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Notation

• an → a means an converges to a, as n→∞.

• Xn
qm→ X means Xn converges in quadratic mean to X.

• Xn
p→ X means Xn converges in probability to X.

• Xn  X means Xn converges in distribution to X.

Theorem (Wasserman 5.4)

a) Xn
qm→ X ⇒ Xn

p→ X

b) Xn
p→ X ⇒ Xn  X

“Convergence in distribution is the weakest”

Proof: a)

P (|Xn −X| > ε) ≤ E[(Xn −X)2]

ε2
(by Markov’s inequality)

E[(Xn −X)2]

ε2
qm→ 0

P (|Xn −X| > ε) → 0

�

Notation

estimator: θ̂n = g(X1:n), a function of the data

sampling distribution: distribution of random variable θ̂n

standard error (se):

√
var(θ̂n)
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Mean squared error (MSE)

MSE = Eθ(θ̂n − θ)2

=

∫
[g(X1:n)− θ)2]P (X1:n, θ)dX1:n

where P (X1:n, θ) =
n∏
i=1

p(Xi, θ) when data Xi are i.i.d.

Theorem 6.9

MSE = bias(θ̂)2 + varθ(θ̂)

Proof

Let:

θ̄n = Eθ(θ̂n)

=

∫
g(X1:n)P (dX1:n; θ)

=

∫
g(X1:n)dP (X1:n; θ)

=

∫
g(X1:n)P (X1:n; θ)dX1:n

Then:

MSE = Eθ[(θ̂n − θ)2] = Eθ[(θ̂n − θ̄n + θ̄n − θ)2]

= Eθ[(θ̂n − θ̄n)2 + 2(θ̂n − θ̄n)(θ̄n − θ) + (θ̄n − θ)2]

= Eθ[(θ̂n − θ̄n)2] + 2Eθ[(θ̂n − θ̄n)(θ̄n − θ)] + Eθ[(θ̄n − θ)2]

= Eθ[(θ̂n − θ̄n)2] + 2(θ̄n − θ)Eθ(θ̂n − θ̄n) + (θ̂n − θ)2

= Eθ[(θ̂n − θ̄n)2] + 2(θ̄n − θ)(0) + (θ̂n − θ)2

= Eθ[(θ̂n − θ̄n)2] + (θ̂n − θ)2

= varθ(θ̂n) + bias(θ̂)2

Consistency

An estimator θ̂n of parameter θ is said to be consistent iff θ̂n
p→ θ.
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Theorem (Wasserman 6.10)

If bias and variance go to zero as n→∞, then θ̂n is consistent.

Proof: If the bias and variance both converge to zero, then by Theorem 6.9,
it follows that the MSE converges to 0, i.e. Eθ(θ̂n − θ)2 → 0. Thus θ̂n

qm→ θ.

By Theorem 5.4(a), it follows that θ̂n
p→ θ. QED. �
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