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1 Intr oduction

Chapter?? introducedhiddenMarkov models(HMMSs), andChapter?? introducedstatespacemodels(SSMs),both
of which arepopular but somavhatin e xible, modelsof sequentiatiata. In this chapteywe considemorecomple
models.Thekey generalizatioiis to representhe hiddenstatein termsof asetof randonvariablesjnsteadof asingle
randomvariable! Similarly we canrepresenthe obsenationsin a factorizedor distributedmanner We canthenuse
graphicalmodelsto representonditionalindepencieetweerthesevariables bothwithin andacrosgositionsin the
sequence.

Sequentiabatacomesin two mainforms: temporal(time-seriesdata,which is generatedequentiallypby some
causalprocessand sequencelata(e.g.,bio-sequencesr naturallanguage)wherewe are more agnosticaboutthe
generatingmechanism. For modelling time-seriesdata, it is naturalto use directedgraphicalmodels,which can
capturethe factthattime o ws forward. Arcs within a time-slicecan be directedor undirected,sincethey model
“instantaneous'torrelation. If all arcsaredirected,both within andbetweenslices,the modelis called a dynamic
Bayesiametwork (DBN). (The term “dynamic” meanswe are modellinga dynamicsystem,anddoesnot meanthe
graphstructurechange®vertime.) DBNs arequite popularbecausehey areeasyto interpretandlearn: becausé¢he
graphis directed the conditionalprobability distribution (CPD) of eachnodecanbe estimatedndependentlylin this
chapterwe will focuson DBNs.

For modellingatemporalsequencealata, it is possibleto usedirectedor undirectedgraphicalmodels. Much of
our discussiorof of ine inferencein temporalmodelsis alsoapplicableto atemporalmodels. The online inference
methodawe discusscanbe appliedto temporalmodels but canalsobe usedfor sequentialearningof staticmodels,
whichis usefulif thedatais non-stationarypr too largefor batchmethods.

We will not discusdearning(parameteestimationandmodelselection)in this chapter sincethetechniquesare
just simple extensionsof the methodsfor learningstatic models. Also, we deferdiscussiornof sequentiadecision
making(control/reinforcementearningproblems}o Chapter??.

2 Representation

In an HMM, the hiddenstateis representedn termsof a single discreterandomvariable, which cantake on M

randomvariable X; 2 IRV . In aDBN, thehiddenstateis representedh termsof asetof Ny, randomvariables,Qgi),

of N, randomvarablesgachof which canbediscreteor continuous.

In anHMM/SSM, we haveto de ne thetransitionmodel,P (Q.jQ: 1), theobsenationmodel,P(Y;jQ:), andthe
initial statedistribution, P(Q1). (Thesedistributionsmay be conditionedon aninput (control signal) U; if present,
e.g.,thetransitionmodelwould becomeP (Q.jQ: 1;U; 1).) InaDBN, Qq, Y; andU; represensetsof variablesso

To appeain ProbabilisticGraphicalModels M. Jordan
11t is aways possibleto combinecontinuous-aluedvariablesinto a single vectorvaluedvariable,but this obscuresary conditionalindepen-
dencieghatmay exist betweerthe componentsgefeatingthe purposeof usinga graphicalmodel. SeeSection2.9.



we de ne the correspondingonditionaldistributionsusinga two-slicetemporalBayesnet (2TBN), which we shall
denoteby B, . Thetransitionandobsenationmodelsarethende ned asa productof the CPDsin the2TBN:

i ¥ (1); (1)
Pz )= PElPaz{")
i=1

WhereZt(i) is thei'th nodein slicet (which maybehiddenor obsered;henceN = Np + No), andPa(Zt(i)) arethe
parentof Zt(') , whichmaybein the sameor previoustime-slice(assumingve restrictoursehesto rst-order Markov

models).We canrepresenthe unconditionalinitial statedistribution, P (Z §1: N )) , usinga standardone-slice)Bayes
net, which we shall denoteby B;. TogetheyB; andB, de ne the DBN. Thejoint distribution for a sequencef

lengthT canbe obtainedby “unrolling” the network until we have T slices,andthenmultiplying togetherall of the

CPDs:

. W ) . Y W . )
PzEMY = P, z0jPaz("y) Ps, (z"jPa(z{"))
i=1 t=2 i=1

For example,Figure1l shovsa2TBN for a standarddMM/SSM, andanunrolledversionfor a sequencef length
T =4, Inthiscasezt(l) = Qy, Zt(z) = Y, PA(Q:) = Q¢ 1 andPa(Y;) = Qy, sothejoint becomes

Y
P(Qur:Yar) = P(Q1)P(Y1jQ1) P(QijQt 1)P(YijQr)

t=2

Theparameterfor slicest = 2; 3;::: areassumedo bethesame(tied acrosdime),asshovn in Figure2. Thisallows
usto modelunbounde@mountf datawith a nite numberof parameters.

In the following sections,we will presenta seriesof more complex exampleswhich shouldillustrate the large
variety of modelswhich we cande ne within this framework.
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Figurel: (a) A 2TBN for anHMM/SSM. (b) Themodelunrolledfor T = 4 slices.
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Figure2: An HMM in which we explicitly representhe parametergnodeswith outgoingdottedarcs)andthe fact
thatthey aretied acrosstime-slices. The parametersreP (Qy = i) = (i), P(Qt = jjQ: 1 = i) = A(i;j), and
P(Y; = jjQt = i) = B(i;j). If theCPDfor Y; is a Gaussianwe would replacethe B nodewith the meanand
covarianceparameters.
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Figure3: An HMM with mixture of Gaussiansutput.

2.1 HMMs with mixtur e-of-Gaussianutput

In mary applicationsjt is commonto represenP (Y;jQ; = i) usinga mixture of Gaussiangor eachstatei. We can
explicitly modelthe mixturevariableasshovnin Figure3. (M andY; areexamplesof transieninodessincethey do
not have ary childrenin the next time slice; by contrastQ; is a persistennode.) The CPDsfor theY; andM; nodes
areasfollows:

P(Yt = yjQt = i; My = m)
P(M¢ = mjQ¢ = i)

N (Ye; im5 im)
C(i; m)

Thei'throw of C encodeshe mixtureweightsfor statei.

In mary applicationsit is commonthatthe obsenationsarehigh-dimensionavectors(e.g.,in speectrecognition,
Y is oftenavectorof cepstrakcoefcients andtheir derivatives,Y; 2 IR%), soestimatinga full covariancematrix for
eachvalueof Q; andM; requiresalot of data.An alternatve is to assumehereis a singleglobalpool of Gaussians,
and eachstatecorrespondgo a different mixture over this pool. This is called a semi-continuousr tied-mixture
HMM. In this casethereis noarcfrom Q; to Y;, sothe CPDfor Y; becomes

P(Yt = yjMy=m)=N(yt; m; m)

Theeffective obsenationmodelbecomes
P .

m P(Y;;My=m; Qp =)

P(Qt=1)
m P(Qt = )P(M¢ = mjQ¢ = i)P(Y;jM¢ = m)
P(Q:t=1i)
P(M¢=mjQ¢ = i)N(Yt; m: m)

PMjQt = 1)

X

m

Henceall informationaboutY; getsto Q; viathe“bottleneck”M . Theadwantage®f doingthisarenotonly reducing
the numberof parametershut alsoreducingthe numberof Gaussiardensitycalculationswhich speedsip inference
dramatically (We discusdnferencein Section4.) For instancethe systemcancalculateN (yt; m; m) for eachm,

andthenreusethesein avarietyof differentmodelsby simplereweighting:typically P (M = mjQ; = i) isnon-zero
for only asmallnumberof m's. TheM ! Y; arcis like vectorquantizationandtheQ; ! M, arcis like adynamic
reweightingof the codebook.

2.2 Auto-regressve HMMs

The standardtdHMM assumptiorthatthe obsenationsare conditionallyindependengiventhe hiddenstate(i.e., Y; ?
Y10jQy) is quitestrong,andcanberelaxedatlittle extra costasshovn in Figure4. This modelis sometimesalledan
auto-rgressie HMM. This modelreducegheeffectof theQ; “bottleneck”,by allowing Y; to bepredictecby Y; ; as
well asQy; thisresultsin modelswith higherlik elihood(althoughnot necessarilyetterclassi catiomperformance).

If Y; is discrete,its CPD canbe representedsa 3-dimensionatable, P (Y;jQy; Y: 1). If Yy is continuousone
possibilityfor its CPDis a conditionallinear Gaussian:

P(Ye=yjQe =10 Yr 1=yt 1) = N(yo; Wiye 1+ i i)
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Figure4: An auto-reggressie HMM.

whereW; is theregressiommatrix giventhatQ; is in statei. This modelhasa variety of differenthames:correlation
HMM, conditionallyGaussiarHMM, switchingregressiommodel,switchingMarkov model,etc. SeeExercise?? for
someextensions.

2.3 Mixed-memory Mark ov models
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Figure5: A trigram(second-ordeMarkov) model,whichde nesP (Q:jQ: 1;Q: 2).

Oneof thesimplestapproacheto modellingsequentiatiatais to constructa Markov modelof orderk. Theseare
oftencalledn-grammodels(wheren = k + 1), e.g.,standardrst-order Markov modelsarebigrammodels(n = 2),
second-ordeMarkov modelsaretrigrammodels(n = 3), etc. SeeFigure5 for anexample.

