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History of the Monte Carlo method

GUINNESS. PURE GENIUS.



History of the Monte Carlo method:
The bomb and ENIAC




History of the Monte Carlo method




Integrals in Probabillistic Inference
1. Normalisation:

pyIx)p(x)
[ I p(x*)dx*

pxly) =

2. Marginalisation:

plxly) = /Zp(x,zly)dz

3. Ekxpectation:

Ep(xl}’) (f(x) = [Xf(x)p(x y)dx



Monte Carlo Integration
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Monte Carlo Integration

Suppose we want to Comwpute
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Monte Carlo Integration

Suppose we want Lo Cowpute
T = g-}rﬁo P(X{Jqu> 0{)(

_ N
(l:> Si\mulaJce X(\)liu -s?vown 3(’<|0‘aia>

SR /N
oxiwaliou P(x |dala
fpt(xldqffa) J;I/ ) }‘1 X >

v ® &5 ixc',)

o * o

(Ld RePlace VIcﬁL/ °w1 ?YQ( W cth Siwple
c)) 1

Suwm .



Monte Carlo Integration

Suppose we wWant tog Compute




Monte Carlo Integration Formally

The idea of Monte Carlo simulation is to draw an 1.i.d. set
of samples {:{:(i) YV from a target density p(z) defined on
a high-dimensional space X'. These N samples can be used
to approximate the target distribution with the following
empirical point-mass function (think of it as a histogram):

N

1
py (dx) = v Z 0. (dx),

=

where 0 ) (dx) denotes the delta-Dirac mass located at 2,



Monte Carlo Integration Formally

Consequently, one can approximate the integrals (or very

large sums) I (f) with tractable sums Iy (f) as follows

I(f)= [t flx)plx)d.



Optimisation:
Concentrate Samples on Modes

X = argmax p (x(’) )
x@:i=1,....N
0.2

0.1}

lo
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Rejection sampling
Seti=1

Repeatuntili = N
1. Sample xV'~q (x) and u ~ U 1).

(7 ]
2. Ifu < z»% then accept x” and increment the

counter i by 1. Otherwise, reject.

P(x)
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Importance Sampling

Importance sampling is a “classical” solution that goes back
to the 1940's. Let us introduce an arbitrary importance
proposal distribution ¢(x) such that its support includes the
support of p(x) and such that we can sample from it. Then

we can rewrite [(f) as follows
I(f)= /f (x)w (x)q(x)dr

A plx) - * ‘
where w (r) = pE—I% is known as the importance weight.

Ee o



Importance Sampling



Importance Sampling

Consequently, if one can simulate N ii.d. samples {xV}Y,

according to ¢ (x) and evaluate w(2?), a possible Monte

Carlo estimate of [ (f) is



Importance Sampling

This estimator is unbiased and, under weak assumptions,

: . T . a.s.
the strong law of large numbers applies, that is Iy (f) —
‘ ‘ | N—0

I(f). It is clear that this integration method can also be
interpreted as a sampling method where the posterior density

p(x) is approximated by:

N

. 1 j

pn (dz) = v Z w(@ s o (dx)
Ti=1

Some proposal distributions ¢(x) will obviously be preferable

to others.



Normalized Importance Sampling
When the normalising constant of p(a) is unknown, it is still

possible to apply the importance sampling method:



Normalized Importance Sampling

The Monte Carlo estimate of I (f) becomes

% }Ilw(f ) i=1

N (oliy N
Fo() - XZ LD 5 p (03 o)

where w(x") is a normalised importance weight. For N
finite, Iy (f) is biased (ratio of two estimates) but asymp-

totically, under weak assumptions, the strong law of large

numbers applies. that is Iy (f) \a—\ I(f)
N —00



Sampling-Importance Sampling (SIR)

If one is interested in obtaining M 1.i.d. samples from
pn (1), then an asymptotically (N/M — oc) valid method
consists of resampling M times a‘-l.(;f(t(:)r{:ling to the discrete dis-

tribution py ().



