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 Forwards backwards on chains

e FB on trees

 FB on cligue chains

 FB on cligue trees

 Message passing on cligue trees (10.2-10.3)
e Creating clique trees (10.4)



Forwards algorithm

1. predict: compute the the one-step-ahead predictive density p(Si|x1.:—1) as
follows:

p(St — j‘xlzt—l) = Zp(st =7, St—1 = ’I:‘Xl;t_l) (1)

)

= ) p(Se=jlSi—1 = )p(Se—1 = ilx1-1) (2

In the second step we used the fact that S; 1 Xq.:1[S¢—1.

2. update: compute p(.S¢|xs,x1.¢+—1) using Bayesrule, where we use p(S;|x1.:—1)
asthe prior:

. 1 . .
p(S: = jlx1t) = C—p(Xt\St = J)p(St = j|x1:4—1) (3)

t

where we used the fact that X; | X;.. 1|S;. The normalizing constant c; is
given by

Ct = thxlt 1 ZP Xt’St—J St—J\Xlt 1) (4)

The base caseis

p(S1 = j|x1) o< p(S1 = j)p(x1]S1 = j) = mjp(x1[51 = J) (5) 3



Matrix vector form

ar(j) = (St =jlx1:) (1)
be(j) = p(x¢|Se = 7) (2)
A, §) = p(Se=j|St-1=1) (3)
Hence the recursion step is
OC bt ZAZJOQ 1 (4)

This can be rewritten in matrix-vector notation as

a; oc diag(b) ATy, (5)

It issomewhat clearer if we use Matlab-style notation, and use .* to denote elementwise
multiplication by a vector:
o o by x (AT ay_q) (6)

The log-likelihood of the data sequence can be computed from the normalizing con-
stants as follows:

T T
logp(x1.7) = ZlOgP(Xt|X1:t—1):ZIOgCt (7)
=1

t=1



Matlab

Listing 1: Listing of hmmFilter
function [alpha, loglik] = hmmpFilter(initDist, transmat, obslik)
%initDist(i) =Pr(Q1) =1i)

%transmat(i,j) = Pr(Qt) =j | Qt-1)=i)
% obslik(i,t) = Pr(Y(t)|] Qt)=i)

[K T] = size(obslik);

alpha = zeros(K,T);

[alpha(:,1), scale(1)] = normalize(initDist(:) . * obslik(:,1));
for t=2:.T

[alpha(:,t), scale(t)] = normalize((transmat' * alpha(:;,t-1)) .
end

loglik = sum(log(scale+eps));

Listing 2: Listing of makelLocalEvidence

functi on localEvidence = makelLocalEvidence(model,obs)

% | ocal Evidence(i,t) = p(Y(t) | Z(t)=i)

localEvidence = zeros(model.nstates,size(obs,2));

for i = 1:model.nstates

localEvidence(i,:) = exp(logprob(model.emissionDist{i },0bs");
end

* obslik(:,t));



Offline estimation: goals

e Singleslice marginals:

() < p(Sy = jlx1.r,0) (1)

foral 1 <t < T. This can be computed via the forwards backwar ds algo-
rithm, as we discuss in Section ?7.

e Two-dlice marginals

Eo1406,7) & p(Si_1 =4, S, = jlx1.1,0) ®)

These are needed for parameter estimation, as described in Section ??. These
guantities are easy to compute using forwards-backwards, aswe describe in Sec-
tion ?272.

e The posterior mode, or most probable path:
Si.7 = arg gll?}j{(p(slzﬂxlzcr, 0) (3
This can be computed by the Viter bi algorithm, as we describe in Section ??.
e Samples from the posterior

S1.T7 ~ p(slzT|X1:T70) (4)



Filtering vs smoothing vs Viterbi
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Fixed lag smoothing
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p(St|x1.7) Z Z P(S1:4—1,X1:4—1, St, Xt, St41:T, Xt +1.T ) (1)

Si1:¢4—1 St4+1:T

= 3> wlsue v xue )p(Silse1)p(xi|Sp(st 1 X171 8D

Si1:t—1 S¢+1:T

= 37 (501, Xue-1)P(Selse-1)p(xe| S )p (X4 1.7151) 3
o< > p(sealxi1)p(Silsi1)p(xel S)p(xi11.7|S) (@)



Matrix vector form

Let us dey ne the following notation

Oét(j) — p(St:j|X1:t) (1)
Bi() E p(xerrr|Se =) (2)
%) = p(S: = jlxir) (3)

