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We design two performance measures for a planar locomotion robot, modeled closely
after the Platonic Beast. The first measure is proportional to the total motion of all joints
during locomotion of the robot. This is a rough approximation to the energy consumption
of the robot. The second measure determines the maximal speed of locomotion, for
given limits on the joint speeds. We compute optimal modes of locomotion on different
slopes for various designs. The results indicate that a variable link length can greatly
improve the ability of the robot to walk on steep slopes.  1997 John Wiley & Sons, Inc.

1. INTRODUCTION configuration of the legs is optimal? The answers to
these questions are critical to the design, selection,

What is the best way for a robot to walk on a given and programming of locomotion robots.
terrain? What is the best robot for this terrain? What All these questions can be seen as optimization
*To whom all correspondence should be addressed. problems, the selection of the best way to do some-
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thing from a set of possibilities. This set of possibilities cus on a planar version of the Platonic Beast18,19 walk-
ing robot, and determine total joint motion andcan range from picking a design of a robot, to choos-

ing a specific standing posture of a walking machine, maximum speed of gaits, which we optimize. The
remainder of this article is organized as follows. Infor example.

An essential ingredient in optimization problems section 2 we discuss the Platonic Beast, and a planar
version of this walking robot, called the planar 3-is the use of performance measures. A performance

measure of a task assigns a numerical value, the beast. In section 3 we discuss periodic gaits of the
planar 3-beast. In section 4 we construct a measure for‘‘cost,’’ to a particular manner of executing this task.

Finding the ‘‘best’’ way to execute the task can then the total joint motion and a measure for the maximum
attainable speed of the robot. In section 5 we deter-be translated into an optimization problem. The na-

ture of the performance measure depends, of course, mine optimal gaits for various designs for walking
on different slopes. Conclusions are presented in sec-on the nature of the task, the nature of the cost we

want to minimize, and the nature of the robot. tion 6.
Performance measures are widely used for de-

sign and posture optimization for redundant robot
arms. Several local measures have been proposed in 2. WALKING MACHINES
the past,1–12 which are reviewed in two previous ar-

2.1. Platonic Beaststicles.13,14

Performance measures are particularly useful for We have designed a family of symmetric robots
designing locomotion in unusual robots such as the called Platonic Beasts.18,19 The first prototype robot
Platonic Beast (described in Section 2.1). For these in this family, Mark I, has four 3 degrees of freedom
robots, we cannot rely on emulating the gaits of kine- (DOF) limbs arranged with spherical symmetry. It
matically similar examples in biology. has been built and its locomotion using a novel

In previous work13,15,16 we have constructed a geo- ‘‘rolling gait’’ has been demonstrated (see Fig. 1). The
metrical theory of performance, which assigns a nu- Mark II robot has the same limb construction and
merical value (‘‘performance measure’’) to an elemen- differs mainly in the computing and communication
tary task. The measures derived in our formalism are architecture.
invariant under general coordinate transformations The limbs of the Mark I and Mark II are built
in configuration space, and therefore correspond to
physical properties of the manipulator and are not
just mathematical constructs.

The key idea is to assign a distinct metric struc-
ture to the configuration space and to the work space
of the robot. The metric on the configuration space
measures the ‘‘cost’’ to move from configuration to
configuration, and the metric on work space measures
how much is ‘‘achieved’’ with a motion. The nature
of the ‘‘cost’’ and ‘‘achievement’’ is dictated by the
nature of the task, and may be kinematic or dynamic.
It was shown13 how natural geometric functions de-
rived from Riemannian metrics on configuration and
work space can be interpreted as performance mea-
sures. As these measures are constructed in a geomet-
ric fashion, i.e., without reference to any particular
coordinate system, they do not depend (by construc-
tion) on the coordinate system, i.e., they are invariant
under general coordinate transformations in config-
uration space. In previous work13,15,16 we computed
various local measures and optimized postures for
the three link redundant planar arm, the SARCOS
arm,17 and the Platonic Beast.18

In this article we shall construct global perfor-
mance measures for locomotion robots. We shall fo- Figure 1. Platonic Beast robot walking on an incline.
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for the walking task. For instance the 4-beast proto-
type has 12 controlled DOF.