Sampling-Importance Sampling (SIR)

This procedure results in M samples 219 with the possibility
that 79 = FU) for i # j. After resampling, the approxima-

tion of the target density is

par (dx) =

‘
) :3"1
314
—
=g
)
——



Sampling-Importance Sampling (SIR)

Set 7 = 1

Repeat until 2 = N
1. Sample z'V~g ()
2. Evaluate ','L'}(;if[ﬂ|'y:' up to a normalising constant.
3. Evaluate ¢(«'*) up to a normalising constant.
4. Compute w(z!¥).

Normalise w(x(") to obtain @ ('),

Resample {x(9) (2t — {20 1/N}Y,



What Is the best proposal?

The IS estimator 1s unbiased, but has variance

vargey (I (1) = Bgeo (P w* ) = (1)

This variance 1s minimised when

[/ (x)|p(x)

T = P




What Is the best proposal?

Introduce parametric proposals and adapt the parameters so
as to minimise the variance
N

1 2 () (7)
Or+1 = 0 — C'fﬁ Zf (WX, Or)

=1

aw(x(f) ’ Qf)
06,

where « is a learning rate and x¥) ~ ¢(x, 0).

’Pro?oﬁo& Oliﬁjvflbwhozng J‘il/\a“ QO(@PL {o éLtG
Acntq are q(So o—ny u)io’@é/ bt5€o(.



IS Example: Logistic Regression

. . .o AN A
diven the input-output i.i.d. datasets x = 1.0 = {20, 21, ..., 27}

e —

A AN
and y = yi.7 = {vo,y1,...,yr}, where 2 € R and 1y €

{0,1}. The idea is to come up with a model that takes a

new input xrpyq and produces as output p(yro1 = 1lxryq)

and p(yra1 = 0lxpraq). This classification problem arises in
several areas of technology, including condition monitoring
and binary decision systems. For example. when monitoring
patients, we might wish to decide whether they require an

increase in drug intake based on new evidence.



IS Example: Logistic Regression

For practical reasons, we parameterise our model. In particu-

lar, we introduce the following Bernoulli likelihood function:

' " 1 L=yt
(1|, 0) = 1 -
IU(UEL‘ Ut ) |:1 -+ e}{p (—Hjl’jf):| |: 1 + e}'{p (_H:I:f)

where 6 are the model parameters. The logistic function

ply: = lag) = 5 (A conviniently bounded between

0 and 1.



IS Example: Logistic Regression

We also assume a Gaussian prior

1 1
.- — - /
p(f) = ———=cexp —9—0(9 — 1) (0 — u)
. . ,_.-J_
The goal of the analysis is then to compute the posterior
distribution p(@|x1.7,y1.7). This distribution will enable us
to classify new data as follows

p(YT1|T1r41) = / pyrii|rri, O)pl0vir, yir)do
Jo



IS Example: Logistic Regression

Bayes™ rule gives us the following expression for the posterior

1 1
p(9|$1:'§":~ yl:T) X \/H CXP (—2—02(9 — }1)"(6’ — }1))

- . i 1 v
1 _
" H {1 + exp (—9’:1‘?)} { 1 +exp (_GJ’IJ




IS Example: Logistic Regression

) " 1 L—yz
(vl 0) = 1 —
p(yt|l"t, ) [l + exp (_th)] [ 1 ‘|‘9X1)(_6xf)]

f 1 __ 1 y
T _ . _ 1—1
1 Yt | 1 Yt
8 H [1 + exp (—9’1?)] [1 1+ exp (—9’17)]

ry € R and 3 € {0,1}



IS Example: Logistic Regression

The problem is that in this case we can't solve the nor-
malising integral analytically. So we have to use numeri-

cal methods — in this case importance sampling — to ap-

proximate p(6
p(¢

ing constant. So instead we sample from a proposal distri-

r1.7,y1.7). Note that we cannot sample from

x1.17, Y17 ) directly because we don't know the normalis-

bution ¢(#) (say a Gaussian) and weight the samples using
importance sampling. After obtaining N samples of 6 from

