomials of order

n — 1 [Farin92]:

d

Z-BI () = n(BiS (w) = B (u)
with the convention that Bj(u) = 0 for b < 0,a < 0, or b > a. Since B/*(0) # 0
for [ = 0 only and B/*(1) # 0 only for [ = m then the number of i for which

3’“37“(“)(1) #0is k 4+ 1 and same for %(1)-

Ak

There for C* continuity condition between adjacent Bézier volumes are expressed

as a set of n,n, linear equations on k + 1 layers of control points of each volume
from the adjacent border.

For the most common cases the conditions are:

C° Poij—Quii=0 i=1...n, j=1...n,
Cl nu(Pnu,i,j - Pnu—l,i,j) - nu(QQJ"]' - Ql,i,j) =0:=1... Ny ] =1... Ny -

Another kind of continuity constraint between elements is geometric continuity.
It is more general than than parametric C* continuity. If we can reparametrize
the given volume and in the new parametrisation it will have C* continuity than
by definition the given volume has GC* continuity. It is clear that this is a much
weaker demand than C* continuity and it is enough for visual continuity but the
constraints on the control points that it imposes are much harder to express and are
non-linear, therefor we do not use them in our work. For more details on geometric
constraints (see [Bercovier93]).

In Figure 3 we show five elements before C'! continuity constraints were enforced

between them and after.

5.2 Position and other Constraints

Besides continuity constraint we handle the following constraints as well. Fixing a

point at a given location, which result in equations like

P —c =0 r=xy,z2

21



Figure 3: (left) Original elements, (right) The object created via C' continuity

constraints.

where c; is a constant .

Attaching together two points, which results in equations like

P —Q: =0 r==zyz.

k3

Preserving a given distance between points can easily be handled also.

5.3 Summary

A general linear equation on variables P; is expressed as
> P4 ¢y =0
i

or in vector representation as

c'(P1) = 0.

We denote by €' the matrix whose rows are the coefficients ¢ of the linear equations
and by P the column vector of all the control points (from all the Bézier solids in
the system) (PZ,, Ply, Pi, 1) , that is P = (P, 1) (Section 2).

The constraints are achieved when C'P = 0.

22



6 The Energy Function

Energy computation for deformation of a Bézier primitive from one control point
configuration to another is one of the basic parts in our algorithm. Here we show
that it can be computed as a product of multiplying the vector of difference between
control points configurations by a precomputed matrix and by itself. The matrix
elements depend only on the order of Bézier basis functions and hence it can be

computed just once for each order combination.

6.1 Computation of the Energy

The energy of a deformation of a unit cube specified by a three-dimensional vector

function F(z1,xq,x3) is usually described as

LLLS () oo (6 () oo

i#]

with a and 3 being material property constants [Terzopolus94].

This notation is however not correct for a general rigid body, since it doesn’t give
us a zero result under rotation as can be easily checked on a most basic rotation of a
tri-linear unit cube. The energy as described above is preserved for transformations
which include translation and rotation around a fixed given vector, and not for
general rotations. Details are in [Ciarlet83, Duvaut76].

But in case of Bézier elements if using in Equation 6 instead of symbolic integra-
tion numerical under-integration (ie for Parabolic 2 point gauss, for Cubic 3 point
gauss , etc ) we get in fact a function which tends to preserve rotations (get zero
deformation energy on general rotation), although we usually need to add a small
mass matrix to the result to keep the rank of the result matrix. So for the rest of
the section we continue to use Equation 6 as our energy functional keeping in mind
that by integration in it we mean in fact Gaussian under-integration.

Since the integral is a linear operator we can write

Energy(F) = %ﬁ;/ol /01 /01 (gg)Zdudvdw + (7)
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/// (6:1:]> dudvdw—l—/// (awj)Qdudvdw—|—
2/ // (axz (awj)dudvdw),

In our case the deformations used are of modifying a body defined by one Bézier

point configuration to a body defined by another one. It can easily be seen that
the deformation itself is then defined as a tri-variate Bézier functions with distances
between the control points of the two configurations serving as it’s control point
lattice. Using P as this new point lattice and using the notation of u;;; as defined

in Equation 2 we can write

oF,
axl Z ul]k zgka
and consequently
OF,*? -
au Z Z uUkulmn Z]klen'

ijk lmn

So we have

r) dudvdw_/ / / (ZZu”ku;mnP”kPlfm) dudvdw,

0
IVNE

and since integral is a linear operator we get

r) dudvdw =>_>" PP (/ / / u”kulmndudvdw) .