Motivated by the analysis of this robot’s locomo-
tion, we analyze a simplified version, namely a planar
platonic 3-beast. Its body is an equilateral triangle,
and at each vertex a two-jointed limb is attached (see
Fig. 2). Such an exercise is useful because, as we shall
show section 5, it gives us a feel for what can be
achieved with a theoretical analysis of locomotion,
both from a design perspective and from a control
perspective. Because of the simplified nature of the
two-dimensional case, results can be obtained
quickly, and different approaches can be tested with-
out investing a great deal of resources in the analysis.
The definition of the performance measures we use
applies also to the full three-dimensional model,
which is of course computationally more complicated

Figure 2. Conventions and notations for the planar 3- to handle.beast.
We will consider locomotion of the planar 3-beast

on an inclined line, and will design a performance
measure to minimize total joint motion and a perfor-

using UBC-Zebra link modules, which have a two- mance measure to maximize speed.
stage gear reduction consisting of an integral gear-
head followed by a worm gear. Hence the motion of

2.2. Description of the Planar 3-Beastjoints is dominated by friction and the robot is only
capable of statically stable gaits. These robots are de- The body of the planar 3-beast consists of an equilat-

eral triangle. The length of a side is denoted by D.signed to be fault tolerant, and are highly redundant

Figure 3. Walking planar 3-beast.
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The three vertices of the body are labeled 1, 2, 3 in A posture of the robot is denoted by
the counterclockwise direction (see Fig. 2).

A limb with two actuated joints is attached to
each vertex of the triangle. The two joints will be
called the hip and knee joint. The length of the upper
and lower links are denoted by l1 and l2 . P 5 1

B

C

u1

u 2

u 3
2.

The robot has 9 DOF: two for each of the three
limbs, and three for the position and orientation of
the body.

The configuration of a limb i is denoted by the
joint angle vector

3. PERIODIC GAIT OF THE PLANAR 3-BEAST
u i 5 (u i

H , u i
K),

The robot can walk on the ground in the manner
depicted in Figure 3.where the upper index i labels the limb, and the lower

index takes on the values H (hip) and K (knee) (see It is standing on two legs, with its center of mass
somewhere between the two legs. We call this posi-Fig. 2).

We take 2Sdf , u i
H # Sdf (so the limb does not tion P0 . The distance between the legs is L. It will

then move its body to the right until the center of masspenetrate the body), and 2f , u i
K # f.

The configuration of the body is described by the passes the rightmost support leg. At that moment the
leftmost leg will move up and the limb that was inposition of the center B 5 (Bx , By) of the body in the

ground-frame, and the body angle C as defined in the air will come down and become the rightmost leg.
It will then move to a position P1 , which is identical toFigure 2. C is the angle between the y-axis (normal

to the ground) and the line through B and the base P0 except for a body rotation by 21208, a translation
over L, and a cyclic interchange of the joint angles.of limb 1, with 2f , C # f. The ground is allowed

to be titled, with slope s, so that the direction of the The cycle then repeats.
The global manner of walking is thus determinedgravity vector in the ground-frame is given by (2sin

s, cos s)T. completely by specifying a valid starting posture P0 .

Table I. Values of total joint motion measure for optimal postures for
D 5 0.25 for different slopes (top to bottom) and different link lengths
(l1 , l2) (left to right).

(0.5, 1.5) (0.75, 1.25) (1, 1) (1.25, 0.75) (1.5, 0.5)

240 — — — — 21.27
235 — — — — 9.65
230 — — 9.24 — —
225 — — 7.62 10.21 15.33
220 — — 5.94 8.06 13.10
215 — 8.58 4.80 4.58 11.44
210 — — 4.44 4.44 9.33
25 8.20 5.71 4.23 4.89 7.72

0 7.19 5.15 4.07 5.45 9.13
5 6.60 4.89 3.98 5.95 —

10 6.11 4.55 4.02 5.93 12.00
15 5.75 4.22 4.31 6.37 —
20 5.54 4.00 4.43 7.48 —
25 5.53 3.90 4.69 9.94 —
30 5.74 3.82 — — —
35 6.58 3.75 — — —
40 9.06 3.83 — — —
45 — 3.93 — — —
50 — 4.02 — — —
55 — 3.95 — — —
60 — 4.33 — — —
65 — 3.89 — — —



Doel and Pai: Performance Measures for Locomotion Robots • 139

We call the move from P0 to P1 a stride, with associated Table II. Values of total joint motion measure for optimal
postures for D 5 0.5 for different slopes (top to bottom)stride function S. Similar functions have been consid-
and different link lengths (l1 , l2) (left to right). No posturesered before in the context of walking robots.20 The
exist for l1/l2 5 3.stride function acts on a posture by