the posterior. we can classify new data as follows
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IS Example: Logistic Regression

plyr+1|Trre1) :/P('.UT+1‘IT+1~.9)}?(9‘;1“-1;]”,;1}1@)({9
e

(2)
p(yr+1|Ti741) =~ ZP Y41l 0M)

o o o
I (#)] (6]
I I I

Predictive distribution

o
N
T

I
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0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

o



Dynamic models and particle filtering

»> Unknown states: xo., = {Xo. .... X;}.
»> QObservations: y;.; = {y1, ..., V:].
» Model:

p (Xo)
p(Xf| Xf_l) for ¢ = |

p(y:lx;) fort=>1



Dynamic models and particle filtering

Stochastic Volatility

Vi = ear/zUzé"z

log 0,2 = plog crf_ v
O = O] T Uy
pr = Pr—1 +up



Dynamic models and particle filtering

Target Trackm
Si—1,1 10
1o 1 || st 0 2 |[en
_I_
001 0 || vioi; I 0 |\en
0001 /\ v_i> 0 1

€r. 1
€r,2



Dynamic models and particle filtering

Dynamic Bayesian Networks
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Dynamic models and particle filtering

Robot Localisation and Map Learning
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Non-linear non-Gaussian filtering

N1/

P($3\y1:3)

P($t|y1:t) mp(yﬂ:rt) /P(ﬂ?t|$t—1)}"($t|y1:t—1)d$t—1

k Nasty integral



Importance Sampling for
Optimal Filtering / Tracking

» Input: p (X—1]Vi:—1)
» Prediction:

P (Xelyii—1) = f[) (X¢| Xe—1) P (X1 | Y1i0—1) X
» Bayes update:

P (yel X)) p (X¢l y1:6—1)
P (Yel X)) p (X¢] Vii—1) dXq

P (Xe|yiy) = 7

L

» Output: p (X/] yi)



One can Compute the Integrals
Recursively In Time

Given the samples {xi’f_)l,wi?l} from P(Xe—1|Yi1:t—1)

B Target distribution P(Xe—1|y1:4—1)
O Approximation

”
N

. N . .
/P(XrXfl)P(Xf1)’1:f1)de1 > Zj:l ’U-x’ij_)lp (Xt X-EJ_)1)



Particle Filtering (SIS)




Particle Filtering (SIS)

AN

\ o AR
f \‘r_: O 14 J & f \::- o rtl

e

A



Particle Filtering (SIR)




Particle Filtering Code

» Fori=1,.. N, sample xg} ~ p(xg)and setr = 1.

» Fori=1,...N,sampleX’ ~ p (xr| xﬁfl)

» Fori=1,...,N, evaluate the importance weights
) =p (vI%)

» Normalise the importance weights.

» Select « ttest samples (black-box).



Particle Filtering Example

1 Xr—1 ,

X; = =x;.1+25 — + 8cos (1.27) + v,
2 1 +x7
X7

where xo ~ N (0, 012) v; and w; are mutually independent
white Gaussian noises, v; ~ N (0, 07) and w; ~ N (0, o;)



Particle Filtering Example

» Fori=1,..,N, sample x ~ A (0,0?)
» Fori=1,...,N, sample
) L, X(r?)l
iy _ o < Vi— o 2
X = N —|—23l 0 +8cos (1.20)+ N (0. 0y)
i—1
» Fori=1,..., N, evaluate the importance weights
20 2
~ (1) 1 R (1_{27)
'M_? — /_je =1
V 2TOS

» Normalise the importance weights.

» Resample fittest samples (black-box).



Particle Filtering Example

100

80

- 40

20

X 25 0 Time (t)



Particle Methods More Generally

The goal Is to approximate a target distributioproa
sequence of statesx;., = {x;,Xs,....x,} thatis
growing with “time” as well as the partition funaofi.