WhenQ is adiscreterandomvariablewith mary possiblevalues(e.g.,if Q; representsvords),thentheremight
not be enoughdatato reliably estimateP (Q; = kjQ: 1 = j; Q¢ 2 = i). A commonapproachs to createa mixture
of lower-orderMarkov models:

P(QiQt 1;Qt 2) =
3(Qr 1;Qr 2)F (QtjQr 1;Q¢ 2)+ 2(Qr 1;Qt 2)F (QtjQt 1)+ 1(Qr 1;Qr 2)F (Q1)

wherethe coefcients mayoptionallydependonthehistory, andf () is anarbitrary(conditional)probability distri-
bution. Thisis the basisof the methodcalleddeletednterpolation.

We canexplicitly modelthe latentmixture variableimplicit in the abose equationas shavn in Figure6. Here
St = 1 meandaiseaunigram,S; = 2 meanausebi- andunigramsandS; = 3 meanausetri-, bi- anduni-grams.S; is
calleda switchingparentsinceit determinesvhich of the otherparentdinks areactive,i.e., the effective topologyof
thegraphchangeslependingn the valueof the switch. SinceS; is hidden the neteffectis to usea mixture of all of
these.

A very similar approachcalledmixed-memoryMarkov models,is to alwaysusemixturesof bigramsat different
lags,e.g.,if S; = 1, we useP(Q:jQ: 1), andif S; = 2, we useP(Q:jQ: 2). This canbe achiesed by simply
changingthe “guard condition” onthe Q; 1 to Q; link to be S; = 1 insteadof S; 2; similarly, the guardon the
Q: 2to Q¢ link becomesS; = 2insteadof S; 3. HenceS; actslike theinput to a multiplexer, choosingone of
theparentgo feedinto Q;. Usingtheterminologyof [BZ02], S; is the switchingparentandtheotherparentsarethe
conditionalparents.Theoverall effectis to de ne the CPDasfollows:

X0
P(QuQt 1;:::;Q¢ n) = P(Q:jQt )P(S = 1)

i=1

2.4 Factorial HMMs

Figure7 shavs afactorialHMM, which hasa singleoutput(obsenation)variablebut hasa distributedrepresentation
for the hiddenstate. Note that, althoughall the hiddenchainsare a priori independentpncewe conditionon the
evidence they all becomecorrelated Intuitively, this is becausall the chains‘compete”to explain eachobsenation
(the explainingaway phenomenon)noreformally, this canbe seerby noticingthatall the chainsbecomeconnected
in themoralgraph,becausé¢hey sharea commonobsenedchild. This factmeansexactinferencen this modeltakes
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Figure6: A mixed-memoryMarkov modeI.Thedashedarcfrom St to Qt meansS; is aswitchingparent:it is usedto

decidewhich of the otherparentgo use,eitherQ; 1 or Q; » or both. Theconditionsunderwhich eacharcis active

areshown for the Q; nodeonly, to reduceclutter. In deletedinterpolation,theQ; 1 ! Q; arcis active for states
St 2 12;3g, andtheQ; > ! Qq arcis active for statesS; 2 f3g. (If S; = 1,thenQ:? (Q¢ 1;Q: 2).) In mixed
memorymodelsitheQ; 1! Qq arcis activeiff S; = 1, andtheQ; ! Q arcis activeiff S; = 2. Thedotted
arcsfrom Q; ; andQ; ; to S; areoptional,andre ect thefactthatthe coefcients candependn theidentity of the
wordsin thewindow. Seetext for details.Basedon Figurel15 of [Bil01].
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Figure7: A factorialHMM with 3 hiddenchains.

o(M N h) operationgertime step. Unfortunatelythis is true for mostDBNSs, even oneswhich do not have densely
connectediodessuchasY;, aswe discussn Sectior4.

A factorialHMM, like ary discrete-stat®BN, canbe corvertedto a regularHMM by creatinga single “mega”
variable,Q;, whosestatespaces the Cartesiamproductof eachof the discretehiddenvariables.However, thisis a
badidea:theresulting" at” representatiois hardto interpret,inferencen the at modelwill be exponentiallyslower
(seeSection4.2),andlearningwill be harderbecauseherewill be exponentiallymary moreparameters.

This last statemenheedssomeexplanation.Althoughit is true thatthe entriesof the transitionmatrix of the at
HMM have constraintsbetweenthem (so the numberof free parametersemainsthe samein boththe at andthe
factoredrepresentation)t is hardto exploit theseconstraintsitherin inferenceor learning.For example,if N, = 2,
the at transitionmatrix canbe computedasfollows:

PQ™ =j1;QP =j2QM, = i1;Q?, = i) = P(QY = j1jQ; = i1) P(QY =,jQP, = iy)

Hencethe free parametersywhich are the pairwisetransitionmatriceson the right handside of this equation,get
combinedin away which is hardto disentangle:seeFigure8. By contrast,If all CPDsarelinearGaussiansothe
resultingjoint distribution is a multivariateGaussiansparsegraphicalstructurecorrespondso sparsematricesin the
traditionalsenseof having mary zeros:seeSection2.9.
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Figure8: Computingthejoint 4 4 transitionmatrix asthe productof two 2 2 transitionmatrices. The cell of

the4 4 matrixin row 01, column10represent® (X! = 1, X2 = 0jX{! ; = 0; X} ; = 1) whichis computedas
PXt=1Xt ;=0 P(XZ=0jX} ;= 1), theproductof thetwo incomingarrows.
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Figure9: A coupledHMM with 3 chains.

2.5 CoupledHMMs

Figure 9 shavs anotherexampleof a DBN, calleda coupledHMM, in which the hiddenvariablesare assumedo
interactlocally with their neighbors Also, eachhiddennodehasits own “private” obsenation.

This modelhasmary applications.For example,in audio-visualspeectrecognition,one chainmight represent
the speectsignal,andthe otherchainthe visual signal(e.g.,obtainedfrom a lip trackingsystem).Anotherexample
concernsnonitoringthe stateof a freeway usingmagnetidoop detectorgistributeddown the middlelane. Let Yt(')

representhemeasurementdf sensoi attimet, andei) representhe hiddenstateof locationi attimet. It is natural
to assumehe hiddenstateat locationi dependson the previous hiddenstateat i, plusthe previous hiddenstatesat
locationsimmediatelyupstreananddownstream This caneasilybe modelledusinga coupledHMM.

2.6 Variable-duration (semi-Markov) HMMs

Theself-arconastatein anHMM de nesageometridistribution overwaiting times. Speci cally, the probabilitywe
remainin statei for exactlyd stepsispi(d) = (1 p)p® 1, wherep = A(i; i) is the self-loopprobability. Oneway
to generalizethis is to replaceeachHMM statewith n new statesfor somen to be determinedgachwith the same
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Figure10: A variable-duratiotHMM. Q; representthestate,andQP representsiow longwe have beenin thatstate
(duration).

emissionprobabilitiesasthe original state.For example,considerthis model.
p p p p

GERAGREAORIRC)
Olviously the smallestsequencéhis cangenerates of lengthn = 4. Any pathof lengthl throughthe modelhas
probabilityp' "(1 p)"; thenumberof possiblepathsis r'1 11 , Sothetotal probability of a pathof lengthl is

= LT ey

Thisis the negative binomialdistribution. By adjustingn andp, we canmodela wide rangeof waiting times.

A moregeneralapproactis to explicitely modelthe durationof eachstate. This is calleda semi-Marlov model,
becausdo predictthe next state,it is not sufcient to conditionon the paststate: we alsoneedto know how long
we've beenin thatstate.p; (d) canberepresentedsatable(anon-parametriapproachpr assomekind of parametric
function. If p; (d) is ageometriadistribution, the modelbecomegquivalentto a standardHMM.

A rst attemptatmodellingthisasa DBN is shavn in Figure10. We explicitly addQP , theremainingdurationof
stateQ, to thestate-spacgEventhoughQ; is constanfor along period,we copy its valueacrossverytimeslice,to
ensurea regularstructure.)Whenwe rst enterstatei, QP is setto avaluefrom from g ( ); it thendeterministically
countsdown to 0. WhenQP = 0, thestateis freeto changeandQP is setto the durationof the new state.We can
encodethis behavior by de ning the CPDsasfollows:

(i;j) if d> 0(remainin samestate)

PQu=iiQ 1=5Q01=d) = A6’} i d= oransition)
_ A _ P (d) if d= 0 (reset)
P(Q° =diQ7 1= d:iQ=k) = (d%d 1) if d> 0(decrement)

Sincewe have expandedhe statespacejnferencein a variable-duratioHMM is slower thanin a regularHMM.
The naive approactto inferencein this DBN takesO(T D 2M 2) time, whereD is the maximumnumberof stepswe
canspendn ary stateandM is thenumberof HMM states However, we canexploit thefactthatthe CPDfor QP is
deterministido reducethisto O(TDM 2).

To facilitate future generalizationswe introducedeterministic* nish” nodesthat“turn on” whenthe duration
counterreached). Thisis asignalthatQ; canchangestate andthata new durationshouldbe chosen SeeFigure11.
We de ne the CPDsasfollows:
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Figurell: A variable-duratiorHMM with explicit nish nodes.Q representmestate,andQP representsiow long
we have beenin thatstate(duration),andF; is abinaryindicatorvariablethatturnsto indicatethat QP has nished.

. o _ _ (i;j) if f = 0(remainin samestate)
PQu=JiQua=0tFe1=1) = A7) iff = 1 (wansition)
PQP =diQP 1= diQi=kiF 1=1) = p(d)
dd 1) ifd>0
P(QPquQPlzd;Qtzk;Ft 1:0) = u(ndened) ifd=0

P(Fi = 1jQP = d) (d;0)

NotethatP (QP = djQP ; = d;Q; = k;F; 1 = 0)isunde nedif d = 0, sinceif QP ; = 0, thenF; 1 = 1, by
construction.
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Figure12: A time-seriess dividedinto 3 sgmentsof differentlengths.