111 (GF
/0 /0 /0 ( du ijk Ilmn
Let Du be a matrix indexed by ¢7k and lmn, defined by

1 1 1
Duijwmn = / / / ﬂijkalmndudvdw
0o JOo JO

and define Dv and Dw similarly. Let Pz be a column vector with components P7;,

and similarly define Py and Pz. then we have

2
z) dudvdw = P*T DuP”.

IWAS
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The elements of Du, Dv, Dw depend only on the orders of the Bézier basis func-
tions and can be computed using Gauss numerical integration.

Denote by Duv the matrix of the mixed derivatives given by

1 p1 p1
Duvimlmn = / / / ﬂijkﬁlmndudvdw
0o JOo JO

and define Duw and Dvw similarly, as clearly seen using same definitions Dvu =

DuvT. We have
LG (5

The elements of the 3 matrices above can also be computed numerically.

) dudvdw = PY" Duv P*.

Substituting the matrices into equation Equation 8 we have

Energy(F) = %(ﬁ (P*TDuP? + PTDuPY + PTDwP?) +
a((PTDvP® + PYT DuPY + P Duv™ PY + PYT Duv P”) +
(PTDwP” 4+ P*T DuP? + P"" Duw” P* + P*T DuwP") +
(PY"DwPY + P*"DvP? + P Dow” P* + P?" DvwPY))).

And finally let D be the matrix

Du+ aDv + aDw aDuvT aDuwT

1
D = ) aDuv  (Dv 4+ aDu + aDw) aDvw?
aDuw aDvw (BDw + aDu+ aDv)

Then we have, using P as defined above (column vector concatenating (Pz, Py, Pz)).
Energy(P) = PTDP.

All the elements of D depend only on the orders of the Bézier basis functions, hence
can be computed exactly once and for all for every practical order combination, using
Gauss integration, and as mentioned above for our needs we used under-integration

instead of the “real” one, with a small mass matrix addition.
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6.2 Computation of the Energy Derivative

To minimize the deformation energy the algorithm requires the computation of the
vector dEnergy(P)/0P whose components are of the form d Energy(P)/0P},. where

ris x,y or z. It is easy to see that, for example,

OFEnerqgy(P
# =9 Z Z Dggabc,rlmnpl:nn7
8Pabc

T Imn

since for every rijk # zabc the partial derivative of Energy(P) according to P35,

vanishes.
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7 The Uzawa-Based Volume Preservation Algo-

rithm

In this section we explain in detail the algorithm we use for solution of the problem

as defined in Section 3.

7.1 Lagrangian multiplier method

To convert the constrained minimization problem (M):

minimize .7 Dist(P;, Q;) subject to the constraints C' P = 0 and Volume(P;) —
Vi=0, 1:=1...n,

into an unconstrained min-max problem we define a new functional L called the

Lagrangian associated with the problem (M), by
LP,)\~v) = E Duist(P;, Q) + Z Ai(Volume(P;) — Vi) + ~C'P

where v is vector with size the number of linear constraints. The vector
(M. oAy Y1 ... Ym) is called the Lagrange multipliers vector, A; is called the La-
grange multiplier for the constraint Volume(P;) — V; = 0 and ~; is called the La-
grange multiplier for the constraint C; P = 0 (C; stands for row j of ().

As explained in [Ciarlet88], the constrained minimization problem (M) can be
reformulated as finding a solution to the unconstrained min-max pro blem (S) defined
by

(5) maxn}jinL(P,)\,'y).

Ayy
A necessary condition for a triplet (P, A,7) to be a solution of (S) is the vanishing

of the partial derivatives:
oL _ oL _ ol _
P ox 9y

which means for each 7 = 1...n, and for each point coordinate j = 1...n,n,n,, r=

0,

r,Yy,z:

oL  JDisl(F;,Q;) N /\OVOIume(PZ')

27] 27]

+ 70|T = 07 (8)

]
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where C'[} ; means the column of C that multiplies the point P/, in P,

and Sl
o = Volume(P;) — Vi = 0,
and for ~
a—L = OJP =0, y=1 m
9

7.2 Solution method

As mentioned above the constraints of Volume(P;) = V;) are non-linear and there-
for the usual direct methods (such as LDLT | Gauss elimination) can’t be used
to solve (S). Therefor we use a version of the Uzawa method tailored to our prob-
lem. Uzawa’s method is an iterative method allowing one to solve an inequality
constrained minimization problem by replacing it with a sequence of unconstrained
minimization problems ( see Ciarlet[88]). Since we don’t have inequality constraints
we can use a simpler version of the Uzawa method as explained bellow.