1 '
W-n(xlz-rz) — Z-n, fn(Xlr'n) 7 = /fn(xl:n)dxl:n

We do this using sequential importance sampling (M&9)

fn(xlz-n,) L fn(xlzn) 1

n (Xlzn) fn—l (Xlzn—l) Q(X'n ‘Xlzn—l

w,, — ) Wn—1

e.g. For filtering, we use f.(xu..) = | [ p(xe|xe—1)p(yelxe)
t=1



Particle Filtering

Sequential importance sampling step

e For: = 1.....N, sample from the proposal

() _ (i
K’f ~ (] (Kf }'f.f‘:r l)
e For: = 1..... N, evaluate the importance weights
0l v 1{':?.'] P 1{'“ 1{':1]
.-_:u;_*.i|_" S S ~ (1)
e = (] (i) 1
)

o Normalise the importance weights

i 3

(i) _ e

i T ———
t E_"'\-' :T:Ij:l
it

Selection step

e Resample the discrete weighted measure

{x';“. .'.-*f'} to obtain an unweighted measure

=1

g i
2] 1 - .
{xr T}EJ of N new particles.




Usmg Clever Proposals: e. g Boosting




Autonomous robots and self-diagnosis

9 : @Unknown internal discrete state
% % Unknown continuous signals

Sensor readings




Rao-Blackwellised Particle Filtering

) o

Robot gathers observations y; € R”» one-at-a-time using
internal and external sensors.

Robot has internal continuous states x; € R~

Robot has internal discrete statesz; € Z = {1, ..., n-}

(e.g. “stuck rear wheel”, “walking’, “damaged

camera’, “spotting alliens’).

Goal: Obtain a recursive estimate of p (xo-¢, zo-¢[V1:¢)
from which we can derive p (z|y1.;), where



Rao-Blackwellised Particle Filtering

zr ~ P(zi|zi—1)
xp = A@)xi—1 + Bz)w + F(z)uy
i = Cz)xr+ D(z)ve + Gz
» 1, € U 1s a known control signal.
» i.i.d noise processes: w; ~ N (0, 1) and v, ~ N (0, I).

» The parameters (4, B, C, D, E, I, P(z;|z;—;)) are known
matrices; see [Andrieu, de Freitas, Doucet, 1999] for
parameter estimation and model selection.

»> Initial states: xo ~ N (jg, Xo) and zg ~ P(zp).



Naive solution with PF

» Fori=1,..,N, sample from the transition priors

~(7)

Zy Pf(zf‘|Z§21) N( k

~(7)
wp(1f|xr 11 f)

» Fori=1,.. N, evaluate and normalize the weights

ﬁj’f) X p (lr

~(1) ~()
Xt r)

P> Select fittest particles.



RBPF: The conditioning argument

» Exploit the following factorisation
P (X0:7, ZO:r|yl:z‘) =P (x():f|yl:h ZO::‘)p (ZO:r| yl:z‘)

» The density p (xo./| V1. Z0:) 1S Gaussian and can be
computed analytically if we know the marginal posterior

density p (zo:| yi:)-
» This marginal density satisfies the alternative recursion

P (}"r |y1:f—1 ) ZU:J‘)p (Zr|Zr—1)
P Welyii—1)

P (ZU:J‘D”I:T) — P (ZU:f—l |yl:f—l)



RBPF: Do it Analytically if you Can!

Gl\fetl{bof,wF }I |, we have

=0:t

N

D (7) _

pi\f(,ZO:ILVl:r) — Zwr 5_@ (Z0:r)
1

and the marginal density of x¢.; 1s a Gaussian mixture:

= Zp(xo:rlfo:r,J’l:r)PN(Zo:rlylzr)

2f+1

(1)
_ZW PXo:r| V1. Hm

that can be computed efficiently with a bank of Kalman filters

PNXQ:r|]



RBPF: Do it Analytically if you Can!

