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Principal component analysis (PCA)
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PCA derivation: 2D to 1D
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PCA visualization

For example, we can take several 16 x 16 images of the
digit 2 and project them to 2D. The images can be written
as vectors with 256 entries. We then from the matrix A &
R"*2°% carry out the SVD and truncate it to & = 2. Then
the components U;.32;. are 2 vectors with n data entries. We

can plot these 2D points on the screen to visualize the data.
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PCA In python



PCA as orthogonal reconstruction
data matrix X € R"*¢
basis vectors w,; € R**¢

scores z; € RI*!

we minimize the average reconstruction error:

1 n ) 1 n
JW.2) = 03 I =%l = 03 lb =2 WIF = [|X - ZWI;
=1 i=1

subject to the constraint that W € R’*? has orthonormal bases w;.



Standardize the data first!




The first component
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" =1 H =1



min reconstruction = max variance

1 n 1 n
J(wy) = - Z[X’ix? — 2%4] = const — - 7
T =1 =1

z; € R" to denote the j'th column of Z

~ ~ ~ 1 T
var [z;] = E [z]] — (E[z])” = - Zzi —0
i—=1

1) [Zﬂ] =K [W1X?} = WlE [Xi]T =0

arg min .J(w;) = arg max var |z

W1 Wi



Variance of projections

1 T 1 n
— Z 2o = = Z WX X, Wi = W{SW,
e n “

g =1 i=] )

1

Y= XX
impose the constraint ||jw|| =1
maximize the following objective:

j(wl) = W, Ewl + M (1 — Wlw'{)

Lagrange multiplier A4



Spectral analysis

0 - .
J(Wl) — 22W1 — 2/\1W1 =0
6W1
2W1 — )\1W1.
X =UxV!
3 = %XTX = %VZQVT W=V
Rij = ijg

7Z=XW!=UXV'V=UX
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Hidden units, coefficients, features

scores z; € RM!

data matrix X € R?»*¢



PCA bases for image patches
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Schrodinger’s equation

h d?
 2m dx?

Eg(x) = ( + U(x)>¢(x)

Wy (x, 1)

n=>2
Bohr-de Broglie electron matterwave orbits
shells 1-5
X




