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Abstract

Additional mathematical details to supplemensBORNE
et al.(2012).

Fault Bucket

We propose an algorithm that is designed to deal with faults
of many different, unspecified types. We use a sequential
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It is hoped that a very broad class of faults can be captured
in this way. To formalise this idea, we choose an observa-
tion noise distribution that models the noise as independen
but not identically distributed with separate variancedtie
non-fault and fault cases:

p(y| f,x, ~fault,07) = N(y; f,00)

1
p(y| f, @, fault, 07) = N(y; f, 07), (1)

scheme, applicable for ordered data such as time series, par

titioning the data available at any point into old and new

halves. We then approximately marginalise the faultinéss o

old observations, storing and then updating our results for
future use. This gives rise to an efficient and fast algorithm

In order to effect our scheme, we make four key approxima-
tions:

1. Fault bucket: Faulty observations are assumed to be gen-
erated from a Gaussian noise distribution with a very wide
variance.

. Single-Gaussian marginal: A mixture of Gaussians,
weighted by the posterior probabilities of faultiness af ol

data, is approximated as a single moment-matched Gaus-

sian.

. Old/new noise independenceéie assume that noise con-
tributions are independent, and that the contributions for
new data are independent of old observations.

. Affine precision: The precision matrix over both old and
new halves is assumed to be affine in the precision matrix
over the old half.

Approximation 1 represents the state-of-theEEFRESZYN-
SKI andDIETTERICH (2011). However, using it alone will
not give an algorithm that can scale to the real-time prob-
lems we consider. Our novel approximations 2-4 permit very
fast, fault-tolerant inference. We will detail and justthese
approximations further below.

Our single, catch-all, “fault bucket” is expressed by ap-
proximation 1. Itis built upon the expectation that poiatt
are more likely to have been generated by noise with wide
variance than under the normal predictive model of ¢ire

wherefault € {0,1} is a binary indicator of whether the
observatiory(z) was faulty andry > o, is the standard de-
viation around the mean of faulty measurements. The values
of botho,, ando s form hyperparameters of our model and
are hence included i

Of coursega priori, we do not know whether an observa-
tion will be faulty. Unfortunately, managing our uncertsin
about the faultiness of all available observations is a-chal
lenging task. WithN' observations, there arg¥ possible
assignments of faultiness; it is infeasible to considenthe
all.

Our solution is founded upon approximation 2. For time
series, the value to be predictgd typically lies in the fu-
ture, and old observations are typically less pertinentfisr
task than new ones. We hence approximately marginalise
the faultiness of old observations, representing the méxtu
of different Gaussian predictions (each given by a differen
combination of faultiness) as a single Gaussian. We prefer
this approximate marginalisation over faultiness to heuri
tics that would designate all observations as either faardty
not—we acknowledge our uncertainty about faultiness.

More formally, imagine that we have partitioned our ob-
servation®D, ; into a set of old observatior®, = (x4,¥a)
and a set of new observatiobs = (x,ys). Defineo, to be
the (unknown) vector of all noise variances at observations
Ya, and definer, similarly. Because we have to sum over all
possible values for these vectors, we will index the possibl
values ofos, by i (each given by a different combination of
faultiness ovefD,) and the values of, similarly by j. We
now define the covariancd§! = K, , + diago}, V;

can reasonably be assumed to be corrupted in some way, asf, , + diagoj and V"] = Kby {apy + diag{o?, al},
suming we have a good understanding of the latent Processyherediag o is the diaQonaI matrix with diagonal
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To initialise our algorithm, imagine that identifies a
small set of data, such that we can readily compute the like-



lihood of our hyperparameters
Zp Yalol)p ZN Yai0,V)p(ol) ()

and hence the hyperparameter postefigr,|y.). This dis-
tribution specifies the probability of our observatidpsbe-
ing faulty; for a single observatioR,, p(fault(D,) |ya) =
p(oa = 0 |ya). If we were to perform predictions for some
fx usingD, alone, we would need to evaluate

(f*|ya
—ZP oo |ya)p(felYar L)

721’ a|Ya f*v

(Fel¥a,0h), C(felya,0l)),

the weighted sum of Gaussian predictions made using the

different possible values far,. We now use approximation
2. It is our hope that our predictions fgi are not so sen-

sitive to the noise in our observations that all the Gaussian
in this sum become dramatically different. In any case, the

quality of this approximation will improve over time—ijf,
is far removed from our old dat®,, then our predictions
really will not be very sensitive te,,. So, we take

p(felya) = N(f*§ K*,af/(;l)%v
K*,* - K*,a(va_l - W_I)Ka,* - (K* aV_lya)Q)a

a

wheré
= Zp(ailya)(fo)’l,
= z:p(ofzIya)(VLf)_1

With these calculations performed, imagine receivingfert

yaYa(VH™L (4

Before trying to manage these sums, we will determine
p(ow | ¥a,p)- As before, this distribution gives us the prob-
ability of the observation®; being faulty. For example, if
we have only a single observati@h, p(fault(Dy) |yas) =
p(oy = 0f|Yap). We define

= Kb.,avl;lyﬁ
- I(l77a(‘7a_1 -

m(ys|ya)

