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Understanding the Brain

“You'd think this is crazy because engineers are
always fighting to reduce the noise in their

circuits, and yet here’s the best computing

machine in the universe—and it looks utterly
random,” Alex Pouget, associate professor of
brain and cognitive sciences at the University o
Rochester.

“We've known for several years that at the
behavioral level, we'réBayes optimal,’meaning
we are excellent at taking various bits of
probability information, weighing their relative
worth, and coming to a good conclusion quickly,”
..."But we’ve always been at a loss to explain how
our brains are able to conduct such complex
Bayesian computations so easily.”
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History of the Monte Carlo method:
The bomb and ENIAC




History of the Monte Carlo method

Integrals in Probabilistic Inference

1. Normalisation:

pPY)p(x)
[y PO Ie*)pc*)dax

p(xly) =
2. Marginalisation:
pr) = [ plx. s

3. Expectation:

Epeep) (f (%)) = fX F)pCe|y)dx




Monte Carlo Integration
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Monte Carlo Integration
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Monte Carlo Integration
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Density, measure and distribution
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Lebesgue integral
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Approximating distributions

The idea of Monte Carlo simulation is to draw an i.i.d. set

of samples {x}Y, from a target density p(x) defined on
a high-dimensional space X'. These N samples can be used
to approximate the target distribution with the following

empirical point-mass function (think of it as a histogram):

Z o (dx)

/

(dx)

where 0 ;) (dz) denotes the delta-Dirac mass located at z'".
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Importance Sampling

I(f)= ﬁ f)p(x)dx

— / f(rx)w(x)q(x)dr
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Normalized Importance Sampling

When the normalising constant of p(x) is unknown, it is still
possible to apply the importance sampling method:

[ fx)w(x)g(x)dx
[ = :
() [ w(x)g(x)dx
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Normalized Importance Sampling

The Monte Carlo estimate of 1 ( f) becomes

Iy (f) = \zile:ffu( » ;f( ) )

where w(2") is a normalised importance weight. For N
finite, Iy (f) is biased (ratio of two estimates) but asymp-

totically, under weak assumptions. the strong law of large

numbers applies, that is f v (f) ”—> I(f).

What is the best proposal?

The IS estimator 1s unbiased, but has variance

vary ) GN (1)) = Eg) (W (x)) — I7(f)
This variance 1s minimised when

[f () [p(x)

T = T @ pds




What is the best proposal?

Introduce parametric proposais and adapt the parameters so
as to minimise the variance

N
| . .
— 0 oy 2 ,.(7) (7)
Orr1 = 6 G'N E fxHywx, 6y)

=1

aw(x? 6,)
30,

where « is a learning rate and x'”) ~ ¢(x, 0).
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Example: Logistic Regression
Tisdn simin mditmn | Gvmacmsne T an st maracin sasananmrmAdml Tas anamwdt g
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lar. we introduce the following Bernoulli likelihood function:

1 1 T—yt

7
1 —
1+ exp (—81})] [ 1+ exp (—0x¢)

plytla:, 0) = [

where 6 are the model parameters. The logistic function

plyy = 1|ay) = m is conviniently bounded between




Example: Logistic Regression
We also assume a Gaussian prior

p(0) exp (—Qi(@ . m)

o2

The goal of the analysis is then to compute the posterior
distribution p(@|x1.7,y1.7). This distribution will enable us

to classify new data as follows

pyri|rrrer) = / pyri|rrsa, )p0|xyr, yr.r)do
Je

Example: Logistic Regression

Bayes’ rule gives us the following expression for the posterior

1 1 ,
p(Oxir. yir) o \/%Pxp (—5(9 — ) (0 — u))

Yt 1 1=y
X 1 —
H [1 + exp (— )] [ 1+ exp (—6”:1’:)]




Example: Logistic Regression

The problem is that in this case we can’t solve the nor-

cal methods — in this case importance sampling — to ap-

proximate p(6

1.7, y1.7). Note that we cannot sample from
p(0|x17, 7)) directly because we don't know the normalis-
ing constant. So instead we sample from a proposal distri-
bution ¢(#) (say a Gaussian) and weight the samples using
importance sampling. After obtaining N samples of 6 from

the posterior, we can classity new data as follows
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Example: Logistic Regression
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Markov Chain Monte Carlo
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Markov Chain Monte Carlo
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Markov Chain Monte Carlo
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Markov Chain Monte Carlo
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Markov Chain Monte Carlo
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MCMC: Metropolis-Hastings

» |nitialise x©.

