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Directed graphical models

Earthquake Burglary

* Directed acyclic graphiJAG)
— Nodes- random variables
— Edges— direct influence (“causation”)

° Xi independent of %cestorsl Xparents

o Simplifies chain rule by using
conditional independencies

P(B7 E? A? R7 C)

— P(B)P(EIPPAIB, BYP(RIA B, EYP(CIA, A, B, 1)
P(B)P(E)P(A|B, E)P(R|E)P(C|A)









Markov blankets for DAGS

 The Markov blanket of a node is the set that resxde
It Independent of the rest of the graph.

e This is the parents, children and co-parents.

p(Xi, X 4)

Y. P(Xi, Xy)

(X5, Urin, Yiim, Z1:m, R)

B Yo 2@, Ui, Yiim, Z1.m, R)
p(Xi|Urn) I 1; p(Yi1Xi5 Z5)]P(Utins Z1:m, R)

Zx p(X; = x‘Ulzn)[Hj p(YJ‘X% = L, Zj)]P(Ulzm Z1.m, R)
p(Xi|Urn)[I1; p(Y;1X5, Z;)]

> DX = x‘Ulzn)[Hj p(Y;| X =z, Z;)]

p(XilX ;) =

p(XilX_) x p(Xi|Pa(X3)) || p(Y;1Pa(Y;)
Y,ech(X;)

Useful for Gibbs sampling



Inference
P(E=t|C=1)=0.1 P(B=t|C=t) = 0.7
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P(E=t|C=t)=0.1

1
0.9+
0.8
0.74
0.67
0.57
0.4
0.31
0.27
0.11

0+

J

(m]

P(E=t|C=t,R=t)=0.97

0.9
0.8
0.7
0.6
0.5
0.4
0.3
0.2
0.1

0

Inference

Earthquake

P(B=t|C=t) = 0.7

0.9
038
0.7
0.6
0.5 (@]
0.4
03
0.2
01
0

Burglary

)

0.9
0.8
0.7
0.6
0.5
0.4
0.3
0.2
0.1

0

P(B=t|C=t,R=t) = 0.

(@]



P(E=t|C=t)=0.1

1
0.9+
0.8
0.74
0.67
0.57
0.4
0.31
0.27
0.11

0+

J

(m]

P(E=t|C=t,R=t)=0.97

0.9
0.8
0.7
0.6
0.5
0.4
0.3
0.2
0.1

0

Inference

Earthquake Burglary

C=t

Explaining away effect

P(B=t|C=t) = 0.7

0.9
0.8
0.7
0.6
0.5 (@]
0.4
03
0.2
0.1
0

)

0.9
0.8
0.7
0.6
0.5
0.4
0.3
0.2
0.1

0

P(B=t|C=t,R=t) = 0.1

(@]



C P(S=F) P(S=T)
F 0.5 0.5
T 0.9 0.1

Example model

P(C=F) P(C=T)

0.5 0.5

P(R=F) P(R=T)

S RIP(W=F) P(W=T)
F F 1.0 0.0

T F 0.1 0.9

F T 0.1 0.9

T T 0.01 0.99

0.8 0.2

0.2 0.8

p(C, S, R, W) = p(C)p(S|C)p(R|C)p(W]S, R)



Joint distribution
p(C,S,R,W) = p(C)p(S|C)p(R|C)p(W|S, R)
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Inference
p(Szl):Sl:Sl:Sl:p(C:c,S:1,R:r,W:w):0.3

c=0 r=0 w=0

* Priorthat sprinkler is on

p(S=1,W =1)
p(W =1)

* Posterioithat sprinkler is on given that grass is wet

p(S=1W =1) = = 0.43

p(S=1,W=1,R=1)
p(W=1,R=1)

p(S=1W=1,R=1) = = 0.19

* Posterior that sprinkler is on given that grasses
and it Is raining Explaining away!