We sample z§ " and then propagate the mean u,.}:j) and
covariance X" of x, with a Kalman filter

;1”3_1 — 4(4 ) I'” l-l-F(Z;))Hr

0 = Ay, 4g)T + B )BT
si) = ezl ce™? + peipe™)?

yﬁ!‘)—l = ((z F))/u;f? 1—|—G(Z; )Hr
H;\? = “r\g 1+Zr\r 1((1‘ WSOy — “’Hr)—l)
Zh = T - g Cahts PV ee™ s

and with z,” ~ Pr(z|z\"” ), we have

) (
.Vlzr—lszng) ZN(- i 1~5“)

Wr =P (,Vr



RBPF Algorithm

Fori=1,..,N sample z ““ ~ Pr(z;|z§?l)

Fori =1, ..., N, evaluate and normalize the weights

N()in(lrhlf 1y Zg))

Select fittest particles.

Fori =1, ..., N, use one step of the Kalman recursion to

Z() (f) S(F)

10 Vi1 f+1}

compute the minimum statistics !,u 1|

given {zﬁ ) *”“(r|)f—1’ I
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Temperature deviation (

RBPF for Hybrid Control with PIDs
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RBPF Real-time diagnosis

Mumber of particles

Given samples of z,
we can solve for x
exactly with a
mixture of Kalman
filters.




Beyond Filtering

Filtering: P (Z¢| Y1:¢) Filtering is O(N),
Smoothing:p (2| y1.7) bgt smoothing and
Viterbi: argmax, _ p(a1.7|y1r) Viterbi are O(N¢ )

Solution: Fast multipole methods(Greengard and Rohklinjual
metric trees(Gray and Moore) anHuttenlocher’s tricks — no FFT.
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Markov Chain Monte Carlo
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Markov Chain Monte Carlo

——
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Markov Chain Monte Carlo
Need 1[or Lrveo(uci(ai(.‘iy :
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Markov Chain Monte Carlo
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Markov Chain Monte Carlo
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Markov Chain Monte Carlo
DeLa;leol Balaw ce.
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MCMC: Metropolis-Hastings

» |nitialise xV.

» Fori=0toN —1

= Sample u ~ U[O,l]-

= Sample x* ~ g(*|x?).

: * (7)) [k
- | (D) %) — PTG |xT)
If u < A(X , X ) Hll[l{ 11 p(x[;))q(x*lx(r))

CES DI

else
yi+Dh — ()



MCMC: Metropolis-Hastings

-




MCMC: Choosing the Right Proposal

=l =100

g =10




MCMC: Theory

K@\;ﬂ(@i% 1 (BIx) A, B) X)JE
“8) = BEIGARIICRS Ces
X’g{)//\%g >ﬁ£ >
) |-9@Ix) & (< B
°e k(x,BB = ﬁ(BIXBH(K,B>+1CeB - j%(x\lxw(xz"‘}g
274N

K (3() BB = Cj‘(gly) lAr (X/BB{. 3{651\ ,‘(Q(x‘ [>(> pVCX} X />j
?(‘é)/



MCMC: Theory
KDeJ\ol;(eol (DO\lO\V\ ce -

T@EVk () = T(B)K(B,4)
Sv(obo K(x,B) = gW(O‘YB (7 )
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MCMC: MH Annealed

» |nitialise xY and set 7, = 1.
» Fori=0toN — 1

= Sample u ~ U 11.

= Sample x* ~ g(x*|x?).

1
| . Ti (¢ ( ) |+
= fu < A(xmg xX*) = mln{ 1, p-lf (x*)g (" ]x*) }
pli (x@)g (e |x D)
x(f—l—l) — y*

else
i+ — ()

= Set 7;4+1 according to a chosen cooling schedule.