» Fori=0toN — 1
i Sample u ~ (][0‘1].

= Sample x* ~ g(x*[x?).

— (7)) k) e p(x*)q(,\‘(”h‘*)
Ifu < A(x'"V,x*) = 111111{ L, D) )

s

(i+1) *
X = X

else

(i+1) — (D)
X =X




MCMC: Metropolis-Hastings
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MCMC: Choosing the Right Proposal
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MCMC: Theory
Kernel ¢ O—L(B[x\ @(X)BB X%g
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MCMC: Theory
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Extending MH to directed probabillistic
_graphical models

Gibbs Sampling
Choose the following proposal:

)] x )
q(x*|x(f)) — p(x/ |x—f) Ifx—f - x—f

Otherwise.

where x_; = {x1, ..., Xj—1, Xj41, ..., Xu}).

Then the acceptance is:

A(x(z') X*) = min{l p(X*)Q(x(i)|X*)}

pD)g (e x @)




Gibbs Sampling

(0)

1:n-

» |nitialise x

» Fori=0toN —1

= Sample x(’+ '~ px |x2 xg), oy,
. Sample x(r-l— ) ~ pxa |x(r-|—1)1 ‘(r)q o ,X;(,i)).
= Sample
(i+1) (i+1) (i+1) @) (1)
X; ~ p(x;|x, e X X Xy ).
~ Sample x; ™" ~ ~ p(x, |x(?+1) £i+l)1 . ;(?r+11))

Gibbs Sampling For Graphical models

A large-dimensional joint distribution is factored into a
directed graph that encodes the conditional independencies in
the model. In particular, if x,,(;, denotes the parent nodes of
node x;, we have

P(x) — Hp(x] |xpa(j))-
/

It follows that the full conditionals simplify as follows

p(xf |x—f) — p(xj |xpa(j)) 1_[ p(xk|xpa(k))
kech(j)

where ch(j) denotes the children nodes of x;.




MH is a Building Block

» Idea: Split the high dimensional vector x into blocks

X' 7.1 X7
Y01y = *c y"vDjij-

» Cycle: sample each block using an MH algorithm with

d;str-l Uu‘[len A(v..) whara — A1l hlarlke aveant v,
1 11 3 11 l.j \./\ {)I}’ LA S LW g _D?‘ —_— lnll UIUVUVIND \-'A\-«\JIJL Al)]
» Block highly correlated variables.
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Collapsing and Blocking




Restricted Boltzmann Machines

Hidden: A joint configuration {,h) of the
binary visible and hidden units has
an energy given by

E(v.h)=—= " byvi— > bk

= pixels Jj < features

e = Y vihjw
Visible: ; SR

Auxiliary Variable Samplers

» It is often easier to sample from an augmented
distribution p(x, 1), where u is an auxiliary variable, than
from p(x).

» It is possible to obtain marginal samples x') by sampling
(x4 according to p(x, u) and, then, ignoring the
samples u".

» This very useful idea was proposed in the physics
literature (Swendsen and Wang, 1987).




Hybrid (Hamiltonian) Monte Carlo
» The idea is to exploit gradient information.
» Define the extended target distribution:
px,u) =p)N(u; 0, I,).

» Introduce the gradient vector: A(x) = d logp(x)/0ox
» Introduce the parameters p and L.

» Next we “leapfrog”.

Hybrid Monte Carlo

» Sample v ~ Up.1; and u* ~ N(0, 1,,.).
» Letxy) =x? anduy = u* + pAxg)/2.
» For/=1,...,L, take steps
X] = X|—1 + pUj—]
up = uj—1 + prA(xp)
where p; = pfor/ <L and p; = p/2.

» Ifv <4 =min {l, lgg(’?))) exp (—%(ugul — u*Tzz*))}

D 40Dy = (xg, up)

else (x(f-l-l)’ u(f-l—l)) — (x(f)’ u*)




HMC for B

Pr

PI’(Q‘XU, Yir

ayesian NNs

(O)Pr(ye| Xir, 0)

)= [ Pr

(0)Pr(ye| Xer, 0)df

Pr(Y;mW |Xnewa Xtr: ytr) - / Pr(Yvnew‘XneW: Q)PI(Q‘XU ym)d‘g

Test Error (%)

Univariate Screened Features

= Bayesian neural nets
boosted trees
boosted neural nets
= random forests
== bagged neural networks
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[Radford Neal — Hastie, Friedman & Tibshirani]