Then we can rewrite the above equation as

Ye(j) o Zat—l(i)Aijbt(j)ﬁt(j) (4)

Furthermore, let us de; ne the one-step ahead predictive density

& (7) < (St = j|X1:4—1) = Zat—l(i)Az‘j (5)

Then we can rewrite the above equation as

Ye(J) o< a(g)be(4)Be(d) (6)
10



Backwards algorithm

Bi—1(1) = pXet1:7]St-1 = 1) (1)
= ZP(St = J,X¢, X4 1.7|St—1 = 1) (2)

J

= ZP(St = J|St—1 = 1)p(x¢|S¢ = 7, Se—1 = I)p(Xe11.7[St = J, Si—1 =(3)

J

— Z p(S; = §|8:—1 = I)p(x¢|S; = 7)p(Xes1.7]S: = J) (4)
= ZAijbt (4)B:(4) (5)

where Equation ?? isjustih ed since X; | X;1.7|S; and Equation ?? isjustiy ed since
X: L S;1|Sand Xy 9.0 LS 1|S:. We can write the resulting equation in matrix-
vector form as

Bi—1 = A(bs. x By) (6)

The base caseis

Br(i) = p(xXr1.7|ST = 1) = p(|ST = 1) = 1 (7)
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Matlab

Listing 1. Listing of hmmBackwards

function [beta] = hmmBackwards(transmat, obslik)

% beta(i,t) propto p(y(t+1:T) | Qt=i))

[K T] = size(obslik);

beta = zeros(K,T);

beta(:,T) = ones(K,1);

for t=T-1:-1:1

beta(:,t) = normalize(transmat * (beta(;,t+1) . * obslik(:,t+1)));
end

\end{codeCap

\begin{codeCap}{Listing of \codename{hmmFwdBack}}

function [gamma, alpha, beta, loglik] = hmmFwdBack(initDist, trans
%gamma(i,t) = p(Qt)= | y(1:T))

[alpha, loglik] = hmmkFilter(initDist, transmat, obslik);

beta = hmmBackwards(transmat, obslik);

gamma = normalize(alpha . * peta, 1); % make each colum sumto 1

mat, obslik)
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Avoiding underflow

Oét(j) = p(St :j|X1T = _bt ZAngét 1 (1)
Ct = th(j) ZA’Ljat—l (2)
j i
fal) = 7= 3 Aub()A0) ©
di1 = Y Aibe(§)Be(5) (4)
t
p(St — jaxlzt) — p(St - jlxlzt)p(xl:t) — at(])(H C’T) (5)
T=1
) T
p(xesrrlSi=35) = B()(]]d-) (6)
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Avoiding underflow

% (j) = p(St=jlriT) (1)
_ p($t+1 T|St —( ])];()St J, T1. t) 2
(I B G (T e)n) 3

Zj/(HT B () ([Thzy er)es(57)
__Ba) ”
> Be(d") e (57)
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Two-slice marginals

-1 -1
Nij =Y E[(S; =i,S41 = j)lx1er] = > p(Se =i, 841 = jlxrr) (1)
=1 t=1

Et—1.4(1,7) o p(Si—1 = 1,5 = jlx1.7)
x  p(Si—1 = i|x1.4—2)p(X¢—1|St—1 = 1)p(St = j|St—1 = ))p(x¢|St = J)p(Xeg1.7|St = 7)
at—1(2)bs—1(2) Asjb¢ (5) 8 (4)

Et—l,t o< A x (a1 * (by. * ﬂt)T) (2

15



Time and space complexity

 O(T K b) time, b = branching factor

 |n discretization of cts space,
O(T K log K) or O(T K) — Felzenswalb &
Huttenlocher

 O(T K) space, O(T K*2) time
e O(Klog T) space, O(T log T KA2) time (island
algorithm)

16



MAP path
S1.p = arg Iga;(p(sl;T|$1:T) (1)
Max marginals
sy = argmax p(S; = ifx1.r) = arg m?XZp(St = i,8_¢|X1.7) (2)
S_¢
. def .
575 (Z) = S1I-I-1-a:9X—1 p(Sl:t—la St =1, X12t|0)
Op+1(7) = maxdy(i)Aijbet1(7)
Yia1(j) = arg max 8¢ (%) Aiber1(4)
01(7) = m;bi(4)
Traceback
S = argmaxdr(i)
Sf = Yir1(siyg)

