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Abstract. In this paper, we derive an EM algorithm for nonlinear state space models. We use it to estimate jointly
the neural network weights, the model uncertainty and the noise in the data. In the E-step we apply a forward-
backward Rauch-Tung-Striebel smoother to compute the network weights. For the M-step, we derive expressions to
compute the model uncertainty and the measurement noise. We find that the method is intrinsically very powerful,
simple and stable.

1. Introduction Watson and Engle [3] have suggested using the EM
algorithm, in conjunction with the method of scoring,
In environments where data is available in batches, itis for the estimation of linear dynamic factor, MIMIC and
possible to address the general problem of Bayesianvarying coefficient regression models. They evaluated
learning with Gaussian approximations, in a princi- their paradigm experimentally by estimating common
pled way, using the expectation maximisation (EM) factors in wage rate data from several industries in Los
algorithm [1] and dynamical models. Moreover, such Angeles, USA.
an approach allows us to treat non-stationary data sets. In 1982, Shumway and Stoffer [4] proposed the use
This paper will focus on this learning strategy. In partic- of the EM algorithm and linear state space models for
ular, it aims to extend the current work on EM learning time series smoothing and forecasting with missing
for dynamical linear systems to the problem of com- observations. To demonstrate their method, they con-
puting the weights of a multi-layer perceptron (MLP), sidered a health series representing total expenditures
the initial conditions and the noise variances jointly.  for physician services as measured by two different
The application of the EM algorithm to learning and sources. The time series produced by each source have
inference in linear dynamical systems has occupied the similar values but exhibit missing observations at dif-
attention of several researchersinthe past. Chen [2] wasferent periods. In Shumway and Stoffer’'s approach, the
one of the pioneers in this field. In particular, he applied two series are automatically merged into an overall ex-
the EM algorithm to linear state space models known penditure series, which is then used for forecasting.
in the statistics literature as MIMIC models. In these Nine years later, Shumway and Stoffer [5] extended
models one observes multiple indicators and multiple their work to switching linear dynamic models. In
causes of asingle latent variable. Chen’s MIMIC model essence, they derived a state space representation with
was implemented in a simulation study relating social measurement matrices that switch according to a time
status and participation. varying independent random process. They illustrate
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their method on an application involving the tracking The measurements nonlinear mappiig, 6;) cor-
of multiple targets. responds to a multi-layer perceptron (MLP) whose
The method of learning and inference in linear state \yeights are the model statés The framework may
space models via the EM algorithm has also played a pe easily extended to encompass recurrent networks,
role in the fields of speech analysis and computer vi- radial basis networks and many other approximation
sion. Digalakis, Rohlicek and Ostendorf [6] applied it techniques. We assume the measuremehtaiad pro-
to the speech recognition problem. They made a con- cess ;) noise terms to be zero mean Gaussian with co-
nection between this method and the Baum-Welch esti- ygrianceR andQ respectively. The matri contains
mation algorithm for hidden Markov models (HMMSs).  information about how the states evolve. It is partic-
North and Blake [7] have implemented the method to yarly useful in tracking applications. However, when
learn linear dynamic state space models used for track-the above model is employed merely for parameter es-
ing contours in images. Rao and Ballard [8] have also tjmation in neural network models with stationary data,
explored the relevance of the EM algorithm together there is no need for the matrik.
with state space estimation in the field of vision. They Despite the fact that the data is processed in batches,
have developed an hierarchical network model of vi- the model of Eqg. (1) allows the weights to be time vary-
sual recognition that encapsulates these concepts.  ing. tis, therefore, possible to deal with non-stationary
Ghahramani [9] has embedded the EM method for gata sets. In the event of the data being stationary, we
learning dynamic linear systems in a graphical mod- should expect the process noise term to vanish. Con-
els framework. He treats computationally intractable sequently, if we know that the data is stationary, the
models, such as factorial HMMs and switching state estimate of the process noise can be used to determine
space models, by resorting to Gibbs sampling and vari- how well the model explains the data. In Section 6, we
ational approximations. In another paper, Roweis and gemonstrate this method on a few stationary data sets.
Ghahramani [10] make use of the EM algorithm and oy objective is to estimate the model states (MLP

linear state space representations to present a unifie%eights)ét and the set of parameteqzsé (R, Q, A
view of linear Gaussian models including factor anal- 1, T1} given the measurements; ., yin},! Wherep

ysis,_ mixtures_ of_Gaussians, standard a_nd probabilistic andIT denote the mean and covariance of the Gaussian
versions of principal component analysis, vector quan- prior p(fo| ).
tisation, Kalman smoothing and linear hidden Markov
models.