Directed graphical models

« A prob distribution factorizes according to a DAG
If It can be written as

d
p(x) = [ ool

wherert are the parents of |, and the nodes are
ordered topologically (parents before childre

Each row of the conditional
probability table (CPT) defines

1
Xz ’ I . . . .
! (x.) N the distribution over the child’s
(%) " values given its parents values.
(x) "x: The model is locally normalized.

p($5 \xs)p(xﬁ \372, $5)

,r.jH -
x, p(rie) = ple)p(ze|z)p(zs|e:)p(zs]zs)
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a(b3C) Efficient inference in DAGS
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Efficient inference in DAGS

G h




Efficient inference in DAGS

G h




Junction tree algorithm

T'he idea of replacing sums of products (ac+ab) by products
of sums (a(b-+c)) is at the heart of most inference algorithms.
For exact inference. in Gaussian and discrete networks of rea-
sonable size, we use the junction tree algorithm. This

algorithm involves two steps:

1. Converting the directed graph to an undirected graph

called the junction tree.

2. Running belief propagation. That is, replace sums of

products by products of sums.



Diagnoses

570 Diseases
- —

flu  heart  botulism
diggase

sex=F WBC count ab; omen
palg

-

4075 Symptoms



Microsoft Windows Printer Troubleshooter

Print
pooling O

Spool
Process OK

Local Disk
Space Adequate

Spooled
Data OK
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Diriver
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Diriver
Settings

Printer
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Local Port

PC to Printer
Transport OK

Correct
Printer Path

MNetCable
Connected
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Latent variables




Plates




Hidden Markov I\/Iocj(gls (HMMSs)
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Hidden Markov Models (HMMSs)
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Hidden Markov Models (HMMSs)
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Hidden Markov Models (HMMSs)
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Dynamic Bayesian networks

Unknown player location

@ .

Observed video frames




Dynamic Bayesian networks

—»@—» @ Unknown map

4®—® Unknown robot location
é é Sensor readings




Dynamic Bayesian networks

Unknown internal discrete state

é Q(b Unknown continuous signals

Sensor readings




Seqguential problems
p(xo)
p(aewsy) fort>1
p(ys xy) fort >1
e Filtering: Compute p(x¢|y1:4).

e Prediction: Compute p(xsor|y1:1).

¢ Smoothing: Compute p(x;_;|y1.4).



Seqguential problems

Prediction: p (x| y1.4-1) = /p(:rf T 1) p (21| Y1) dre 4

- P (Uf‘ il?f) P (IT‘ 'Ul:r—l)
Updating: Tl UYr1g) = : :
P J p( T‘ yu) fp (Z/f\ II?f)p (3’%\ yl:f—l) dxy




Kalman Filtering

We consider the following dynamic state space model:

v = Axi_1 + Bw + Fuy

s Cx; + Dv; + Guy,

where y; € R" denotes the observations, x; € R"* denotes
the unknown Gaussian states, u; € U is a known control
signal, the parameters (A, B, C, D, F, G) are known matri-
ces and the initial mean and covariance of x; are [, 2.
The noise processes are 4.4.d Gaussian: w; ~ N (0, ) and

vy ~ N(0, I). Our model implies the continuous densities






Kalman Filtering
e = B (2] Y1)
pee 2 E (2] yre)
Yee—1 = E (Yl yre1)

A e
Ltje—1 = Cov (| Yrr—1) P (Yel yre-1) = N (Ye: yrje—1, St)
FAY , P Z1L|2‘—1 = AZf_l‘f_lA’ ‘f‘BB!
Yt = cov (x| yrt)
Si = CXy1C'+ DD

Si & cov (Y| yri—1) |
. JU J L Jyﬂf—l = Cﬂ,f“_l +GUf

e = Heje—1 T+ Zf\f—lcTSfI(yt — Ytft—1)

. e
Zﬂt = -ﬁ’—Jt\f—l_L—#\f—lC S CZT\T—l
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