17



Viterbi example

01(1) = 05
02(1) = 01(1)A11b2(1) =0.5-0.3-0.3 = 0.045 |
52(2) = 01(1)A12b2(2) =0.5-0.7-0.2 = 0.07 Top N list

Discrim. reranking

18



Fwd filtering, back sampling

ST:T ~ p(sliT|X1:T? 0) (1)

sy~ p(St|5;ﬁk—|—1:T7X1:T) (2)

o p(Selsiy1,X1:¢) (3

p(St = i|Si41 =4, 71:e) = p(St =|Si41 = 7, T1:t, Teg1) (4)

 p(Se =1,8i41 = jlT1ie41)
= — (5
P(St+1 = .7|551:t+1)
_ p(x¢| St = §)p(St = j|Si—1 = ))p(Se—1 = 7:|X1:t—}2
— £6)
p(St+1 = J‘$1:t+1)
Ao (i)biyr(4)

at4+1(7)

(7)

Listing 1. Listing of hmmSamplePost

function [samples] = hmmSamplePost(initDist, transmat, obslik, ns amples)
% sanpl es(t,s) = value of S(t) in sanple s

[K T] = size(obslik);

alpha = hmmeFilter(initDist, transmat, obslik);

samples = zeros(T, nsamples);

dist = normalize(alpha(:,T));

samples(T,:) = sample(dist, nsamples);

for t=T-1:-1:1
tmp = obslik(:,t+1) ./ (alpha(:,t+1)+eps); % b_{t+1}(j) / alpha_{t+1}(j)
xi_filtered = transmat . * (alpha(:,t) * tmp’);

for n=1:nsamples
dist = xi_filtered(;,samples(t+1,n));
samples(t,n) = sample(dist);

end
end 19
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Message passing on a clique tree

 To compute p(X 1), find a cligue that contains X |,
make It the root, and send messages to it from all
other nodes.

e A cligue cannot send a node to its parent until it Is
ready, ie. Has received msgs from all its children.

e Hence we send from leaves to root.

| P 21



Message passing on a clique tree

P(J) = > > (LS Yu(L,G)Y ¢u(H,G, )Y vs(S,D)i(1)Y ve(G,1,D) Y c(C)p(D,C)
L S

G H I D \C’ Py
71227)
= > > w(LLS)Y vi(l,G)Y vu(H G, J)Y ¢s(S,Dr(I) Y 4e(G, 1, D)mi(D)
L S G H I D
TQ(E,I)
§m‘0)= T,(D) (" B,_4(G.J)

¢\~ (¢ D¢ Multiply terms in bucket (local & incoming),
L{‘( () (\}‘ )‘\/0( ) sum out those that are not in sepset,

send to nbr upstream 29
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Upwards pass (collect to root)

Procedure Clres 5um Froduct Up !

g Set of factors

1. Cligue tree over @

o Initial assignment of factors to cligues
Ce Some selected root cligue

]
Imitialize Cligques
while €, is not rewdy
Let €% be a ready cligue
S gty Seppiy) — 5P Message(i, pe(t))

.l'_'-?r = A+ H*@Eﬂh-:.‘r 5]1-_.:‘
return A,

A\
Procedure Initizlize Cliques | / \

| §/(JS ¥

for each cligue €4

1,-::,[1':',] T H-:.:-_,- y -::l:-;r-_,f|=-E¢

Bi(C:) = ¢i(Cy) H Ok—i(Sk,i)

Procedure 5P Message | ken;,k#j
b serding cligue .
1 receiving cligue 51%](‘51’6]) — E : ﬁZ(CZ)

3' Ci\Si;

ﬁ"l:c'.'l] '_ ||‘|l'i ' nkeiﬂbi_{jﬂ E.III.!—"I
™(Si1) — Lops,, HC)
return 7(5; 4]
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Message passing to a different root

 |f we send messages to a different root, many of
them will be the same

 Hence If we send messages to all the cliques, we
can reuse the messages- dynamic programming!

24




Downwards pass (distribute from root)

« At the end of the upwards pass, the root has seen
all the evidence.

e We send back down from root to leaves.
gr——)Z L'// e

CED
X lzb/ S

ken; AN

5i—i(Sy) = > 6;(C) ] 5k—>j(5k,j)/ \
C;\Si; ken; itk § ‘
5;(C)) s

RV 0i— i (Sij) Use division operator to avoid double counting
J\Pij

25



« Thm 10.2.7. After collect/distribute, each clique
potential represents a marginal probability
(conditioned on the evidence)

Bi(Ci) =) P(x)
X C;
 If we get new evidence on X;, we can multiply it in
to any clique containing I, and then distribute

messages outwards from that cligue to restore
consistency.