This paper is organised as follows. Section 2 in-
troduces the nonlinear state space modelling scheme3: The Extended Kalman Smoother
adopted in the paper. The application of extended ) ) )
Kalman smoothing to estimate the weights of an MLP ©One of the earliest implementations of the extended
is discussed in Section 3. Section 4 presents a brief Kalman filter (EKF) to train MLPs is due to Singhal

derivation of the EM algorithm, which is used as a step and Wu [11]. The algorithm’s computational complex-
towards the derivation of the EM algorithm for nonlin- 1ty is of the orderO(cn?) multiplications per time
ear state space models in Section 5. Section 6 examines$St€P- Shah, Palmieri and Datum [12] and Puskorius and

some of the results obtained with experiments on syn- Feéldkamp [13] have proposed various approximations
thetic and real data. to the weights covariance so as to simplify this prob-

lem. Here, we extend the work in this area by proposing
an algorithm to estimate the noise covarianBeand
Q and the initial conditiong: andIT. The method is
also more accurate as it involves smoothing instead of
plain filtering.
Smoothing often entails forward and backward fil-
tering over a segment of data so as to obtain improved
011 = AG; + Uy averaged estimates. Various techniques have been pro-
yi = f(X;, 60) + Vi (1) posed to accomplish this goal [14, 15]. In our work,
we make use of the well known Rauch-Tung-Striebel
wherex e RY denotes the input datg,e R¢ denotes smoother [16]. The forward filtering stage involves
the output data anfl € R™ denotes the model states. computing the estimateé and P;, over a segment of

2. Nonlinear State Space Model

To investigate the application of the EM algorithm to
state space learning, we shall focus on the following
nonlinear state space representation:



N samples, with the following EKF recursions:
ét+1|t = Aét
Pyt = ARA +Q
Kit1 = Pi1tGriq (R + Grya Pyt Gyt
Ori1 = é’t+1\t + Ky (Yern — F(xesa, 9t+1|t))

Pit1 = Pyt — K1 Grga Pyt

whereK denotes the Kalman gaid\’ the transpose of
A andG the Jacobian matrix:
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cases, however, the posterior is multi-modal. This prob-
lem can be circumvented by implementing a mixture
of Kalman smoothers, where each individual smoother
approximates a particular mode.

4. The EM Algorithm

So far, we have shown that given a set of parameters
¢ ={R, Q, A, u, [T} and a matrix oN measurements
V1N, it is possible to compute the expected values of
the states with an extended Kalman smoother. In this
section, we present a treatment of the EM algorithm
that will allow us to learn the parametegf nonlinear
state space models.

The EM algorithm s aniterative method for finding a
mode of the likelihood functiomp(y1.n | ). Roughly
speaking, it proceeds as follows: (E-step 1) estimate
the state®o.y given a set of parametegs (M-step 1)
estimate the parameters given the new states, (E-step
2) re-estimate the states with the new parameters, and
so forth. The most remarkable attribute of the EM al-
gorithm is that it ensures an increase in the likelihood

Subsequently, the Rauch-Tung-Striebel smoother function at each iteration. However, as the EKF can

makes use of the following backward recursions:
o= PaAR,
ét—l\N = 9t—1Jt—1(ét\N — Ab;_1)
Poyn = P14+ J-a(Pyn — P 4
Pot—yn = P J_1 + Z(Pyrgn — AR Y,

where the parameters, covariance and cross-covariance

are defined as follows:

ét|N =E(@6: |yin)
Pyn = E((6; — 60)(0: — 6y [y1n)
P t—yn = E((0; — 00)(0:_1— ;1) | y1n)

They may be initialised with the following values:

Onin = On
Pnin = Pn
Pun-yn = (I — KNG APy

The extended Kalman smoother provides a mini-
mum variance Gaussian approximation to the posterior

probability density functionp(@o+ | 1) [17]. In many

only provide an approximation to the true stafas,
in the E step, the EM algorithm to train MLPs is not
necessarily guaranteed to converge.