The overall effect of usinga variabledurationHMM is illustratedin Figure 12: the sequencés divided into a
seriesnf segmentsof differentlengths;the obsenationswithin eachsegmentareassumedo beiid, conditionedon the
state.(We will generalizghisin Section2.7.) The assignmenof valuesto the nodesin Figure 11 correspondingo
this exampleis asfollows:

Q| & & |k R |B B &
D2 1 0|1 0|2 1 O
FF|/O O 1 ]0 1|0 0 1

Yo | Y1 Y2 Ya|Ya Y5 |VYe Y7 Vs
We seethatthe placeswhereF turnsonrepresensegmentboundaries.

2.7 Segmentmodels

The basicideaof a sgmentmodelis thateachHMM statecangeneratea sequencef obsenations,asin Figurel2,
insteadof just a single obsenation, The differencefrom a variable-duratiorHMM is that we do not assumethe
obsenationswithin eachseggmentareconditionallyindependentinsteadwe canuseanarbitrarymodelfor their joint



Figure 13: A schematiadepictionof a sgmentmodel. The X; nodesare obsered, the restare hidden. The X's
within a sgmentneednot befully connectedAlso, theremay be dependenciebetweerthe obsenablesin adjacent
segmentgnotshavn). Thisis notavalid DBN sincethel;'s arerandomvariablesandhencethe structureis not x ed.
Thanksto Jef Bilmesfor this Figure.

Figurel4: A sgmentmodelwhereeachsegmentis modelledby an HMM.

distribution. Thelikelihoodis givenby

X X X ¥ . _ _
P(ywit) = PO)IP@@jg 15 )P(ijG)P (Yeo(iyt.ihia:1i)
Ou: o i=1
P
where Ig','s.thenumberof s@ments); is thelengthof thei'th sggment(thatsatis estheconstraint ,_, I; = T), and
to(i) = ]':11 [ + 1andty(i) = to(i) + I; 1arethestartandendingtimesof segmenti.

A rst attemptto representhis asa graphicalmodelis shovn in Figure13. Thisis notafully speci edgraphical
model,sincethel ;'sarerandomvariablesandhencethetopologyis variable.To specifya segmentmodelasa DBN,
we mustmalke someassumptionsbouttheform of P (y;.1+1jq;1). Let usconsidera particularsegmentandrenumber



sothattg = 1andt; = |. If weassumehe obsenationsareconditionallyindependent,

Y
P(ywjQt = ki) = P(ytjQt = k)

t=1

we recover the variable-duratiorHMM in Figure 11. (If p(ljq) is a geometricdistribution, this becomesa regular
HMM.) Notethatthe numberof seggmentsis equalto the numberof transitionsof the Q; nodes,or equivalently, the
numberof timesF; turnson. By consideringall possibleassignmentto Q; andQP (andhenceto F;), we consider
all possiblesggmentation®f thedata.

Thenext simplestsegmentmodelis to modeleachsegmentP (y1.jQ: = k;1) usinganHMM, i.e.,

X ¥
P(ywmjQ: = k;1) = k()P (Y1Qi = k;Qf= @)  Aw(d 1:9)P(WiQi=kiQ°=q)
Q1:1 =2

whereQ? representshe stateof the HMM within this particularsegment. We canmodelthis asa DBN asshawn in
Figure14. (Naturallywe could allow arcsbetweerthe Y; arcs,asin Section2.2). The CPDsfor Q;, QP andF; are
thesameasin Figure11. The CPDfor Y; getsmodi ed becausé mustconditiononbothQ; andthe statewithin the
segment-lerel HMM, Q2. The CPDfor Q7 is asfollows:

kG) iff

PP =1IQF =ik a=f) = el T Dleee)

1 (transition)

It is straightforvardto useothermodelsto de ne the sggmentlikelihoodP (y1,jQ: = k;1), e.g.,asecond-order
Markov model,or a state-spaceodel(Section2.9).

2.8 Hierarchical HMMs (HHMMSs)

s
qf q22 qf‘ﬁ

A Y7

qi% 9y 93 o3
I

Figure15: A time-seriess hierarchicallydividedinto segments.The transition/obserationdistributionsof the sub-
HMMs may be conditionedon theirimmediatecontext, or their entiresurroundingcontext. In a contet free system,
informationis notallowedto o w acrosssegmentboundariesbut this restrictioncanbe lifted.

TheHierarchicaHMM (HHMM) is a generalizatiorof the sggmentHMM. It allows segmentHMMSs to be com-
posedof sggmentsub-HMMsin a hierarchicafashion.SeeFigure 15 for anillustration of the basicidea. In addition,
insteadof specifyingthelengthof eachsegmentwith arandomvariable thelengthis de nedimplicitly by theamount
of time it takesthe sub-HMMto enteroneof its endstates(Thetransitionto the endstatecouldbetriggeredby some
ervironmentalkondition.) Enteringanend-stateerminateghatsegment,andreturnscontrolto thecalling state which
is thenfreeto change.

The calling context is memorizedon a depth-limitedstack. Hencean HHMM is lesspowerful than stochastic
contet-free grammars(SCFGs)and recursve transitionnetworks (RTNs), both of which can handlerecursionto

10



an unboundediepth. However, HHMMs are sufciently expressive for mary practicalproblems,which often only
involve tail-recursion(i.e., self transitionsto an abstractstate). Furthermore,HHMMs can be mademuch more
computationallyef cient thanSCFGs.In particular the inferencealgorithmfor SCFGs,which is calledtheinside-
outsidealgorithm,takesO(T %), whereasve canuseary of thetechniquesve discussn Section3 to do inferencein
anHHMM in O(T) time.

Figure 16: State transition diagram for a three-lwel HHMM representing the regular expression
(a*ja* (xy)* bicic(xy)* d)*. Solid arcs representhorizontal transitions betweenstates; dotted arcs represent
vertical transitions,i.e., calling a sub-HMM. Double-ringedstatesare accepting(end) states. Dashedarcs are
emissionsrom production(concrete)states. In this example,eachproductionstateemits a uniquesymbol, but in
generaljt canhave a distribution over outputsymbols.

Figure16 shavs the statetransitiondiagramof anexampleHHMM which modelstheregularexpression

a' ja(y)bjcjchy)d

The key differencefrom usinga at HMM to modelthis is that the modelfor the sub-epression(xy)* is re-used
in boththea* (xy)* bandc(xy)* d subepressionslin this smallexample,the bene ts of re-useareminimal, but in
generah hierarchicamodelwith reuseneedssubstantiallyfewer parameters.

Thestateof theHHMM canbede ned by specifyingthevalueof the statevariablesat eachlevel of the hierarchy
call themQ(l) """ ED) , WhereD is the depth.Statesvhich emit singleobsenationsarecalled“productionstates”,
andthosethatemit strings(by calling sub-HMMs) aretermed“abstractstates”. For example,considerthe statesn
the middle row on the left of Figure 16: state(1;1; ) is concreteandemitsa, state(1;2; ) is abstractandstate
(1;3; ) isconcreteandemitsb. The“leaf” statesareall concretepy de nition: state(1; 2; 1) emitsx and(1;2; 2)
emitsy. Notethatstateq1; 2; 1) and(2; 2; 1) arethesameg(we coulddenotehemby ( ; 2; 1)), sincethebottom-lesel
HMM is reusedn bothtop-level contexts.

The DBN thatcorrespondso the above exampleis showvn in Figure17. Let usseehow the assignmenbf values
to the nodesin the DBN correspondo differentparseqpathsthroughthe automaton).Considerthe string aaxybg
therearetwo possibleparses(aaxyb)(c) or (a)(axyb)(c), correspondingo whetherthetwo a's belongtogetheri.e.,
botharegeneratedrom a* (xy)* b), or areseparatdi.e., oneis from a* andoneis from a* (xy)* b). In addition,the
c could be the beginning of the subexpressionc(xy)* d, or asinglec; we assumewe know this is a completestring
(ratherthana substring) hencethec is terminal(soF# = 1). Theassignmentto the nodesin the DBN for the joint
aa hypothesiareasfollows ( representadon't carevalue):

2This notationmeansthe modelmustproduceoneor morea's, or oneor morea's followed by oneor morex's andy's followed by asingleb,
or ac, or ac followed by oneor morex's andy's followed by a d. Having createdneof thesestrings,it is freeto createanotherone. An HHMM
cannotmale a horizontaltransitionbeforeit makesa vertical one; henceit cannotproducethe emptystring. For example,in Figure 16, it is not
possibleto transitiondirectly from statel to 2.

11
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The assignmentso the nodesin the DBN for the separatea hypothesisarethe sameasabove, exceptF 2 = 1
(shawvn in bold), representinghe presenceof a segmentationboundary (This correspondgo the following path
throughthe statetransitiondiagram:from state(1; 1; ) to its endstate returningto therootstate(1; ; ), andthen
re-entering1;1; ).)

Figure17: A 3-level HHMM representedsa DBN. Q¢ is the stateattimet, level d; F¢ = 1 if theHMM atlevel d
has nished (enteredts exit state)otherwiseF = 0. Shadechodesareobsened;theremainingnodesarehidden.If
thelengthof thestringis knownto be T, we cansetF¢ = 1 for all d, to ensureall sub-modelhave terminatedIf the
dottedarcsfrom level 1 to the bottomareomitted,it representhe factthatthe bottom-lezel HMM is sharedamongst
differenttop-level HMMs, asin the examplein Figure16.