MCMC: MH Annealed
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Extending MH to directed probabillistic
graphical models

Cushioning )




Gibbs Sampling

Choose the following proposal:

x| (1) N ()
Q(x*bfm) — p(Ji;]- |x_f) Ifx—f =X
0 Otherwise.
where x_; = {X1, ..., Xj_1,X41, ..., %),

Then the acceptance 1s:

' *\ (v () [*
AP x*) = mm{l P(X*)q(x |x)}

’p(x“))q(xﬂx(f))



Gibbs Sampling

nitialise x!")
ori=0to N — 1
= Sample x(’+ '~ p(x xg), x?), CoxiDy,
= Sample x(r+ ) ~ p(x2 x?H) xg?), Cx ).
= Sample
(i+1) _ (i+1) (i+1) (i) (1)
T~ pOgl Y T ),
(i+1) (r—l—l) (i+1 (i+1
= Sample x, " ~ p(x,|x, Xy o X, 1)).



Gibbs Sampling For Graphical models

A large-dimensional joint distribution 1s factored into a
directed graph that encodes the conditional independencies in
the model. In particular, 1f x,,(;, denotes the parent nodes of
node x;, we have

p) = | [ p(ilxpag)-

J

It follows that the full conditionals simplify as follows

P(lex—j) :p(xjupa(j)) 1_[ p(xk|xpa(k))
kech(j)

where c/(j) denotes the children nodes of x;.



Deep learning (Hinton and collaborators)

_________________________________________ ; Decoderi
T s s
W, :
A Top ; :
__________ [0 1 powi | i
------------------------------------------- 1 | i
[ 500 | P 5
3 i i i
' 'Wg i I | i I |
L1000 | pew i
. W4
: | Pl [30] Code layer: i
: i ---------------- Dyttt i—--
__________________________________ | RBM:
| |
| |
REM

Pretraining Unrolling Fine-tuning



Encoding digits

(A) The two-dimensional codes for 500 digits of each class produced by takirtge first
two principal components of all 60,000 training images.
(B) The two-dimensional codes found by &84-1000-500-250-autoencoder.

WoO~NOO LW =0

These 2-dimensional embeddings of images of digits enable us to
make predictions (classification)



[Honglak Lee et al 2009]



In the binary case where v € {0,1}” and h € {0,1}" the energy
function can be expressed as:

D K
E(’U h W Z ZU'LWz]h szbz — Z hjbj'
1=1 7=1

1=1j5=1

The probabilities of each node can be easily obtained.

K
p(v; = 1|h, W) = sigmoid (Z Wiih; + bi)

j=1

D
p(h; = 1|v, W) = sigmoid (Z Wijv; + bj) :
i=1

1
14-exp(—a)

ple: One simply flips K coins for the hidden units and D coins for
the visible units.

where sigmoid(a) = . The model is therefore easy to sam-



Contrastive divergence learning

1. Sample hidden units h,, from p(h|v,, W®).

2. Sample imaginary data o, from p(v|h,, W®).

3. Sample hidden units again h,, from p(h|g,, W®).

4. Update the parameters: Pea\ Confab uled ion
data

1N — 1 &N =
chli—i_l) = chl? + 7" N > Vanhyn — N > Vanhin
n=1 n=1

5. Increase t to t + 1 and go to step 2.



MH Is a Building Block

» Mixtures of MCMC algorithms. T T' = T
™ Global and local exploration. _
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MH Is a Building Block

» Mixtures of MCMC algorithms. T T' = T
™ Global and local exploration. _
P T T, =TT

= Reversible jump MCMC. 1
L

E_s(aw'\?le ol TrT' + Q'u )UTZ =

| PO T i
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MH Is a Building Block

» Mixtures of MCMC algorithms. T T' = T
= Global and local exploration. _
. . . p Tr TZ B \[-,‘
= Reversible jump MCMC. 1
L
Example N oL T & ()T, =
T LO(T| + G-N\T,;] =1
= The Wiviure Ts
gy = FFT Pwpcso‘t olSo o kervelof T

(‘;LL(\(\ - YGV\AOM walk o

exolore locel nacdes
QmJ OLQCoqu Je'(a(t



MH Is a Building Block

At 1teration (7 + 1):

» Flip a coin.

» |f heads
Apply the M-H algorithm with global proposal.