(0.46, 1.39) (0.70, 1.16) (0.93, 0.93) (1.16, 0.70)

225 — — — 4.48
220 — — 6.46 4.52
215 — — 5.94 4.66

S 1
B

C

u1

u 2

u 3

25 1
B 1 Lex

C 2 Sdf

u 3

u1

u 2

2, (1)
210 — 8.45 5.35 4.90
25 — 7.34 5.07 6.18

0 — 6.74 4.50 8.31
v5 12.97 6.30 4.57 12.43
10 10.03 5.68 4.73 —
15 8.33 5.05 4.91 —where L is the distance between the two feet (the
20 6.69 4.56 9.20 —stride length) and ex is a unit vector in the positive
25 5.51 4.43 — —

x-direction. This describes walking to the right. Walk- 30 4.79 4.50 — —
ing to the left is simply described by the inverse of S. 35 4.27 4.76 — —

40 3.95 5.17 — —Without loss of generality we shall assume limbs
45 3.68 5.75 — —1 and 2 to be on the ground in P0 , and we assume
50 3.80 — — —the center of mass to be exactly over the foot of limb
55 4.09 6.24 — —

1, which we will position at the origin. For right-
walking this means we are considering a posture
where limb 3 is just moving into the air, and limb 2
has just touched down. The positions of feet 3 and 2
are thus given by (2L, 0)T and (L, 0)T. consumption in the Platonic Beast robot and similar

The initial posture P0 can thus be parametrized highly geared robots. The energy consumption is in
by the triple w 5 (L, h, C), where L is the distance large part due to the joint function, which in turn is
between the feet, h 5 By (i.e., the height of the body), a complicated function of load and joint speed. As a
and C is the initial orientation of the body. Bx is rough approximation valid for small external loads,
determined by the condition that the center of mass, we assume that it is proportional to the sum of the
which we assume, for simplicity, to be located at the joint movements.
center of the body, is exactly above foot 1. It is given The second measure we consider determines the
by Bx 5 By tan(s). optimal speed the robot can attain. If all joints are

For a given initial posture, there may be infinitely driven by actuators of the same type, they will have
many realizations of the stride, corresponding to dif- a maximum speed, say X. A maximum speed may
ferent paths from P0 to P1 .a also be imposed by the control software. The time

Note that the analysis does not depend qualita- taken to execute a stride is determined by the joint
tively on the number of DOF of the legs. For example, that has to move most. If we denote the maximum
if the legs themselves had redundant DOF, this would joint movement by Du, the maximum speed attainable
not change our analysis.

is Vmax 5
LX

Du
. We then take 1/V (in s/m) as our

measure to be minimized.
We shall follow the general approach of our pre-4. GAIT MEASURES FOR THE PLANAR 3-BEAST

vious work13,15,16 by defining distance on an extended
We shall now construct two performance measures configuration space, restricting it to the ‘‘real’’ con-
for a stride. figuration space, and minimizing motions in the sense

The first measure we construct is the sum of the of this metric.
total joint movements over a stride, divided by the The nine dimensional extended configuration
length of the stride. This is motivated by the energy space C

ˆ
is the set of all configurations P. It can be

visualized as all postures of the beast, irrespective of
a There are also different modes of walking. For example, the robot limbs interpenetrating, and irrespective of themay execute a seqeunce of different strides. Such strides have a

ground. The configuration space C is the space inmore complicated stride operator than the periodic gaits described
by Equation 1. We shall not consider these here, however. which the robot moves when performing a stride. It
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Figure 4. Optimal postures for total joint motion measure: D 5 0.5, l1 5 0.46, l2 5 1.4,
slopes 5 to 60.

is the set of configurations P [ C
ˆ

that satisfy the was considered in previous work.13,15,16 A metric of
the form given in Equation 2 is sometimes called afollowing conditions.
Manhattan metric.