We leave thedetailsof de ning the CPDsto Exercise7.3.

2.8.1 Applications of HHMMs

The mostobvious applicationof HHMMs is to speechrecognition. It is naturalto think of wordsascomposedf
phoneswhich producesubphonesyhich producethe acousticsignal.In practice the mappingfrom wordsto phones
is x ed by a phoneticdictionary andthe mappingfrom phonesto acousticds x ed by assuminga 3-stateleft-to-
right HMM with mixture of Gaussiaroutput. Hencethe whole hierarchycanbe “collapsed”into a at HMM, with
appropriatgparametetying to representhe factthatbottomlevels of the hierarchycanbereusedn differenthigher
level contexts. However, if onewereinterestedn learningthe hierarchicadecompositionanHHMM mightbeuseful.
SeeChapter?? for moreon speectrecognition.

Anotherapplicationof HHMMs is to maplearningby mobilerobots.It is naturalto think of anindoorof ce-lik e
ervironmentascomposeaf oors, whicharecomposeaf corridorsandrooms whicharecomposeaf ner-grained
locations.For this application,jt is necessaryo modify the modelsomevhat. Firstly, we typically conditionall state
transitionson the actionperformedby the robot. Secondlyandmoresubtly, whenwe leave one abstracistate(e.g.,
corridor),the new concretestate(e.g.,locationwithin corridor) depend®n the old concretestate,i.e., not all the old

12



contet is “poppedoff the stack”uponexiting. (In otherwords,the corridor modelsarenot context free.) Insteadwe
conditionthe new startingstateon somefunctionof theold state.We leave the detailsasanexercise.

DAD2D

ORCRO)

Figure18: An HMM/SSM with input. The dottedarcsareoptional,andre ect the factthattheinput may affect the
outputdirectly.

2.9 State-spacemodels

The graphstructurefor an SSM looks identicalto thatfor an HMM, sinceit malkesthe sameconditionalinde-
pendenceassumptions.Typically onealsoincludesan input node,asin Figure 18. In an SSM, all the nodesare
continuousandall the CPDsarelinearGaussiani.e.,

P(X¢ = X¢jXt 1= %Xt 1;Up = u)
P(Y: = yjXi = x; Uy = u)

We do notneedto de ne P (Uy), sincethis is anexogoneousnputvariablethatis alwaysobsened.

In the caseof SSMs,unlike for HMMs, thereis a one-to-onecorrespondenckeetweensparsegraphicalstructure
andsparseparametricstructure.ln particular A(i; j) > 0iff thereis a directedarcfrom X t(')l to Xt(J ), andsimilarly
for the otherregressionmatrices,B, C andD. For the covariancematrices,we malke useof the fact that, in an
undirectedGaussiargraphicalmodel, zerosin the precision(inversecovariance)matrix correspondo absentarcs.
HenceQ 1(i;j) > 0 iff thereis an undirectedarc from Xt(') to Xt(’) within the sametime slice. For example,
considera factorial SSM, asin Figure 7, but whereall the CPDsarelinearGaussianandtherearetwo chains. The
correspondingpint transitionfunctionis

N (xt;Ax¢ 1+ Bu;Q)
N (y;Cx + Du;R)

X¢ . AL 0 XE, o Q0
X2 0 A2 X2, 0 Q)
Contrasthiswith the discretecaseshavn in Figure8.

For amorecomplex example,considera vectorauto-rgressve procesf order2:

P(xtl;xtljxtl 1;th 1)=N

Xe= AXy 1+ AoXy 2+ ¢

where ¢ N (0; ) . (WeignoretheU; andY; variablesfor simplicity.) Supposehe parameterareasfollows.
0

3 1 1 0 1 1
ot 0o 00 %0 0
020 o 00 0 0 O
A1=RE % $ 0 0k;A2=BO O 0 0 O
0 0 0 3 % 0 ¢ 0 3
0 0% 0 ¢ 00 0 0 %
and o, , 1 0 1
1 3 3 00 2:13 47 12 0 O
; 1 200 147 213 12 0 0
= ; 11 00; '=B 12 12 18 00
0 0 0 1 0 0 0o 1
0 0 0 01 0 0 0 01

Thentheresultingdynamicchaingraphis illustratedin Figure19.
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Figurel9: A VAR(2) processepresentedsa dynamicchaingraph.From[DEOQ].

Figure20: A DBN for therecursve leastsquaregproblem.

2.10 Joint state-parameterestimation

Theproblemof online parameteestimationcanberepresentetly addingthe parameterso the statespace.

For example,supposave wantto recursiely (i.e., sequentiallyestimatethe coefcients, , in alinearregression
model,wherewe assumehenoiselevel, R, is known. This canbe modelledasshavn in Figure20. The CPDsareas
follows:

P(o) = N(o011)
P(ix; 1) = N(uxP R)
P(tt1) = N(C ¢ 150

(We do not needto specifythe CPD for x;, sincein linear regressionwe assumethe input is always known, so
it sufces to usea conditionallikelihoodmodel.) Thein nite variancefor ¢ is anuninformative prior. The zero
variancefor ; re ectsthefactthatthe parameters constantlf we madethevariancenon-zerowe couldallow slow
changesn the parametersandhencetracknon-stationarities.

We canperformexactinferencein this modelusingthe Kalman lter, where  is the hiddenstate,andwe usea
time-varying outputmatrix C; = x%; we setthe transitionmatrixto A = |, thetransitionnoiseto K = 0, andthe
obsenationnoiseto R. Thisis justtherecursve leastsquareslgorithmdiscussedn Section2.10.

Now consideranon-linearregressiormodel:

X( .s s
yi=  oax (ixe pi)+bh+ X+ o

j=1

where ¢ N (O; ) isanoisetermand (jjx; it i) is e.g.,aradial basisfunction (RBF); if k = 0, thisreduces
to alinearregressiommodel. We canwrite this in vectormatrix form asfollows:

yi = D( t;Xt) ¢+ Ny

14
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Figure21: A DBN for sequentiaBayesiamon-linearregression.

where = (a;;h; ) areall theweights. TheresultingDBN is shawvn in Figure21. If we allow the parameterso
changeovertime (modelledby arandomwalk), the CPDsare

P(tt1) = N(Ct o 1)
P(Ctgt1) = N(Ceo v 1)
P(og (jlog + 1) = N¢(og ¢;log  1; I)
PWtixt; 5 1) = NYuD( 6:Xt) 5 t)

(I have omittedthe priorsattime 1 for simplicity.)

Althoughthis modelis linearin the parameterst is notlinearin ¢ or . Henceit is not possibleto perform
exactinferencg(i.e., Bayesiarparametetearning)in this model. However, it is possibleto sample ; and , andthen
applyaconditionalKalman Iter to : seeSection5.4.3.0therapproacheto inferencein non-linearmodelswill be
discussedh Section5. Methodsfor selectinghe numberof basisfunctionsonlinewill bediscussedn Section5.5.1.

2.11 Switching SSMs

O
® ® ®

Figure22: A switchingstate-spacenodel. In this gure, squarenodesarediscrete roundnodesarecontinuous.We
have omittedtheinput U for simplicity.

In Figure22 we shav a switchingSSM, alsocalleda switchinglinear dynamicalsystem(LDS), a jump-Markov
model,a jump-linearsystem,a conditionaldynamiclinear model(DLM), etc. The basicideais thatthe modelcan
switch betweerdifferentkinds of dynamical‘modes”or “regimes”. (Theresultingpiece-wisdinearity is oneway to
approximatenon-lineardynamics.) The dynamicsof the modesthemselesaregovernedby a discrete-statdarkov
chain.Hencethe CPDsareasfollows:
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P(Xt= XXt 1= %Xt 1;S = 1)
P(Yt = yjX¢ = x) N (y;Cx; R)
P(St=]iSt 1=1) M j)

Sincethis modelhasboth discreteand continuoushiddenvariables,t is sometimesalleda hybrid DBN. Exact
inferencein suchmodelis very dif cult, aswe discussn Section5.2.4. Contrasthis with anauto-rgressve HMM
(Section2.2) in which all the hiddenvariablesarediscrete makingexactinferenceeasy

In additionto switchingX, it is possibleto switchY;. Thiscanbeusedto represenP (Y;jX) asamixture,which
can approximatenon-Gaussiambsenation densities. For example,in orderto be robustto outliers, it is common
to assumeP (Y;jX) is a mixture of a Gaussiardistribution anda uniform distribution (which canbe approximated
using a Gaussiarwith very large covariance). An applicationof switching SSM to fault diagnosisis discussedn
Exercise??. We will seesomeotherapplicationsof this below.

N (Xe; Aixe 1; Qi)

2.11.1 Dataassociation

OuOnO

@Vi@ﬁﬁ@
) /s

® ® ®

Figure23: A DBN for the dataassociatiormproblem.The obsenationY; comesfrom oneof two independensources,
asdeterminedy the multiplexernodeS; . Squarenodesarediscreteroundnodesarecontinuous.

Anotherimportantapplicationof switchingSSMsis for modellingthe dataassociatiorfcorrespondencegjroblem.

anobsenation, Y;, but we do notwhich (if arny) of theobjectscausedt.

The dataassociatiorproblemis extremely common. For example, considervisually tracking a personasthey
move arounda clutteredroom. At eachframe,we mustdecidewhich body part(if any) causedvhich pixel. Another
exampleconcerndracking missilesusingradar At eachscan,we mustdecidewhich missile (if any) causedwvhich
“blip” onthescreen.