To gain more insight into the EM method, let us
express the likelihood function as follows:

pPBon YN, ¥)
pP(Bo:N [ Y1N;s )
~ pBon YN, )

Pyun | ) = PYun | ¥)

Taking the logarithms of both sides yields the following
identity:

Inp(ysn [9) = In p(Bon, Yin | 9)
— In p(Bo:n | YN, @)

Let us treabBy.y as a random variable with distribution
P(Bon | YN, ¢°Y), wherep®d is the current guess. If
we then take expectations on both sides of the previous
identity, while remembering that the left hand side does
not depend oy.y, we get:

In plyzn | @) = E(n p(fon, Yin | 9))
—E(n p(@on YN, ) (2)



122  de Freitas, Niranjan and Gee

where the expectations involve averaging over the M-step: Compute a new value @ that maximises the

matrix 8o,y underp(@o-n | y1:n, ©°'9). For example: expected log-likelihood of the complete data. The
maximum can be found by simple differentiation of
E(n p(@on, Yin [ #)) the expected log-likelihood with respectgo

= /(In PBon. Yin | ) P(Bon | Y. ) dOon

5. The EM Algorithm for Nonlinear State

It is well known that the second term on the right side Space Models

of Eq. (2) is maximised fog°. That is:

old To derive the EM algorithm for nonlinear state space
E(n p@on [yun, ¢°) = E(In p@on [Yin. ) models, we need to develop an expression for the like-
lihood of the completed data. We assume that the like-
lihood of the data given the states, the initial condi-
tions and the evolution of the states can be represented
by Gaussian distributions. In particular, if the initial
mean and covariance of the states is giveptandIT,
then:

for any . To apply the EM algorithm, we need to
compute the first term on the right hand side of Eq. (2)
repeatedly. The aim is to maximise this term at each
iteration. One method of maximising it is discussed in
detail in the next section. For the time being, let us
assume that we can maximise it, that is:

E(In p(Bon, yin | ™) = Edn p@on, yan [ ¢2%)  PEol®)

1
Then, it follows that the likelihood function also in-  — (202|172 EXD[—E(G’O — )T (0 — u)]
creases at every iteration. To demonstrate this impor-
tantresult, consider the change inlikelihood forasingle p(8, | 6;_1, ¢) =
iteration:

@nmz Qi P
In Py 1" — I plyz | ™) x [‘%“" — A%’ Q O - A"‘—l)]
= (E(In p(Bo:n, Yin | ™) 1
—E(In p(@on, Yin | 7)) PYLI60 ©) = oryere Ri72 &
— (E(In p(Bo:n | Y1, ™)
—E(n p@on | Yin, ¢°9))

The right hand side of the above equation is posi- Under the model assumptions of uncorrelated noise
tive because we are averaging under the distribution Sources and Markov state evolution, the likelihood of
P(Bon | Y1n, ©°%). Consequently, the likelihood func-  the complete data is given by:

tion is guaranteed to increase at each iteration. The

EM algorithm’s name originates from the steps that ~ P(@o:n. Yin | )

p

1 o .
X [—Q(Yt — (0, x)) R (ye — 1(6, Xt)):|

arerequiredtoincrea®In p(Go.n, Y1:n | ), Namely N N
compute the Expectation and then Maximise it. The EM =p@Bo| ) [ [ PO: 161, 0) [ | Pyt 16t ©)
algorithm thus involves the following steps: t=1 t=1

Hence, the log-likelihood of the complete data is given

Initialisation : Start with a guess fap°. by the followi s
y the following expression:

E-step Determine the expected log-likelihood density
function of the complete data given the current esti- N P(6on. Yin | #)

mate°'‘: N1 . .
==Y |:§(Yt —£(0r, x)) R (ye — 161, Xt)):|
E(In p(@on, Yin | ¥)) =1
old N A 1 r—1
= [(n p(Bon. Yin | 9)) P(Bon [ YN, $77)dO0N ) In|R| —Z 5(01 — AB;_1)' QL0 — AB:_1)

t=1
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N 1 S iven by:
—5 In1Ql = 560 — /M (6o — 1 grenby
1 Nc+ (N + 1ym : Y (B¢, x)
- In || — Rer CAon In(27) 3) f(0t, x0) = F(Oyn, Xt) + a0, i

. . . . 6, — 0
As discussed in the previous section, all we x (G un) +

need to do now is to compute the expectation of
In p(Bo:n, YN | ) and then differentiate the result
with respect to the parametegs so as to maximise

it. The EM algorithm for nonlinear state space mod-
els will thus involve computing the expected values of
the states and covariances with the extended Kalman

Consequently, if we take expectations on both sides of
the equation, we get:

Ef (6, X)) ~ f(ét\N, Xt)

smoother and then maximising the parametessith and
the formulae obtained by differentiating the expected R R R R
log-likelihood. E((f(0r, X0) — F(Oyn, X)) (F(Or, Xt) — F(OyNn, X0))")
. s af (01 x0)
%E[(f(ethXt)“"# )
t =
5.1. Computing the Expectation of the (6:=8un>
Log-Likelihood X (6, — ét\N) . f(ét\Nv Xt))

If we take the expectation of the log-likelihood for the A 9% (0., x )
complete data, by averaging ouv@s:n under the dis- X (f(et,N, Xt) + et
tribution p(Qo:n | Y1:n, ¢°%), we get the following ex- 30t o=y
pression:

x (0 — é’t|N) - f(éth, Xt)) j| = G{P NG}

E(n p(@on, Yunle))
Hence, under the distributiop(8o.n | Yi:n, ¢°9), it

N N
=——In|R — =In :

5 IRI > QI follows that

_% In|m1| — Wm(zn) E(f(etaxt)f(otvxtz/)A B

~ G P NG} + F(Oyn. X)T (Byn. %)
N
1 ! o5— ' o>—1%F

o Z EE[yt Ry, — ViR (61, x0) Using this approximation and the fact that the trace and
=1 expectation operators are linear, the expectation of the
—#(6¢, xR Yy; + F0r, %) RH(6¢, 0] log-likelihood becomes:

E(In p(Bon, Yun | 9))

N
1 / — 7 _
—§ :EE[OtQ 9, —0,Q7 A0 4 N N
t=1 %—E|n|R|—E|n|Q|

-6, JANQ710,+ 6, ;AQ 1A, 1] Nc4 (N + Dm)

> In(27)

1 In ||
1 /-1 /-1 2
" P - Z étr(R_l[yty§ — f@un. x0Y; — Yef Oyn. X0
—'TT 00 + T p] =1
, , . +F(Oun. x0T Byn, %) + G PynGi])
We need to digress briefly to compute the expectation N
of the measurements mappin@;, x;). We should re- _ (OB, nO. . + Pin — 2A0; 0.
call that the EKF approximation to this mapping is ; S1(Q TOunbyn + Pun Gunbiyn
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+ Po—n) + A(étfléi,lm + P_yn) A

1 M . ,
— ST Bon o + Pon — 200w’ + pupe'])

Completing squares and using the following abbrevia-
tions:

N
= Zét\Né:“\] + Pyn
=1
N A Al
A= Zatflmet,lw + Py
t=1
N ~ Al
T = Zet\Net_1|N + Poi—yn

,,
Il
i

we get our final expression for the approximate expec-
tation of the log-likelihood:
E(In p(@o:n. YN | )
N N
~——In|R - =1
5 niRi > In QI

Nc+ (N +1)m

1|n|1'1|
2 2

N
x (Yt — f(ét\Nv X)) + Gt PynGi])

1
— Etr(Q-l[r —2AY' + AAAY)

In(27)

1 .
Etr (R (yt — F(Byn, X))

1 N n
— Etf(n_l[(eom — 1) (Oon — 1)’ + Pon)
4)

5.2. Differentiating the Expected Log-Likelihood

To maximise the expected value of the log-likelihood
with respect to the parametets we need to compute

the derivatives with respect to each parameter individu-
ally. This is done in the subsequent sections, where we

make use of some results of matrix differentiation [18].