The length of a path is obtained by integrating dsE1. All the limbs are non-intersecting with them-
selves and with the body. over the path. The distance between finitely separated

configurations is defined as the length of the shortest2. No part of the robot is below the ground.
3. Foot 1 is at position (0, 0)T in the ground-frame. path connecting them. A peculiar property of a metric

of the form given in Equation 2 is that the length of4. Foot 2 is at position (L, 0)T in the ground-frame,
where L is a constant. a path depends only on the endpoints of the path, as

long as the path is monotone, i.e., every coordinate
u i

j either increases or decreases monotonely on theSpace C is five dimensional. Space C is sometimes
called a restricted configuration space, as we do not path. This property allows us to compute optimal

strides easily, as we do not need to optimize overallow bodies to penetrate each other. The four con-
straints on the feet on the ground have eliminated different paths. However, this property is just a con-

venient feature of the measures used here and is not4 DOF. Three DOF correspond to the position and
orientation of the body and the remaining 2 DOF essential to the measures themselves.

Let us denote the distance between configura-correspond to limb three, which can move freely.
We now define a ‘‘distance’’ dsE between two tions as defined above by dE(P1 , P2).

The first walking measure for our planar 3-beastconfigurations with an infinitesimal separation dP. A
natural definition is is now defined by

eE(L, h, C, s) 5 dE(P0 , S P0)/L, (3)dsE 5 O3

i51
O

j5H,L
udu i

ju. (2)

where the initial posture P0 is parametrized by L, h,
and C, as explained in section 3, and s is the slopeNote that this is not a Riemannian metric, which
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Figure 5. Optimal postures for velocity measure: D 5 0.5, l1 5 0.46, l2 5 1.4, slopes 5 to 60.

of the ground. The measure is not defined if there is eV(L, h, C, s) 5 dV(P0 , S P0)/L, (4)
no path in C between P0 and S P0, or if the parameters

which is proportional to the inverse maximum speed.L, h, C, and s are not realizable in C, i.e., without
For monotone paths, this measure is also inde-violating the constraints. The measure given in Equa-

pendent of the actual path.b
tion 3 gives the total joint motion per unit length

If there is a monotone stride-path, the measurefor walking.
defined in Equation 4 is given byIf there is a monotone stride-path, the measure

3 is given by eV(L, h, C, s) 5 maxijuu i
j 2 u (i11)mod(3)

j u.

The fact that these measures are independent of
eE(L, h, C, s) 5 O3

i51
O

j5H,L
uu i

j 2 u (i11)mod(3)
j u, the path (as long as a monotone path exists) allows

us to find the optimal stride by searching in the space
of initial stride postures. If the measure also de-

as follows from the properties of the stride function pended on the path of the stride, we would have to
S as given in Equation 1. find an optimal path to determine the value of the

The second measure for the maximum attainable measure for a given initial stride posture, which
speed with given bounds on the joint velocities is would greatly increase the processing time required
constructed along similar lines. Instead of using the to find optimal postures.
Manhattan metric given in Equation 2, we define the
distance between finitely separated points P1 and

5. OPTIMAL GAITS FOR THE PLANAR 3-BEASTP2 as

We have written a set of MATLAB routines to com-
dV(P1 , P2) 5 maxi,j E

path
udu i

ju. pute the optimal initial stride posture of a given pla-
nar 3-beast on a given slope, and its measure.

b In fact, in this case monotonicity is sufficient, but not necessary.We define the second measure as
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Figure 6. Optimal postures for total joint motion measure: D 5 0.25, l1 5 l2 5 1.0, slopes
230 to 25.

Table III. Values of velocity measure for optimal postures for D 5 0.25
for different slopes (top to bottom) and different link lengths (l1 , l2) (left
to right).

(0.5, 1.5) (0.75, 1.25) (1, 1) (1.25, 0.75) (1.5, 0.5)

240 — — — — 6.95
235 — — — — 6.42
230 — — 3.21 — —
225 — — 2.41 3.20 4.97
220 — — 1.75 2.43 4.14
215 — 2.94 1.36 1.16 3.62
210 — — 1.24 1.11 2.89
25 2.58 1.78 1.12 1.21 2.30

0 2.25 1.51 1.02 1.31 3.00
5 2.06 1.42 1.03 1.63 —

10 1.86 1.23 1.10 1.93 5.20
15 1.61 1.11 1.13 2.54 —
20 1.42 1.01 1.35 3.84 —
25 1.39 1.00 1.44 3.74 —
30 1.56 0.99 — — —
35 1.96 1.00 — — —
40 2.51 1.15 — — —
45 — 1.31 — — —
50 — 1.42 — — —
55 — 1.54 — — —
60 — 1.56 — — —
65 — 1.72 — — —
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Table IV. Values of velocity measure for optimal postures the other, requiring additional joint motion. So we
for D 5 0.5 for different slopes (top to bottom) and different can safely exclude these.
link lengths (l1 , l2) (left to right). No postures exist for We start by finding a rough estimate of the pos-
l1/l2 5 3. ture by doing a linear search in a discretized (L, h,