A simplemodelfor thisis shawvn in Figure23. S; is a latentvariablewhich speci estheidentity of the sourceof
theobsenationY;. It is a switchingparentandis usedto “select” which of the hiddenchainsto “passthrough”to the
output,i.e.,the CPDfor P (Y;jX }P; S;) is a (Gaussianjnultiplexer:

Becausef its military importancealot of effort hasbeenexpendedn the problemof trackingmultiple targetsin
clutter SeeSection5.5for furtherdiscussion.

3 Inference

Having seena largevariety of differentDBNs, we now discusshow to performinferencein suchmodels.Therearea
variety of inferenceproblemswye might beinterestedn (seeFigure24 for asummary):

Filtering ComputingP (Xjy1:t), i-e.,monitoring(tracking)the stateovertime.
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Prediction ComputingP (X +nhjy1:t) for somehorizonh > 0 into thefuture.

Fixed-lag smoothing ComputingP (X jy1:t), i.€., estimatingwhathappened > 0 stepsin the pastgivenall the
evidenceup to the presenthindsight).

Fixed-interval smoothing(of ine) ComputingP (Xjy1.7). Thisis usedasa subroutingor of ine training.

Viterbi decoding Computingarg maxy,., P (X1:tjy1:t), i-e., guring out the mostlikely cause/explanationof the
obsereddata.

Classi cation ComputingP (y1:t) =
underdifferentmodels.

. P (X1:t;Y1:t). Thiscanbeusedto computethelikelihoodof a sequence

X1:

t

filtering I P(X(® | y(1:1)
T
prediction _t P(X(t+H) | y(1:1))
MLk
fixed-lag — PX(t-L) [ y(1:1)
smoothing M‘ﬁ
fixed interval : !
I ;
S')rﬁa,eqo't?]iﬁgva T P(X(®) | y(1:T))
(offline)

Figure 24: The main kinds of inferencefor DBNs. The shadedregion is the interval for which we have data. The
arrowv representshe time stepat which we wantto performinference.t is the currenttime, andT is the sequence
length.h is apredictionhorizonandl is atime lag.

We will focuson online Itering andof ine smoothingthe otherproblemscanbe solvedby similar methods?

It will behelpfulto distinguishmodelsin which all the hiddennodesarediscretefrom modelsin which some(or
all) hiddennodesare continuoussincethey requiredifferentsolutiontechniquegjust aswe saw thatinferencein an
HMM requireddifferenttechniqueshaninferencen an SSM).

4 Exactinferencein discrete-statemodels

In this section,we discussexact Itering andsmoothingalgorithmsfor DBNs in which all the hiddenvariablesare
discrete. (Continuousnodesthat are obsened do not causea problem,no matterwhat their distribution, sincethey
only affecttheinferenceby meanf the conditionallikelihood,c.f., the O (i; i) = P(y:jX = i) termfor HMMSs.)

4.1 Forwards-backwardsalgorithm

The simplestinferencemethodfor a discrete-stat®BN is to corvertit to anHMM, andthento applythe forwards-
backwardsalgorithm. If thereare N}, hiddenvariablesper slice, andeachsuchvariablecanhave upto M values,

SFor example,the quantityneededo classifya sequenceP (y1:t), is computedasa by-productof ltering. Also, ary ltering algorithmcan
be corvertedto a Viterbi algorithmby replacingthe “sum” operatomwith the “max” operator Finally, ary of ine smoothingalgorithmcanbe made
online by simply usinga sliding window.
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theresultingHMM will haveS = M Nh states.Provided S is nottoo large, this is the methodof choice,sincethe
forwards-backwrdsalgorithmis exact, andis very simpleto implement. Unfortunately in generalthe numberof
stateswill betoolarge,sinceit is exponentiain thenumberof hiddenvariableshencewe mustlook for moreef cient
methods.

4.2 Unrolled junction tree

The secondsimplestinferencemethodis to unroll the DBN for T slices(whereT is the lengthof the sequenceand
thento apply ary static Bayesnetinferencealgorithm. For Itering, it is naturalto apply the variableelimination
algorithm(Chapter??). This needonly keeptwo slicesin memoryatatime: startingwith slice 1, we addslice2, then
mauginalizeout slice 1, thenaddslice 3, etc. For smoothing,it is moreef cient to usethe junctiontreealgorithm,
sincemostof thework in computingP (Qtjy1.7) canbereusedvhencomputingP (Qt 1jyi1.1), etc. Laterwe will
seehow to modify the junction treealgorithmto only work with two slicesat a time (which is essentiafor online
Itering), butin this section,we considerthe morenaive approactof treatingthe network asa singlelarge unrolled
graph.

(h)

Figure25: Someof the(nonmaximal)cliquesin thejunctiontreeconstructedrom acoupledHMM with 4 chains.The
junctiontreewill containthesecliquesconnectedogetherin achain;thecquuescontaining(QE');Yt(')) (notshown)

“hangoff” this “backbone”c.f., Figure 33. (a) Thecliqueinitially containsQElz? ; thenwe updateit asfollows: (b)

addQﬁl); (c) addQEz); (d) remove Qﬁl)l; (e) addQ§3); (f) remove Qﬁz)l; (9) addQ§4); (h) remove Qﬁs)l; (laststep
notshavn) remove Q§4)1 toyield QEM) . It is possibleto combineconsecutie add/remee stepsyesultingin justthe
maximalcliquesshavn in Figuresc, e andg. Thisis whatthe standardunctiontreealgorithmdoes.

Unfortunately whenwe createa junction tree from an unrolled DBN, the cliquestendto be very large, often
makingexactinferencentractable.In particular for everytime slice (exceptpossiblynearthebeginningandendof the
sequence}herewill usuallybea cliquethatcontainsall the nodeswithin thatslicethathave inter-slice connections.
(Wewill bemoreprecisebelon). SeeFigure25for anexample.Theintuitive reasorfor thisis illustratedin Figure26:
evenif nodeswithin a slice arenot directly correlated they will eventuallybecomecorrelatedby virtue of sharing
commonancestorsn the past.

4.2.1 Constrainedelimination orderings

The size of the maximumclique (or largestfactorin the variableeliminationalgorithm)dependsn the elimination
ordering.Let usde ne m( ) to bethe sizeof the maximumcliqueinducedby ordering . (A relatedquantityis the
width of anordering,de nedasw( ) = m( ) 1.) Themaxcliquesizeof agraph,m(G), isde nedasm( (G)),
where (G) is theoptimaleliminationorderingfor G. Exactinferencetakestime andspacesxponentialin m( ), as
we saw in Chapter??.
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Figure26: A coupledHMM with 4 chains. Eventhoughchainl is not directly connectedo chain4, they become
correlatedoncewe unroll the DBN, asindicatedby the dottedline. Thatinferencein this modelis intractableshould
notbe surprising sincethe graphis very similarto a 2D lattice MRF.

Figure27: A DBN in which all thenodesin the lastslice becomeconnectedvhenwe eliminatenodesin a slice-by-
sliceorder ,implyingm( ) = 4+ 1= 5, eventhough,usinganunconstrainedrderthatexploits thetreestructure,

m( )= 2

A naturalorderingis to work left-to-right,i.e.,we eliminateall nodesn slicet (in someoptimalorder)beforeary
in slicet + 1. Unfortunately sucha constraine@rderingis notalwaysoptimal. For example,Figure27 shavsa DBN
wherem( ) = 2 (sincethegraphis a setof trees).However, if we unroll thegraphfor T 4 slices,andeliminate
all thenodesin slicet beforeeliminatingary nodesin slicet + 1, we nd m( ) = 5. Thisis aconsequencef the
following theorem:

the (moral)graphG, andlet A;, Ax betwo non-neighborén G, i < k. Thentheeliminationsequencéntroduceshe
lIin A; A iff thereisapathA; A; ::: Ay suchthatall intermediatenodesA; areeliminatedbeforeA;.

To applythis theoremto the examplein Figure27,let A; = Xt(i) andAg = Xt(k). Supposeave rst eliminateall

theXx W forall < t; thesebecomethe A;'s. SinceA; is connectedo Ay via some(undirected)paththroughthe
pastA;'s(if t  4), wewill adda ll-in betweerthem.Henceall thenodesin slicet will becomeconnected.

To preciselycharacterizéhe consequenceasf usinga slice-by-sliceeliminationordering,let us rst make thefol-
lowing de nition.

De nition . Let the setof tempoal arcsbetweerslicest 1 andt be denotedby Etmp(t) = f(u;v) 2 Eju 2
Vi 1;Vv 2 Vig, whereV; arethenodesin slicet. Theincominginterfacel; is de ned asall nodesv s.t. v, or oneof

19



Figure28: The Mildew DBN, designedor foreacastinghe grossyield of wheatbasedon climatic data,obsenations
of leaf areaindex (LAI) andextensionof mildew, and knowledgeof amountof fungicidesusedandtime of usage
[Kja95]. Thenodesin theincominginterfaceareshown in bold outline. Note how the transientnodephotois in the
incominginterface becausét is the parentof the persistenhodedry, which hasanincomingtemporalarc.

its children,hasaparentin slicet ~ 1,i.e.,l, = fv2 Vj(u;v) 2 EMP(t) orow 2 ch(v) : (u;w) 2 EMMP(t);u 2
V; 10. SeeFigure28for anexample.(We call it theincominginterfaceto distinguishit from the outgoinginterface,
whichwe shallde ne shortly)

Now we canput tight lower andupperboundson the compleity of inferenceusinga slice-by-sliceelimination
ordering.

Theorem. Let G bea DBN with N nodesperslice,unrolledfor T > 1 slices,which formsa singleconnected

component. If s ary slice-by-sliceeliminationorderingfor G, thenjl j+1 m( ) jl j+ N,andthebounds
aretight.

