
CPSC 550: Machine Learning II 2008/9 Term 2

Lecture 19 — Mar. 31, 2009

Lecturer: Nando de Freitas Scribe: Kevin Swersky

This lecture introduces the concept of Martingales, which will eventually be used
to prove the convergence of stochastic approximation with dependent noise. Some
examples of Martingales are given, and a measure-theoretic definition of condi-
tional expectation is introduced.

19.1 Martingales

Definition 19.1. A sequence of random variables {Sn} is a martingale with
respect to the sequence of random variables {Xn} if for all n ≥ 1:

(i) E(|Sn|) <∞

(ii) E(Sn+1|X1:n) = Sn

Example 19.2. Let X1, X2, ... be a sequence of independent random variables
with E(|Xk|) < ∞, E(Xk) = 0 ∀k. Then Sn =

∑n
i=1Xi is a martingale with

respect to the sequence {Xn}.

Proof: Property (i) is satisfied since n is a finite number, and therefore Sn is a
finite sum of finite numbers which means it is also finite. To show that property
(ii) is satisfied, we use induction:

E(S1|X1) = E(X1) = 0

Now assume E(Sn|X1:n) = Sn, then:

E(Sn+1|X1:n) = E(Xn+1 + Sn|X1:n)

= E(Xn+1|X1:n) + E(Sn|X1:n)

= E(Xn+1) + E(Sn|X1:n) by independence

= 0 + E(Sn|X1:n)

= Sn

�
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Example 19.3 ([1]). Let X0, X1, ... be a discrete Markov chain taking values on
a countable space X with transition matrix P . Suppose π : X → R is a bounded
function that satisfies

∑
j∈X Pijπ(j) = π(i) ∀i ∈ X.

In other words, n is a time index and Xn = i if the Markov chain takes the value
i at time n, and π is a vector of probabilities for each value in X that Xn could
take. π = [π(1), π(2), ..., π(i), ..., π(|X|)]T .
Sn = π(Xn) is a martingale with respect to the sequence {Xn} since:

E(Sn+1|X1:n)

= E(π(Xn+1)|X1:n)

= E(π(Xn+1)|Xn) by the Markov property

=
∑
j∈X

PXnjπ(j) = π(Xn) = Sn

19.2 Conditional Expectation

Consider the random variables X,Z on a measurable space (Ω,F, P ).
Let {

X ∈ {x1, x2, ..., xn}
Z ∈ {z1, z2, ..., zn}

(19.1)

Then the random variable Y = E(X|Z) is defined as follows:
If Z(ω) = Zj, then Y (ω) = E(X|Z = zj) =̇ yj =

∑
i xiP (X = xi|Z = zj)

Remark:

• The σ-algebra over Z, H = σ(Z) consists of 2n elements.

• Y is H-measurable

Hence,

E(Y IZ=zj
) =

∫
IZ=zj

yjdP (Y, Z)

= P (Z = zj)
∑

i

xiP (X = Xi|Z = zj)

= E(XIZ=zj
)

That is, if Hj ∈ H = {Z = zj} then E(Y IHj
) = E(XIHj

), and since for each
H ∈ H, IH is a sum of IHj

’s: E(Y IH) = E(XIH)

We illustrate this with an example to make it more clear.
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Example 19.4. Let A = {Bi : 1 ≤ i ≤ n}.

E(X|A)=̇E(XIA)

=

∫ ∫
XIA(Z)dP (X,Z)

=

∫ ∫
X

(∑
i

IBi
(Z)

)
dP (X,Z)

=
∑

i

E(XIBi
)
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Theorem 19.5 (Kolmogorov Fundamental Theorem (1933)). Give an ran-
dom variable X on a measurable space (Ω,F, P ), and a a sub-σ-algebra of F, H.
There exists a random variable Y such that:

• Y is H-measurable

• E(|Y |) <∞

• ∀H ∈ H,
∫

H
Y dP =

∫
H
XdP
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