5.2.1. Maximum with Respect to A.Differentiating
the expected log-likelihood with respect foyields:

0
—E(n p(Bo. :
9A (In p(@o:N, YN | 9))
10 .
N ——— T — 2AY + AAA
ZaAtr(Q [ + D

= —%(—ZQ’lT +2Q71AA)

Equating this result to zero yields the valueAthat
maximises the approximate log-likelihood:
A=7r1A1 (5)

5.2.2. Maximum with Respect to R.Differentiating
the expected log-likelihood with respect®! gives:

]
ﬁIE(ln pP(Bo:N, YN | ¥))

~
~

N -1 S 1 —1 /
> IR |—Z§tr(R [GtPnG;

a
aR1 e

+(yt — F(Byn, ) (vt — F(Oyn, xt>>/])>

N

N
1

+ (Yt — f(éuN, X)) (Yt — f(énN, X))

Hence, by equating the above result to zero, the ap-
proximate maximum of the log-likelihood with respect
to Ris given by:

1 N A A
R= > (GtPNG; + (vi — f(Byn. X))
t=1

x (yr — F(Byn, %)) (6)

5.2.3. Maximum with Respect to Q.Following
the same steps, the derivative of the expected log-
likelihood with respect ta@Q—* is given by:
ad
0Q-1
N 1
A EQ — E(F —2AY' + AAA)

E(n p(@on, Yin | )

Hence, equating to zero and using the result that

A = TA™L, the approximate maximum of the log-

likelihood with respect tdQ is given by:
1 —1A~n/

Q=T -TATT) (7

5.2.4. Maximumwith Respectta. Itisalsopossible

to treat the initial conditions as parameters and improve

their estimates in the M-step of the EM algorithm. Find-

ing the derivative of the expected log-likelihood with
respect to the initial states gives:

0 1 ~
—E(In p(Bon, Yin | @) ~ ST H(=200n + 2p)
o 2



Hence, the initial value for the states should be:

1= B (8)
5.2.5. Maximum with Respect tbl. The derivative
of the expected log-likelihood with respect to the in-
verse of the initial covariance gives:

8H*1E(In P(OoN, YN | ©))

n 1 . . ,
~ 5 E((BO\N —m)(O@gn — 1) + Pon)

Therefore, the initial covariance should be updated as
follows:

IT = Pyn 9)

5.3. The E and M Steps for Nonlinear State
Space Models

We can now prescribe the EM algorithm for nonlinear
state space models as follows:

Initialisation : Start with a guess fop = {R, Q, A,
w, I}, .

E-step Determine the expected valu@gn, Py and
P..t—1/n, given the current parameter estimatél?,
using the extended Kalman smoothing equations de-
scribed in Section 4.2.

M-step: Compute new values of the parameters=
{R, Q, A, u, IT} using equations (5) to (9).

The complexity of this algorithm i€ (m®N) opera-
tions per iteration.

6. Experiments

6.1. Simple Regression Example

For the purposes of demonstrating the method, we ad-

dress the problem of learning the following nonlinear
mapping from(xy, xp) to y:

y=4sinxs —2)+2%+5+7

wherex; and x> were chosen to be two normal ran-
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distribution with variancék = 0.5. An MLP with four
sigmoidal neurons in the hidden layer and a linear neu-
ron in the output layer was used to approximate the
measurements mapping. After 50 iterations, as shown
in Fig. 1, the estimate of observation variariR&on-
verges to the true value. In addition, the trace of the
process noise covariand@ goes to zero. Note that
since the data is stationary, the traceghould tend

to zero. That is, the trace @ can be used to provide
an estimate of how well the model fits the data. The
innovations covariance (variance of the evidence func-
tion p(yt | Y1t-1, Oye—1, Qi-1, Re—1)) tends toR over

the entire data set, as shown in Fig. 2. The top plot
of this figure shows that the MLP approximates the
true function without fitting the noise. That s, it gener-
alises well. Figure 1 also shows how the log-likelihood
increases at each step, thereby demonstrating that the
algorithm converges well.