C) space, i.e., we compute the measure for all points(0.46, 1.39) (0.70, 1.16) (0.93, 0.93) (1.16, 0.70)
on a grid and find the posture with minimal ê. We

225 — — — 1.16 then perform a local minimization of ê starting from
220 — — 1.86 1.14 this configuration. If the minimum thus found is
215 — — 1.69 1.21 larger than 10f (corresponding to maxmium joint mo-210 — 2.63 1.48 1.32

tionsc) it is considered to be violating the constraints,25 — 2.30 1.26 1.51
0 — 2.00 1.12 2.22 and we conclude there is no walking posture. This
5 3.96 1.82 1.17 3.95 happens if the slope is too steep, or if the design

10 3.00 1.54 1.23 — parameters are poorly chosen.
15 2.43 1.32 1.30 — The value thus found is a lower bound on the20 1.90 1.14 2.85 —

true measure, which may be larger if no monotone25 1.51 1.13 — —
30 1.23 1.17 — — stride path exists from the given configuration.
35 1.10 1.27 — — We do an explicit search for a monotone stride
40 1.02 1.44 — — path as follows. The joint-angles of limb 3 can move
45 0.96 1.88 — — unrestricted to their target values, as this limb is not50 1.28 — — —

in contact with the ground. Thus the problem is re-55 1.62 2.17 — —
duced to a closed loop linkage consisting of limb 1,
the body, and limb 2. The system has 3 DOF, which
we chose to be the position and orientation of the
body. The corresponding configuration space is de-
noted by C3 . The problem is to find a path in C3 suchThe beast is defined by specifying the dimension

D of its body and the limb lengths l1 and l2 . We call that the four joint angles are monotone. An explicit
search of a discretized C3 , as is common for planarthese the design parameters. These parameters and

the slope are considered given. We assume the center motion planning,21 will run into problems in this case,
because of the requirement of monotonicity. A givenof mass is located at the center of the body, which is

a valid approximation if the mass of the limbs is much cell in C3 may have no monotone path to any of its
neighbors. For example, if one of the four joint-anglessmaller than the mass of the body. This is true, for

instance, when the limb actuators are located at the moves very little (which happens often in practice
for optimal postures), an effective constraint is im-base of each limb, on the body.

We implemented a routine to compute a measure posed on C3 , reducing its dimension. We have over-
come this problem by allowing transitions from a cellê for given (L, h, C), which is an extension of the

measures defined in Equation 3 and Equation 4. If in C3 to any cell in some bounded region around the
initial cell, so that a monotone stride can be found.(L, h, C) lies in C, ê 5 eE (or eV), otherwise it returns a

penalty function, which is a measure of the constraint By increasing this region, more directions can be ex-
plored. The search is performed with an A* search al-violation, i.e., a measure of how much interbody pen-

etration the configuration has. The penalty function gorithm.22,23

We have discretized C3 by assigning discrete val-is constructed to have large values compared to the
measure. If no configuration corresponding to (L, h, ues to the position coordinates of the body and the

orientation angle of the body. We found monotoneC) exists, even allowing constraint violation, ê 5 y.
Note that there may be up to four solutions for paths for a grid with lattice distance as 5 0.03 in space

and ao 5 0.025 in orientation (in radians). We allowedthe posture of the beast for a given (L, h, C). This is
because the inverse kinematics of a two-link arm can transitions to cells up to 3 lattice spacings away in

either of the two spatial directions, and to joint-anglesyield up to two solutions. We have restricted our-
selves here to configurations with positive knee-joint up to 4 lattice spacings away. These numbers were

found by trial and error.angles. Configurations with negative knee-joint
angles are equivalent (we just have to reverse left and
right), and configurations with mixed solutions for c Each knee joint can move at most 2f and each hip joint can move
the front and back leg are not efficient, as the front at most Fdf. Note that this is only an upper bound for both measures;

a tighter bound for eV is 2f.leg will have to change from one type of solution to
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Figure 7. Optimal postures for velocity measure: D 5 0.25, l1 5 l2 5 1.0, slopes 230 to 25.