» else
Apply the M-H algorithm with a local proposal.



Trans-Dimensional MCMC and the Reversible
Jump Algorithm of Peter Green: Use a mixture
of dimension jumping algorithms

1. Initialisation: set (k(®), (9)).
2. Fori=0to N —1

— Sample u ~ U 1.

— If (u < by)

then “birth” move.
else if (u < by + dj) then “death” move.

®

&

o elseif (u<by+d,+s;) then “split” move.

o clseif (u<by+dr+ sg+myg) then “merge” move.
]

else update.
End If.

— Sample other parameters.



Must be Careful with Measures |

Bivariate density

Univariate density

P(Xy) 4

p{xhxz) 4

Compare both
densities
point-wise
Uniformly expanded density

p(x 1 :X* ) 4 / X *
Propose X * g .
uniformly e T



Trans-Dimensional MCMC
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Trans-Dimensional MCMC

9?MC€_ eJ @ t/\eeol ‘Lo COM/IVQO\\[Q OAC‘Q‘I"(: éut'{(' Ong
\/\O‘L' demg;[.k‘es) we \/\@@0{ A COVI/IV\/IOS syé\ce'
S0

i

O i COWF(e(eJ Q/ ‘4,”3,('3
@Kz' 7% Y Yy MZ»QZC'B

de -(—e\{ wminisdC

e lhese o (D;'Jec‘LiOVI (@KZ U\A:T(ek; MIB

0\\/\0{ ’H’\(— C&-COQP%O\V\CW? LQ‘(W\ blcoummes :

Jecobian

(\ hn W(KZ/®K2) T)-zz gm(%z> | QT(@)K)' M’>
| = cn ¢l - —_ . — — =—
g W(K,j@*\ﬂ) . 3. () Z)(QK;MO



Trans-Dimensional MCMC
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Trans-Dimensional MCMC
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Trans-Dimensional MCMC
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Trans-Dimensional MCMC
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MH Is a Building Block

» Cycles of MCMC algorithms.
= Large dimensional vectors.

= @Gi1bbs sampling.



MH Is a Building Block

» Idea: Split the high dimensional vector x into blocks

{xbl 3 e ey xbn}-

» Cycle: sample each block using an MH algorithm with
invariant distribution p(xp;|x_p;) and proposal
distribution g (xp;), where x_z; = {All blocks except xz;}.

» Block highly correlated variables.
’Z\ {S C_l'laivo Cawu {"aké‘ aAa
\ Lowg Lime to haly

wWh en waria(o(es AT

- x, Covrelcde




Collapsing and Blocking

v " ’ Ry
- -
“ ¥y,
“ % I #
L -+




Auxiliary Variable Samplers

» It is often easier to sample from an augmented
distribution p(x, 1), where u 1s an auxiliary variable, than
from p(x).

» |t is possible to obtain marginal samples x”) by sampling
(x? 14Dy according (o p(x, 1) and, then, ignoring (he
samples 1",

» This very useful idea was proposed in the physics
literature (Swendsen and Wang, 1987).



Hybrid Monte Carlo
» The idea is to exploit gradient information.
» Define the extended target distribution:

p(xﬂ Z’z) :p(x)N(Zf: 01 ];‘?x)'

» Introduce the gradient vector: A(x) = d logp(x)/0x
» Introduce the parameters p and L.

» Next we “leapfrog”.



Hybrid Monte Carlo

» Sample v ~ U 1y and u* ~ N(0, 1,,.).
» Letxo=x" and uy = u* + pA(xg)/2.
» For/=1,..., L, take steps

X] = X/—1 + puj—

uy = uj—1 + prAxy)

where pj = pfor/ < L and p; = p/2.

i PXL) o (LT, Tk
' & va<A_mm{l,p(xm) exp ( s(Upup —u*u ))}

(x(Hl), Z{(f+l)) — (x7, ur)

else (D Dy = (@ %)



The EM algorithm

Nando de Freitas
2011
KPM Book Sections; 10