Proof. Whenwe eliminatethe nodesin slicet, the only variablesthatareinvolvedareV;[ |,; . Hencem( )
Vi[ 1y j = N +jl j. Figure29shavsaDBN wherel = N andm( ) = 2N;sincem( ) m( ), wesee

thatthe upperboundis tight. To establishthe lower bound, note that sincethe graphis a single connecteccompo-
nent,atleastoneof the nodesin theincominginterfacemusthave a parentin the previousslice; hencetheremustbe
somestagen theeliminationprocessvhich containghis“old” nodeplusall theinterfacenodessojl j+1 m( ).
To seethattheboundis tight, consideraMarkov chain:thishasjl j = 1, soamaxcliquesizeof 2 canbeachiesed.

Hencethe constrainedunctiontreealgorithmtakes ( M il 1*1) operationgertime step(assumingall nodesin
theincominginterfacecanhave M possiblevalues).Notethatthis maybe exponentiallyfasterthanthetime required
by the forwards-backwrdsalgorithm, which performsO(M 2Nh) operationsper time step; neverthelessit is still
exponentialin jI j.

4.2.2 Unconstrainedelimination orderings

Whathappensf we useanunconstrainee@liminationordering?In principle we cando better However, in practice,
this is rarely the case. Recallthat nding the optimal elimination orderingis NP-hard. Hencemost elimination
orderingsare computedusing local searchalgorithms. Empirically it hasbeenfound by several researchershat

4Figure30 shavs a counterexampleto thetheoremwhenthe DBN is notasingleconnectecomponent.
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Figure29: A worstcaseDBN from acompleity pointof view, sincewe mustcreatea cliquewhich containsall nodes
in bothslices.Hencethe maxcliquesizeis 2N .
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Figure30: A DBN in which the nodesin thelastslice do not becomeconnectedven whenwe usea slice-by-slice
eliminationordering;hencem( ) = 3< jl j+ 1= 4, contraryto thetheorem.This is because¢he nodesin the
lastslicedo notbelongto oneconnectedomponentContrasthis with Figure27. Dottedlinesrepreseninoralization
arcs.

providing a constrainegpaceo searchn oftenimprovesthe quality of thelocal optimathatarefound. For example,
anunconstrainedlgorithmmight chooseto eliminatethe rst nodein everyslice,thenthesecondgtc.,creatingwide
“horizontal” cliquesthatspanmary time slices,asopposedo narrav “vertical” cliquesthataretemporallylocalized.
Suchhorizontalorderingsusually have larger clique sizesthan vertical orderings(for large enoughT), andhence
would not be chosenby a good searchalgorithm. However, a greedysearchalgorithm (e.g.,basedon the min- Il
heuristic)may easilychoosesucha sub-optimalordering.

An additionalproblemwith unconstrainearderingsis the following. We don't wantto have to computea new
elimination orderingevery time we changethe length of the sequencebecausat is too slow. Insteadwe would
like to triangulatea x ed size DBN, identify the cliquesin the resultingjunction tree, and thenreusethemfor all
sequencéengthsby copying the repeatingstructure.In orderto guarante¢hat suchrepeatingstructureoccursin the
junctiontree,we mustuseatemporallyconstrainecatliminationordering.Eventhen,the book-keepinginvolvedwith
dynamicallychangingthe structureof the junctiontreebecomesgjuitetricky.

4.3 The frontier algorithm

An alternatie approachwhich turnsout to be simplerandbettersuitedto onlineinference,is to think explicitly in
termsof time slices. Theforwards-backwrdsalgorithmfor HMMs worksbecauseonditioningon Q; d-separatethe
pastfrom thefuture. This ideacanbe generalizedo DBNs by notingthatall the nodesin a slice d-separaté¢he past
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Figure31: This graphhasa maxcliquesizeof 3, anoutgoinginterfaceof sizel, andanincominginterfaceof size4.
Basedon Figure2 of [Dar01].

from thefuture. We will call this setthe“frontier” anddenotet by Z;. Hencethebelief state P (Ztjy;:t), canactasa
sufcient statisticfor Itering; for smoothingwe cande ne ananalogougjuantityfor the backwardsdirection.

The ltering problemreduceso computingP (Ztjy1:t) from P(Z; 1jyi:t 1). In anHMM, this canbe donewith
a single matrix multiply, but we wish to avoid constructingyet alonemultiplying by, anO(S  S) matrix, where
S = MNh, The following ruleswill adwvancethe frontier one nodeat a time suchthat at eachstepthe frontier d-
separatesll the nodesto its left from the nodesto its right: (1) a nodecanbe addedto the frontierif all its parents
arealreadyin thefrontier, and(2) anodecanberemovedfrom the frontierassoonasall its childrenhave beenadded.
SeeFigure25 for anexample.Adding a nodemeansmultiplying its CPD ontothe frontier distribution, andremoving
anodemeangamainalizingit out of thefrontier distribution. We leave the detailsasan exercise sincewe areabout
to developamoreef cient algorithmbasedn similarideas.

4.4 Theinterface algorithm

Thefrontierdistribution, P (Ztjy1:t), hassizeO(M Nn ). Fortunatelyit is easyto seethatcanexcludefrom thefrontier
all nodesthatdo not have ary childrenin the next slice. We will prove this below. Firstlet us make the following
de nition:

De nition . The outgoinginterfacel{ is the setof nodeswhich have childrenin the next slice,i.e., I { ©tu2
Vij(u;v) 2 ETP(L + 1);v 2 Vi 0.

Now we provethatthe outgoinginterfaced-separatethe pastfrom thefuture,andhencecanbeusedasasufcient
statisticfor inference.

Theorem. (Vi 1[ (Ve nl{ )) ? Vi Tjl{ , i.e., the outgoinginterfaced-separateshe pastfrom the future,
wherethe pastis all thenodesin slicesprior to t, plusthe non-intericenodesin slicet, andthefutureis all nodesn
slicesaftert.

Proof. Let| beanodein the outgoinginterface,connectedo a nodeP in the pastanda nodeF in the future
(which mustbe a child of I , by de nition). If P is aparentthegraphlookslikethis:P I 1! F. If P isachild,
thegraphlookslikethis: P | ! F. Eitherway, wehave P ? Fjl, sincel is neveratthebottomof av-structure.
Sinceall pathsbetweenany nodein the pastandary nodein the future are blocked by somenodein the outgoing
interface theresultfollows.

Figure 31 shavs a DBN for whichjl' j = 1 < jl j = 4, but Figure 28 shavs a DBN for whichjl' j =
5> jl j = 4. Althoughthe outgoinginterfaceis not necessarilysmallerthanthe incominginterface,in practice

it oftenis. (If all temporalarcsare persistencarcs(arcsof the form Qﬁi)l ! Qﬁi)), thenit is easyto seethat
the outgoinginterfaceis never largerthanthe incominginterface.) In addition,the outgoinginterfacelendsitself to

22



Figure32: The Mildew 1.5DBN. Nodesin the outgoinginterfaceareshawn in bold outline. Nodeswhich arenotin
the outgoinginterfaceof slice 1 aredisconnectedandcanberemoved. Dashedarcsareaddedo ensurethe outgoing
interfacesarefully connected.

simpleralgorithms which arebettersuitedto onlineinference aswe will seebelow.

The ltering problemnow reducesto computingP (I{ jyi1:t) from P(l{ ;jyi:x 1). To do this, we will usea
modi ed junctiontreeon a modi ed 2TBN; this will allow usto exploit any sparsestructurethat may exist within
a slice (somethingthe frontier algorithmdoesnot do). We will call themodi ed 2TBN a 1.5DBN, sinceit contains
“one-and-a-half slices. Speci cally, the 1.5DBN containsall the nodesin slice 2, but only the outgoinginterface
nodesfrom slice 1. SeeFigure32for anexample.

Let usdenotethe 1.5DBN by G;.5. To corvertthis to a modi ed junctiontree,we proceedasfollows. Firstwe
moralizeG1.5 to createM (Gi1.5). Thenwe addundirectededgesbetweenall nodesin It! , andbetweenrall nodes
in1{ tocreateM * (Gy:s); this ensuregherewill be cliquesthat are large enoughto containP (I{ ,jy1+ 1) and
P(l{ jyit). Thenwe triangulateusingan unconstrainegliminationorderingto createT (M * (G1:5)). Finally we
createa junction tree from the maximal cliguesof T(M * (G1:5)). If this containsall the nodesin slicet andthe
interfacenodesin slicet 1, wewill callit J;. (J; justcontainsslice 1, of course.)Let in-clqg denotethecliquein J;
which containd{ ;, andout-clgdenotethecliquewhich containd{ . SeeFigure33for anexample.

Having createda junction tree, we can de ne the smoothingalgorithmasin Figure 34. The forwardsopera-

tor, ( ¢;J¢) = fwd( ¢ 1;Y:), doesonestepof Bayesianupdating,i.e., it computes td:efP(It! jyzt) from ;1 =
P(I{ ,jy1t 1). It alsoreturnsthe potentials of all the cliquesandseparatorén J; (thesewill neededn the back-
wardssmoothingpass). The# operatorepresentgsumor max) mamginalization;thus oy #1; meansmamginalize
theclique potentialon out-clgontotheforwardsinterface.