26



MAP configuration

 We can generalize the Viterbi algorithm to find a
MAP configuration as follows.

 On the upwards pass, replace sum with max.

e At the root, find the most probable joint setting and
send this as evidence to the root’s children.

e Each child finds its most probable setting and
sends this to its children.

 The jtree property ensures that when the state of a
variable Is fixed in one clique, that variable
assumes the same state in all other cligues.

27



 We can generalize forwards-filtering backwards-
sampling to draw exact samples from the joint as
follows.

* Do a collect pass to the root as usual.

« Sample xR from the root marginal, and then enter it
as evidence In all the children.

e Each child then samples itself from its updated
local distribution and sends this to its children.

28



Calibrated cligue tree

 Def 102.8. A cligue tree is calibrated Iif, for all pairs
of neighboring cliques, we have

> GiC)= Y Bi(Cy) = pi(Siy)

Ci\Si,j Cj\Si,;

 Eg. A-B-C clg tree AB — [B] — BC. We require
> Bav(a,b) = Bue(b, )

. Thm. After collect/distribute, all cliques are
calibrated.

« Thm 10.2.12. A calibrated tree defines a joint

distribution as follows  »(z) = I, iy (50)

= p(A, B)p(C|B) = p(A|B)p(B, C)

A,B)p(B, ()
p(C)

€g p<A7B70): p(
29



Clique tree invariant

e Suppose at every step, clique | sends a msg to

clique |, and stores it in [, ;:
Procedure Send-BU-Msg |
1, sending clique
] receiving clique
]
1 Tisj zc:—nﬁ'!..‘ i;.
2 marginalize the cligue over the sepset
3 3_'.‘ — _5'_1. : 11—::11
1 fli§ ~— Ti—j

o Initially ;=1 and {3 = 1. ass 10 § & HeENCe the
following holds. (o) = L BilC)
b B H<¢j> ,LLi,j(S’ij>

« Thm 10.3.4. This property holds after every belief
updating operation.

30



Out of clique queries

 We can compute the distribution on any set of
variables inside a clique. But suppose we want the
joint on variables in different cliqgues. We can run
VE on the calibrated subtree

*€0 A O—c-p AL-DB—=<D
YR 2; c(RCY)
.y PLMC) P,){w)
) /3 (9
=7 plhe)e )

C

31



Out of clique inference

Procedure CTree-Query |

¢ Clique tree over &
{8ikiisiit, Calibrated clique and sepset beliefs for T

Y A query

Let 7' be a subtree of T such that ¥ C Scope[T]
Select a ['lillur' e 1”1‘" to be the root
'I-I} bR .'jl-i-'l
ST TRy
for rach 2 € Vi
[af
Hi prit)

P — P}
AR .‘JrriJF.[T] —-Y
Let < be some ordering over £
return Sum-Product-Variable- Elimination(d, £, <]

I'fi'i
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Creating a Jtree

D:;G

maoralize

- node—sizes

e

.-"--'---l---l
/ etree sim. annealing

= |
/ ? ] e
elim—order

S etree—from—esets ¥ +
/ W -
/ - triangulate
/ s S e S o
/ Ehlil,, sets ' cami W
|III .--"".-.J-l \ * \\K\
| - =T D =
I. _ﬁpruue RIP-prune max—cardinality—search \

'

pe t‘fect—ilim—m'der I

| 1

max—clqs

—max—clqs—from—NMCS

jeraph—from—max—clqs

|
» i \ Y
clg sizes jou -‘;}Jh R[P—Tax—ctqa

max—spanning—tree jiree—from—RIP—clqs

= e

T™jtree=

Murphy PhD thesis (2002) p140 34



Max cliques from a chordal graph

e Triangulate the graph according to some ordering.

e Start with all verfices unnumbered. set counter : := N

o Whule there are siill some unnumbered vertices:
— Letw; = w(i).
— Form the set (' consisting of v, and its (unnumbered’ wneliminated) neighbors.
— Fill in edges between all pairs of vertices 1n C';.

— Eliminate v; and decrement 2 by 1.

* At each step, keep track of the clique that Is
created; If it Is a subset of any previously created
clique, discard it (since non maximal).
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Cliques to Jtree

 Build a weighted graph where
W;; = |C; intersect Cj|
 FIind max weight spanning tree. This is a jtree.
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