C(yo|Yaro0) = Vi W, YKy

a

- m(Yb|Ya,b)2v

where bothl/, (or its Cholesky factor) antl"! were com-
puted previously. By using approximations 2 and 3,
> i 0(Y61Yar 0l )P(Yar 0l )
P(Yab)
(¥o|Ya)s é()’bb’a, Ub))p(Ub)
p(yslya)

p(on|yap) =

_ N(ynm

)

()

where we have

p(yelya) = ZZP Yo!Yar 0k p)P(00% ] Ya)
~ ZN (y5; m(¥6|a), C(¥5]¥as 03))p(0])-
(8)
Note that
P(Ya) = p(yo|¥a) P(¥a), )

the product of (8) and (2), gives the likelihood of our hyper-
parameters, useful if we want to learn such hyperparameters
from data using, for example, maximum marginal likelihood.
Now, returning to (6), we will once again use approximation
2. We aim to reuse our previously evaluated sums over

dataD,,. To progress, we make approximation 3; we assume resolve future sums over As we gain more data, the faulti-

that faults will not persist longer tha®, |. To be precise, we
assume

~ p(ya) p(oh|¥a) P(0]) P(ys |00, Ya) (5)

Our predictions are now

Zp o3| Ya) Z (04 |ya)
(f*7 (f*'yab7 )) (6)

!Note that forWW,,, explicitly computing (unstable) matrix in-
verses can be avoided by solving the appropriate lineartieqsa
using Cholesky factors. Faf,, we can rewritd A~' + B~1)~! =
A(A+B)™'B.If i € {0,1} (as it would be ifa identified a single
observation which could be either faulty or not),

(0,7 Yarb)

f*|Yab

(f*|yab7

Vo = Ve (plod|ya)VE +p(o0|ya)V) Ve, (3)

If 4 takes more than two values, we can simply iterate using the

same technique. We can then use the Cholesky factid tf com-
pute our required equations.

ness of old data becomes less important. We arrive at

P(felyap) 2 N (fe; KifanyVay Yasbs
K= KoV = Wi ) Kasw — (Ki (o} Vay Yan)?) »
(10)

where we have
Vit = 00} 1yan) Y p(ol |ya) (Vi)
7 i
Wor =Y p(ollyas) Y p(ol]ya)
7 i
(Vi)™

Now, using the inversion by partitioning formulagess
etal, 1992, Section 2.7),

1ya,byl—,b(val:g)_1

(Vi)' =
Si o =SWKLW(V)T
—(V) ' Ky Se (V) (V) ) T Ky o Se Ko (V) 71



where S%J (Vi — Kop(VY) 'Kpq)~'. Note that
(V,2)~'is affine inSi7, so that wher, > Ko bV 'Ky a,
(V)1 is effectively affine in(V;/)~". This is true if given
Dy, it is impossible to accurately predi®,. This might
be the case iD, represents a lot of information relative to
Dy (if, for example,D, is our entire history of observations
whereD, is simply the most recent observation), orZH,
andD,, are simply not particularly well correlated. On this
basis, we make approximation 4. Additionally noting that
>, (0l |ya) = 1, we have?

. 1
~ \% K
1 .o 7 a a,b
Va,b *;p(o—b|}’ab) |:Kba ‘/b] :| 5
‘7 ~ f/a B [(a,b~
P Ko Vija + KooV Kap

Vo =200 |yap) (Vi = KpaV, ' Kap) ™

J

Note that the lower right hand elementﬁiﬂb defines the
noise variance to be associated with observationdn ef-

fect, we represent each observation as having a known vari-

ance lying between? andaj%. The more likely an observa-
tion’s faultiness, the closer its assigned variance wilkde
the (large) fault variance and the less relevant it will eeo
for inference about the latent process. This approximate ob
servation is then used for future predictions; we need never
consider the full sum over all observations.

We now turn toW,}. Unfortunately, even if\, >

Ko bV 'Ky a, W;bl is quadratic in (V)~1. We will
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nonetheless again make approximation 4 and assume that

W(;bl is affine in(V,?)~1. The quality of our approximation
for W, is much less critical than fdr, ', because the for-
mer only influences the variance of our predictions for the
current predictant; any flaws in that approximation will not
be propagated forward. Further, of course, if one probabil-
ity dominatesp(o? | ya) > p(ol | ya),Vi' # i, then the
approximation is valid. With this,

Wor =Y p(o]|Yas)
Kazb:| -

J

x:

Kb,a VE;J
If we now receive further dat®,., our existing data is simply
treated as old data (+— {a, b}, b + ¢), and another iteration
of our algorithm performed. At each iteration, we are able to
return the predictions for the latent variable using (10J an
the posterior probability of an observation’s faultinesisg
(7). We can also return the marginal likelihood (9) for the
purposes of training hyperparameters.

1 ~
Ka,b T Va
‘/E)j :| Ya,b ya,b |:Kba

)

2‘717\_; can be computed using the same trick as in (3)idfen-
tifies a single observation ande {0, 1}. The Cholesky factor of
f/a,b required to solve the linear equations for our predicticas ¢
be efficiently determinedgsBORNE 2010) using the previously
evaluated Cholesky factor &f,.