Similarly, thebackwardsoperator( ; 1;J¢) = backK ¢; ¢;Jt), computeghe analogof the equation(12.45)for

HMMs:

- (@ D)Pa)A@ 1 a) (@)
(@ ;)= @

since (g 1)P(yija)A(q 1;q) isincludedin J, andthe backoperatormultipliesby (q)= (q). (Exercise7.5
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C5(1) C12(1,2)— C11(1,2)— C10(1,2)C9(2) C12(2,3)— C11(2,3)— C10(2,3)— C9(3)
ca(1) C8(1,2) C8(2,3)
C3(1) C7(2) C7(3)
c2(1)  Ci(1) ca{ \05(2) ce{ \05(3)
J J2 J3

Figure33: Thejunctiontreeconstructedrom 3 slicesof theDBN in Figure32. ThenotationCn(t; t+ 1) meanslique
n containingnodesfrom slicest andt + 1. ThusC12(2; 3) is the sameasC12(1; 2), exceptall the nodenumbers
areshiftedup by N, the numberof nodesperslice. (Cliquesin J;, t > 1, startwith number5 becauseliquesl to 4
correspondo disconnectediodesin slice 1 of the 1.5DBN, andcanbeignored.)For J;, t > 1, theincomingclique

is C12 andthe outgoingcliqueis C9; for J;, the incoming/outgoingcliqueis C5.

t representshe potentialon the

separatobetweenl; andJ+; ontheforwardspass; ; representshis potentialon the backwardspass.

function( ¢;J¢) = Fwd( « 1;yt)

Initialize (J:) usingthe CPDsfrom slice 2 andthe evidencey:
in = in t o1

Collectto out-clq
t = out #lt!

function( ;J¢) = Fwd1(y:)

Initialize (J:) usingthe CPDsfrom slice 1 andthe evidencey;

Collectto out-clq

ou #1{

t =

function( ¢ 1;J¢) = BacK ; ;Jt)

t

out = out "
Distributefrom out-clg
in #lt! 1

t 1=

function(J1) = Backd( 1; 1;J1)

1

out = out

Distributefrom olut-clq

( 1;31) = fwdl(y1)
Fort=2;:::;T,
(;30) = fwd( + 1;%1)

T= ot

(¢ 1;d1) = back ¢; t;Jt)
J1 = backX 1; 1;J1)

Figure34: Pseudo-codéor thegeneralized
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asksyouto developan versionof this algorithminstead.)
We cancomputeary single node mamginal P(Qﬁ')jyl;T) by mamginalizing . Similarly, we cancomputeary
family maminal P (Qﬁ') ; Pa(Qﬁ'))jyl;T) by maminalizingthe appropriatepotentialin J;.

4.5 Conditionally tractable substructure

The O(M i 1) compleity of ltering is a purely graph-theoretiqworst-caseyesult. It sometimeshappenghat
the CPDsencodeconditionalindependenciethatarenot evidentin the graphstructure. This canleadto signi cant
speedups.For example,considerFigure 35. This is a schematicfor two “processes’(hererepresentedby single
nodes)B andC, bothof which only interactwith eachothervia anintermediatdayer, R.

Theoutgoinginterfaceis f R; B ; Cg; sinceB andC representvholesubprocesseshis might bequitelarge. Now
supposeave remove thedottedarcs,soR becomes “root”, with only outgoingarcsto itself andB andC. Again,the
interfaceis f R; B; Cg. Finally, supposehatR isin factastaticnode,i.e.,P(R{jR; 1) = (R¢;R¢ 1). (Forexample,
R mightbea x edparametej In this casethemodelcanbesimpli ed asshavn in Figure36. This modelenjoysthe
propertythat,conditionedon R, theinterfacefactorizes:

P(R;B¢; Cijyrt) = P(BtjR;y1:1)P(CijR; y1:t)P (Riy1t) = P(BtjR; Yr )P (CiiR; Y5)P (Rjy1:t)

wherey; = (y2;yF). ThisfollowssinceB.? y$,jR andC;? y&,jR, i.e.,evidencewhichis localto aprocessloesnot
in uence otherprocessesheR nodeactslike abarrier Hencewe canrecursvely updateeachsubprocesseparately:

P(BijR;y:) = P(BtJR:y;t 1Ye)

I P(y?iB)  P(BijBr 1= BiR)P(Br 1= bR;yL 1)
b

Thedistribution overtheroot variablecanbe computedat ary time using

X
P(Rjywt) / P(R)P (Bt = bR;y1:t)
b

Thereasorwe cannotapplythesamefactoringtrick to themodelin Figure35isthatP (BjRy;y1:t) 6 P (B¢jR¢;yE,),
sincethereis a path(e.g.,via R; 1) connectingY,® to B;. If we could conditionon thewhole chainRy.; insteadof
juston R¢, we couldfactorthe problem.Of coursewe cannotconditionon all possiblevaluesof Ry, sincethereare
Mt of them;however, we cansamplerepresentatie instantiations Giventhesesampleswe canupdatethe processes
exactly. Thisis anexampleof Rao-Blackwellisegbarticle Itering: seeSection5.4.3.

5 Approximate ltering

Sofar, we have discussedhow to performexact Itering in discrete-statenodels.Althoughthis is alwayspossible jt
might betoo slow, becausehe belief state,P (X +jy1:t) (or, moreaccuratelyP (I{ jyi:t)) is toolarge. Hencewe must
resortto approximations.

What aboutmodelswith continuousor mixed discrete-continuoudiiddenstate?It turnsout that for nearlyall
suchmodels,exact (i.e., closed-form, x ed-sized)representationsf the belief statedo not exist. The exceptionis
modelsin which thetransitionandobsenationmodelsareconjugate LinearGaussiar{state-spacanodelshave this
property: the belief state,P (X jy1.t), canalways be exactly representedy a Gaussiar?. However, in generalwe
mustapproximatethe belief state. In the following sectionswe review a numberof differentalgorithms,which use
differentrepresentationfor theapproximateelief state.Most of thesemethodsareonly suitablefor restrictedclasses
of DBNSs. At presentdiscretizatiormandsampling(Section5.4) arethe only methodghatcan,in theory handleDBNs
with arbitrarytopologyandarbitraryCPDs.Unfortunately discretizatioris notfeasiblefor large networks/nodesand
to make samplingwork well in practice,it is usuallynecessaryo make additionalrestrictionslssumptionandto use
model-speci cheuristics Hencethe pictureis somavhatlesssatisfyingthanin Section4.

5To seethis, notethat sincethe previous belief state,P (X 1jy1:t 1), is Gaussiar(by assumption)thensois P (X tjy1:t 1), sinceXy is a
lineartransformatiorof X ; 1 plusadditve Gaussiamoise.Combinininga Gaussiamrior, P (X tjy1:t 1), with aGaussiatikelihood,P (ytjX+t),
yieldsa Gaussiarposterior P (X tjyi:t). In otherwords,linearGaussianmodelsareclosedunderBayesiarupdating.
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Figure35: Two “processes’hererepresentetly singlenodesB andC, only interactwith eachotherviaan“interface”
layer, R.

©,
©,
<,

7

o
ot

Figure36: Conditionedon the staticroot, theinterfaceis fully factored.
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5.1 Belief state= discretedistrib ution

In this section,we considemproblemswherethe belief state,P (Xjyz1.t), is a discreteprobability distribution, asin a
histogram.This mightariseif we discretizedall thecontinuousiddenvariablesprif all thevariablesvereall discrete
to begin with. Althoughin principle we canusethe exact methodsdiscussedn Section4, in practicethey might be
too slow. Hencewe developfaster but approximatealgorithms.

5.1.1 Assumeddensity ltering (ADF)/ BK algorithm

Basicidea Assumeddensity Itering (ADF) assumeghe belief stateis a memberof somerestrictedfamily F .
Figure37 illustratesthe basicidea. We startwith aprior, ~ 1 2 F, andperformonestepof exactBayesiarupdating
to get b;. Usually by 62F, sowe approximateit by choosingthe “closest” approximationin the family: ~; =
argminger D("jjg). If F is in the exponentialfamily, this equationcanbe solvedby momentmatching.

ForaDBN, it is naturalto let F bethesetof factorizeddistributions,i.e., we approximatehejoint distribution
by a productof marginalsover clustersof variables:

¥ (ci);
t t = P(Q¢ ™" jy1t)
i=1

where[ j¢ = |° is apartition of the interfaceinto clusters(which may overlap). This is often calledthe “Boyen-
Koller” (BK) approximation. The bestapproximatedistribution in this family canbe found by momentmatching,
whichin thediscretecasemeansomputingthemaiginalson eachcluster We discusshow to do this ef ciently below.

by bt+1 exact

€ 1 = €t+1 approx

Figure37: The ADF algorithmasa seriesof update(U) andprojection(P) steps.

Error analysis It canbeshavn thatthe errorremainsboundedovertime, in thefollowing sense:
ED(di~) —

wherethe expectationis take over the possibleobserationsequences, is themixing rateof the DBN, and ; is the
additionalerrorincurredby projection,overandabove ary errorinheritedfrom the factoredprior:

t=D( tji~t) D( tji™):

Theintuition is that, eventhoughprojectionintroducesanerror at every time step,the stochastimatureof the transi-
tions,andtheinformative natureof the obsenations,reduceshe errorsufciently to stopit building up.

The accurag of the BK algorithm dependson the clustersthat we useto approximatethe belief state. Exact
inferencecorrespond$o usinga singlecluster containingall theinterfacenodes.The mostaggressie approximation
correspond$o usingoneclusterpervariable(a “fully factorized"approximation).