We have checked the optimal postures generated, dash means that for this slope no stride posture exists.
Some of the optimal postures are drawn in Figuresand have not found any posture that does not allow

a monotone path. We conjecture that such a path 4 and 6.
The results for the velocity measure are presentedalways exist, but have not been able to prove this.

In the presence of more restrictive joint limits than in Tables III and IV, and some of the optimal postures
are drawn in Figures 5 and 7.we have considered here, monotone paths may not

exist. We give two examples of a monotone stride path
in Figures 8 and 9, where we also plot the six joint-We have computed the optimal postures and

their measures for various designs and for various angles over the stride.
This raw data can be used in many ways to aidwalking slopes. To compare various designs, we nor-

malize the overall dimension of the beast. We have the design and control of the walking robot. We draw
the following conclusions.taken our ‘‘standard’’ beast to have a body dimension

of D 5 0.25, and the limb lengths are both 1.0. The
maximum distance of a foot from the center of the • In many cases the optimal postures are the same

for both measures, but not always.body is 2 1
1

4Ï3
, which we will keep fixed when

• The optimal design for the link lengths for
walking on a given slope appears to be the samechanging design parameters.

We have computed optimal posture for slopes for both measures that we considered.
• Comparing the slope and design ranges whereranging for 2408 to 658 for body dimensions D 5 0.25

and D 5 0.5, for five combinations of l1/l2 5 1/3, postures were found of Table I and Table II, or
Table III and Table IV, indicates that the smaller3/5, 1, 5/3, 3. For angles outside this range, no stride

postures exist for the planar 3-beast. body gives more mobility. Note that this con-
clusion is independent of the measure used,The results for the total joint motion measure are

presented in Tables I and II where we show the values as it is determined solely by the kinematics of
the design.for the measure of the optimal postures found. A
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Figure 8. Optimal monotone stride path for D 5 0.25, l1 5 l2 5 1, on flat ground. We
show the six joint-angles, labeled according to leg number and knee or hip. They are
plotted against time t over the stride. The time-scale is chosen for convenience. This posture
is the same for both measures.

• The symmetric design with equal limb lengths the design is such that the limbs get in each
others way.is the most flexible, in that its slope range is

centered around 08. • For walking on flat terrain, the best design is
a small body with equal limbs. The measures• For steep slopes, one should choose unequal

link lengths, a long upper limb being favored increase only a little for moderate slopes (up to
208 for D 5 0.25, up to 158 for D 5 0.5).for walking downhill (or, equivalently, uphill

with negative knee joint-angles), and a long • Surprisingly, the optimal locomotion we found
is on a 458 slope with D 5 0.5 and l1/l2 5lower limb is better for walking uphill (or

downhill with negative knee joint-angles). 1/3. This particular configuration uses the
body in the manner of a ‘‘wheel,’’ which canHowever, the precise ratio should be care-

fully chosen. be visualized by inspecting Figure 9, where
we show the intermediate postures of the• There may be gaps in the slope range of a given

design. This happens when the geometry of stride.
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Figure 9. Optimal monotone stride path for D 5 0.5, l1 5 0.46, l2 5 1.40, on a slope of
458. We show the six joint-angles, labeled according to leg number and knee or hip. They
are plotted against time t over the stride. The time-scale is chosen for convenience. This
posture is the absolute best of all postures found, for both measures.

6. CONCLUSIONS independent of the load. We have also devised a
measure for the maximum speed attainable by the
robot.We have analyzed the locomotion of a two-dimen-

sional walking machine, a lower dimensional version We have computed optimal modes of locomotion
for various designs on various slopes and have shownof the Platonic Beast currently under development.

After reviewing the general framework for con- that many things can be learned from an analysis of
this type.structing performance measures, we have devised a

measure of the total joint motion during locomotion Our measure depends only on the global shape
of the stride, and not on the detailed path taken dur-of this ‘‘planar 3-beast.’’ This is a rough approxima-

tion to energy consumption assuming the main en- ing the stride, with some restrictions (monotonicity).
This means we can still optimize a secondary criterionergy consumption is due to internal gear friction,
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dynamics and its application to arm design,’’ J. Dyn.to choose among the many paths corresponding to
Syst., Meas., Control Trans. ASME, 105(3), 131–135, 1983.the same type of stride. This property is convenient
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