Given a problem (M) the iteration starts with an arbitrary values for \° €
R% . 4% € R} ( we start with 0 for both), and with an initial value for P° for which
we use () . These initial guesses are especially suitable in an interactive setting,
where it 1s expected that ) will not change much after the constraints are satisfied.

A sequence of triplets
(PF X A" eV X R x R, k>=0

is defined by means of the following iterations:

PE Z Dist(P;) + Z Ai(Volume(P;) — Vi) + yCP = (9)
. - / ) N _ 1/ D!
Plllgf (ZZZ Dist(F;) —I—Zi:)\Z(Volume(PZ) Vi) —I-’yCP)
. and
AL AR — e (N 4 pu(Volume(P) — Vi),0) 1 <=i<=n, (10)

28



fyf“ : ’yf“ = rlwa;z;(fy;C + p2(C;P),0) 1 <=3 <=m, (11)

The problem in Equation 9 is solved in each iteration k as explained bellow. The
algorithm runs until the constraints are satisfied or the number of iterations exceeds
a given limit.

Pseudo-code for the algorithm is shown on next page (Figure 4). The initial
values for P, A and ~ are set in lines 1 and 2. Line 3 computes the current volumes
v; and line 4 initializes the loop counter k.

The main (“outer”) loop of the algorithm is performed in lines 5-10. The loop
iterates while the constraints are not satisfied, stopping after the limit on the number
of iterations has been reached. In each iteration the system in Equation 8 resulting
from Equation 9 is solved (line 6) and the current value of A and 7 is updated using
the tuning parameters p; and py respectively (lines 7-8) Line 11 returns P as the
answer.

The choice of tuning parameters p; and p,. as used in Equation 10 and Equa-
tion 11 is practically the most difficult issue when using Uzawa’s method. Each type
of problem has its own best range of values for p;. In our case we found it best to
use p; = pz = 0.15 if the Dist function used is Fnergy, and p; = pa = 0.5 if the
Dist function used is the squares sum. In general the larger the p the faster the
convergence goes but the risk is of overstepping the convergence point with a p too

big and then not converging.
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Input:

A set of control point configurations @y,...,Q,

A set of desired volumes Vi,...,V,

A matrix C' of linear constraints

Output:

A set of new control point configurations Qy,...,@,
that satisfies the Goal conditions.

Parameters:

Convergence tolerances o1, Ocons, Odist

Iteration limits L, L g5

Tuning parameters py, po

Goal:

Minimize 3°; Dist(P;, Q;) subject to Volume(P;) = V,,CP =0

Algorithm:

P=aQ

A=0,7v=0

v; = Volume(Q;) 1=1...n

k=0

while 3, [v; — Vi| > d,00 and || CP ||> Seons and &k < L
find P, ... P, that solve aDésjifPi) + /\Z-BV"lgEe(Pi) +~4C|;=0
A=A+pi(v—=V)
v=7+pCP
v; = Volume(P) i=1...n
k=k+1

end

11 return P

O 00 ~J O Ut W N

[
o

Figure 4: The Uzawa-based volume preservation algorithm.
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The “Inner” problem is of solving Equation 8 for P with the given v and A. It
is a non linear problem and we solve it by a successive approximation method on
P, that is we iteratively compute new values for P based on Equation 8 until the
distance between two successive iterations is small enough ( that is || P— P’ ||*< dgist
). This is just one of the possible technics for solving a set of non linear equations
and other methods can be used .

In Figure 5 we show how to solve the “inner” problem on P by successive ap-
proximation for the two types of Dist functions used.

Usually when solving physically based problems by Lagrange multipliers method
the additional variables added as multipliers have physical meaning. In our case one
can interpret A as an inner hydrostatic pressure to keep the volume at a given value.
We are looking for the value of that pressure: the Uzawa outer step can be seen as
augmenting or diminishing the hydrostatic pressure until convergence. This tuning
is done with the parameter p;. This observation relates our method to so-called
mixed finite element methods for the Stokes problem [Hughes87]. In our case we

have constant pressure for each small volume element.
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. dDist(P; AV olume(P;
Solution of % + /\Z'T() +7C; =0

fori=1...n:

1 if dist function is energy
AV olume(

D..(P P B
2 prew Zk;g] 2 ]k( ik—Qik)+/\\iT’)+’yC|2]
i QZJ D5,

for each control point coordinate 1, 3

3 else
4 P = Quy = N B) i
for each control point coordinate i, 3
5 endif
6 1=0
7 while | P — P ||?> §4ise and @ < Ly
8 P = prv
9 if dist function is energy

|\ 8Volume(F; g
Zk# 2Dk (Pir—Qir )+ %e(')#vclm

0 P =0
for each control point coordinate ¢, j
11 else
12 P = Qi — Mg — 50l
for each control point coordinate ¢, j
13 endif
14 l=1+1
end

15 return Pm%

Figure 5: The ‘inner’ P computation by successive approximation.
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Figure 6: The Motif interface of the system

8 Results

The algorithm was implemented in C under Unix using SGI/GL for graphics and
Motif for the user interface. The interface lets the user work with a number of
Bézier primitives, the order of each selectable by the user. In the initial state the
primitives are displayed as unit cubes (cubes whose volume is 1.) Control points
on each primitive can be selected and manipulated in 3-D. We did not implement
direct manipulation of boundary surface points since it is immaterial to the problem
being tackled. The primitives as whole can be selected as well and manipulated.
The interface is shown in Figure 6.

Constraints are inserted via a Motif-based user interface where the type of the
constraint is set and then through direct point manipulation the points or surfaces
involved are chosen.

There are two methods for object design. In the first method, volume preser-
vation can be turned off during interaction and performed only when arriving at

a desired configuration. In the second method, it can be turned on during the
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whole interaction process. The first option is necessary since for high orders the
performance is not fully interactive.

Due to complexity of computations in the interactive stage we can’t satisfy vol-
ume and linear constraints simultaneously, so the user has to choose which is pre-
ferred.

There are three sets of parameters to the algorithm: parameters that influence
volume preservation during interaction while the user drags the mouse, parameters
that are for solving volume constraint on leaving the mouse and parameters for
global computation when solving all the constraints. Typically, for the interaction
mode the iteration limits are lower and the convergence tolerances are larger than
for the final mode, for the global computation the tolerances usually do not increase
but the iteration limits are larger and the p; used are smaller.

Different sets of parameters do not cause divergence of the algorithm, since
during interaction the current configuration is very close to a solution satisfying the
volume constraint, and the algorithm needs fewer iterations to reach a solution. The
parameter sets can be tuned using a Motif dialog box.

There is dialog box containing a scale widget that defines the desired volume
for a chosen primitive. The volume preservation algorithm is performed repeatedly
while the scale is dragged.

Tri-quadratic free-form volume design is fully interactive. For a typical movement
of a single control point, to reach a final volume tolerance of 107* and a final distance
tolerance of 107 requires about 15 outer iterations, each of them with 1-2 inner
iterations. This takes about 3 seconds on Silicon Graphics workstations with a
MIPS R-4000 processor. During interaction it is enough to set both tolerances to
10~2, in which case the solution is completed in real-time.

For a tri-cubic free-form volume, to reach the same tolerances requires about
25-30 outer iterations, each of them with one inner iteration. This takes about 15
seconds. When both tolerances are set to 107% during interaction the solver takes
about 3 seconds. This means that tri-cubic interaction could be done in real-time
in the very near future (perhaps even now on an R-4400 processor, which we do not
have.)

The running times above are of course dependent on the number of linear con-

straints and on how far the current configuration is from their solution.
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Figures 7-10 show examples of objects designed using the system. The first two
are modeled from one primitive with volume 1. The pitcher was modeled from three
tri-cubic primitives with C' continuity between them (the pithcer body) and one
primitive of 4 x 3 x 3 as the handle attached with C'° continuity to the body. The
phone was modeled from three tri-cubic primitives with C! continuity conditions
between them, its parts were scaled by volume modifications to create the right

proportions between them while keeping the desired shape and continuity.

9 Conclusions

We presented an approach for modeling with free-form solid primitives while preserv-
ing the volume contained within each primitive and satisfying continuity constraints
between the primitives. The algorithm is based on the Uzawa method for non-linear
optimization. Careful tuning allowed it to be interactive for tri-quadratic volume
elements and almost interactive for tri-cubic elements. The algorithm has several
possible applications in computer animation, industrial design and mechanical en-

gineering. It broadens the scope of physics-based geometric modeling.
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Figure 7: An armchair (tri-cubic.)

Figure 8: An amphora (tri-cubic.)
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Figure 9: A pitcher ( 3 tri-cubic and one element of 4 x 3 x 3)

Figure 10: A phone tube (3 tri-cubic.)
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