6.2. Robot Arm Mapping

This data set is often used as a benchmark to compare
neural network algorithm&lt involves implementing

a model to map the joint angle of a robot a(ri, X2)

to the position of the end of the ar(y,, y2). The data
were generated from the following model:

y1 = 2.0cogXxy) + 1.3cosX1 + X2) + €1
Yo = 2.0sin(X7) + 1.3 siN(X1 + Xp) + €2

wheree; ~ N(0, 0?), o = 0.05. We use the first 200
observations of the data set to train our models and the
last 200 observations to test them.

Figure 3 shows the 3D plots of the training data and
the contours of the training and test data. The contour
plots also include the typical approximations that were
obtained using our algorithm and an MLP with 2 lin-
ear output neurons and 20 sigmoidal hidden neurons.
Figure 4 illustrates the convergence of the algorithm.
In this particular run the training and test mean square
errors were 057 and M081 (the minimum bound
being 2 = 0.005). Our mean square errors are of
the same magnitude as the ones reported by other re-
searchers [19-23]. Figure 4 also shows the two diag-
onal entries of the measurements noise covariance and

dom sequences of 700 samples each. The noise pro+the trace of the process noise covariance. They behave

cessn was sampled from a zero mean Gaussian

as expected.



126  de Freitas, Niranjan and Gee

1000 T T T T 4

Log-likelihood

0 10 20 30 40 50 0 10 20 30 40 50
lterations of EM lterations of EM

02k s R - L T S N\ SRR P L

o 10 20 30 40 50 o 10 20 30 40 50
lterations of EM Iterations of EM

Figure 1 The top plots show the log-likelihood function and the convergence rate (log-likelihood slope) for the simple regression problem.
The bottom plots show the convergence of the measurements noise covdtiandéhe trace of the process noise covaria@ce
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Figure 2 The top plot shows that the MLP fit, for the regression example, approximates the true function (the former is almost exactly on top
of the latter); it does not fit the noise. The bottom plot shows that the uncertainty in the predictions (innovations) converges to the uncertainty
engendered by the measurement noise.

6.3. Classification with Medical Data tify patients with muscle tremor [24, 25]. The data

was gathered from a group of patients (9 with, pri-
Here, we consider an interesting nonlinear classifica- marily, Parkinson’s disease or multiple sclerosis) and
tion data sét collected as part of a study to iden- from a control group (not exhibiting the disease). Arm
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Figure 3 The top plots show the training data surfaces corresponding to each coordinate of the robot arm’s position. The Middle and bottom
plots show the training and validation data [- -] and the respective MLP mappings [—].
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Figure 4 The top plots show the log-likelihood function and the convergence rate (log-likelihood slope) for the robot arm problem. The bottom

plots show the convergence of the diagonal entries of the measurements noise cova(anuest identical) and the trace of the process noise
covarianceQ.

muscle tremor was measured with a 3-D mouse and aand control groups+). The figure also shows the de-

movement tracker in three linear and three angular di- cision boundaries (solid lines) and confidence intervals
rections. The time series of the measurements were(dashed lines) obtained with an MLP, consisting of 10
parameterised using a set of autoregressive models.sigmoidal hidden neurons and an output linear neuron.
The number of features was then reduced to two [24]. We should point out, however, that having an output
Figure 5 shows a plot of these features for patielt (  linear neuron leads to a classification framework based
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1

Figure 5 Classification boundaries (=) and confidence intervals (- -) for the MLP classifier. The circles indicate patients, while the crosses
represent the control group.

on discriminants. An alternative and more principled threshold that we apply to the linear output neuron.
approach, which we do not pursue here, is to use a lo- Our confidence of correctly classifying a sample oc-
gistic output neuron so that the classification scheme is curring within these intervals should be very low. The

based on probabilities of class membership. receiver operating characteristic (ROC) curve, shown
The size of the confidence intervals for the deci- in Fig. 6, indicates that we can expect to detect patients
sion boundary is given by the noise variane&)( with a 70% confidence without making any mistakes.

These intervals are a measure of uncertainty on the The percentage of classification errors in the test set
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Figure 6. Receiver operating characteristic (ROC) of the classifier for the tremor test data.
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