The bestcasefor BK is whenthe obsenationsareperfect(noiseless)pr whenthetransitionmatrix is maximally
stochasti¢i.e.,P (XjX; 1) isindependendf X; 1), sincein eithercasegrrorsin theprior areirrelevant. Corversely
theworstcasefor BK is whenthe obsenationsareabsenbr uninformative,andthetransitionmatrix is deterministic,
sincein this case the error grows over time. (This is consistentvith the theorem,sincedeterministicprocessesan
have in nite mixing time.) In Section5.4,we will seethatthe bestcasefor BK is theworstcasefor particle Itering
(whenwe proposdrom thetransitionprior), andvice versa.
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Implementation We canimplementthe BK algorithmby slightly modifying the interfacealgorithm(Section4.4).
Speci cally, we constructhejunctiontreefor the 1.5DBN asbefore,but insteadof addingundirectededgeshetween
all nodesin I{ ; andl; , we only addthembetweenall nodesin eachcluster This usuallyresultsin muchsmaller
cligues.We leave the detailsto exercise7.8.

5.1.2 Beamsearh

A completelydifferentkind of approximationis to assumehatthereareonly a small numberof likely hypotheses.
Fromeachsuchlikely prior state,we try to nd the next mostprobablesetof states.We caneitherkeepthe k most
likely statesor keepenoughstateso ensurewe cover enoughof the probability mass. This methodis widely used
in speectrecogntionwherewe only keeptrack of the mostprobablyinterpretation®f the sentenceandalsoin fault
diagnosiswherewe only keeptrack of the mostprobablefaults.

5.2 Belief state= Gaussian

In this section,we consideralgorithmsthat approximateP (X jy1.1) by a single Gaussian.(Many of thesecould be
generalizedo useary memberof the exponentialfamily.)

5.2.1 Kalman lter (KF)

Recalltheform of the state-spaceodelfrom Chapter??:

Xt = AXt 1+ Vi
Yt CXt + W

wherev; N (0; Q) is the processnoise, w; N (0; R) is the obsenation noise, and the variablessatisfy the
conditionalindependencassumptiongmplicit in Figurel. (In this andfollowing sectionswe adoptthe cornvention
thatcapitallettersdenotematrices,andlower caselettersdenoterandomvariablesor valuesof randomvariables.To
simplify notation,we omit the input variableu.) In this case,the belief stateis Gaussiarand canbe represented
exactly by its rst two moments:kt,-tdierE[xtjyl;t] and Pt,-td=efE[(xt 2)(xt  R)Tjy1t]. This belief statecanbe
updatedecursvely usingthe Kalman Iter , aswe sav in Chapter??. For completenessye restateheequationsere.
Firstwe performthetime update(predictionstep):

Xtjt 1 = AXp gt 1

_ T
Pyt 1 = APy g5 1A +Q
Vit 1 = CXijt 1

Thenwe performthe measuremenipdate(correctionstep):

Yo = Yt % 1 (error)

Py, = CPyj 1CT + R (covarianceof error)
Py.ye = PytCT (crosscovariance)

Ki = PxyPy,* (Kalmangainmatrix)

Xt = X 1+ Ke(Yr Yeje 1)

Pit = Py 1 KiPyK{

We cangeneralizethe Kalman Iter equationsto apply to ary linearGaussiarDBN by usingthe junction tree
algorithmdiscussedh Section4, andmodifyingthede nition of summationmultiplicationanddivision sothatthese
operationganbeappliedto Gaussiampotentialsnsteadof discreteones.
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5.2.2 ExtendedKalman lter (EKF)

TheextendedKalman Iter (EKF) canbeappliedto modelsof theform

f(Xe 1)+ v
g(xt) + w

Xt
Yt

wheref andg arearbitrary differentiablefunctions. The basicideais to linearizef andg aboutthe previous state
estimateusinga secondorder Taylor expansion,andthento apply the standardKalman Iter equations.(The noise
variancein theequationdQ andR) is notchangedi.e., theadditionalerrordueto linearizationis notmodeled.)Thus
we approximatehe stationarynonlineardynamicalsystemwith a non-stationaryineardynamicalsystem.Thatis, at
timet, we approximate¢he modelby

Xe = FQR gt 1)+ Ary (Xt 1 Re e )tV
Yt (Rt 1)+ Cryj (Xt Ryt 1)+ W

whereRy; 1= f (R 1t 1) and

Re Rle

R

We thenusethesestate-dependematricesin the standarKF equations.
It is possibleto improve performanceby repeatedlye-linearizingthe equationsaroundgy;; insteadof Ryj; 1; this
is calledtheiteratedEKF, andyieldsbetterresults,especiallyin the caseof highly nonlinearmeasuremenhodels.

5.2.3 UnscentedKalman lter (UKF)

Theunscente®&alman lter (UKF) propagateadeterministicallychosersetof pointsthroughthenon-linearfunctions
f andg, and ts a Gaussiarto the resultingtransformedpoints. (This is called an unscentedransform,and is
closelyrelatedto Gaussiamuadraturemethodsfor the numericalevaluationof integrals.) The resultingGaussian
approximationis accurateo atleastsecondorder, whereaghe EKF is only a rst orderapproximationFurthermore,
the UKF doesnot requirethe analyticevaluationof any derivatives,makingit simplerandmorewidely applicable
thanthe EKF. In generalbothalgorithmsperformO(d3) operationperstep(whereX; 2 IRY).

Beforeexplainingthe UKF, we rst explainthe unscentedransform.AssumeP (x) = N (X; ®R; Pyx), andconsider
estimatingP (y), wherey = f (x) for somenonlinearfunctionf . The unscentedransformdoesthis asfollows. First
we createamatrix X of 2d + 1 sigmavectorsx;, givenby

Xg = R

p__
Xji = R+ ( (d+ )Py); i=1;::::d
Xi = R ( (d+ )Py); i=d+1;::;2d
where = ?(d+ ) disascalingparameter(lfgl generaltheoptimalvaluesof , and areproblemdependent,

butwhend = 1,theyare =1, =0, =2)( (d+ )Py);isthei'thcolumnofthematrix squareoot. (These
pointsarejust 1 standarddeviation aroundthe mean.) Thesesigmavectorsare propagatedhroughthe nonlinear
functionto yield y; = f (x;), andthemeanandcovariancefor y arecomputedasfollows:

>(d m
y = Wi( )yi
i=0

W%y Dy 9T
i=0

U
<
1

29



Actual (sampling) Linearized (EKF) uT

sigma points \.e
covariance

|
weighted sample mean
l l and covariance

transformed
- true mean ‘ 0‘/ sigma points
. O
\ ... true covariance b Atc' J
i UT mean o]
: - ‘ o\

UT covariance

ey

mean

(o]
(o]
(]
|

Figure 38: An exampleof the unscentedransformin two dimensions.Thanksto Rudolphvan der Merwe for this
Figure.

where
wim = =(d+ )
We? = =(d+ )@ P+ )
w™ = W = 1=+ )

SeeFigure38for anexample.

The UKF algorithmis simply two applicationsof the unscentedranform,oneto computeP (X ;jy1.t 1) andthe
otherto computeP (Xjy1.t). In the caseof zeromeanadditive Gaussiamoise,the algorithmis asfollows. Firstwe
createthevector

h q__ q__ i
Xy 1= Rt gt 10 Re gt 1+ Pe gt 10 Re gt 1 Pe gt 1

where = pd+ . Thetime updatebecomes:

Xr 1 = f(X¢ 1)

)gd
Rijt 1 = Wi(m)xi;tjt 1
i=0
)gd
lﬂtjt 1 = Wi(c)(xi;tjt 1 Ryt DKieje 1 Ryt )T+ Q
i=0
?tjt 1 = Xy 1)
wd
9tjt 1= Wi(m)Yi;tjt 1
i=0
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Themeasuremenipdatebecomes

Rd
P = Wi(C)(Yi;tjt 1 Pt Mgt 1 % DT +R
i=0
d
B _ w9 (x R Y, T
Xiyy = K 1 Rge Dge 10 Y 1)
i=0
Ki = Pyy Pt
t = XYty
Rije = Ry 1+ Ke(ye  $je 1)
Ptjt = Ptjt 1 KtPY'1KtT

We canseethatthe UKF is a simple modi cation to the standardKF, but which canhandlenonlinearitieswith
greateraccurag thanthe EKF, andwithoutthe needto computederivatives.

5.2.4 Assumeddensity Iter (ADF)/ momentmatching Iter

We alreadyencounteredDF in Section5.1.1,wherewe assumedhe belief statewasrepresentablasa productof
discretemaminals. In this section,we assumehe belief stateis representethy a Gaussian.The goalis to nd the
parametersf this Gaussian.

For example,considera systemwith linearGaussiardynamicsbut non-linear non-Gaussianbsenations(e.g.,a
mixture of Gaussiansyhich couldnot behandledby the EKF or UKF). We startwith anapproximatesaussiarprior:

P(Xt 1jyrt 1) ~(X¢ gt 1) = N(Xe 1% 15t 1Pt g5t 1):

Thisis propagatedhroughthelinearGaussiarlynamicsto geta Gaussiarone-step-aheaggredictiondensity:
P(xtjyrt 1) ~(Xgje 1) = N(Xe; A% g5 15AP g5t 1+ Q):

The exactupdatestepbecomes

P (ViX)P (Xtjynt 1)
x PYtixo)P (Xejyrt 1)
pp(ytjxt)"(xtjt 1)

X P(Ytjxt)"(xtjt 1)

b(X¢jt)

The goalis to computethe closestGaussiarapproximationto this posterior To simplify notation,let us rewrite the

aboveas
2 )a ()
1()ae ()

where = x, I() = P(wjx;) is thelikelihood,and g ( ) = ~(X¢jt 1) is the Gaussiarprior. The goalis to
minimizeD (p( )jjg™" ( )) subjectto theconstrainthatg™" ( ) = N ( ;m"™"; VW) js Gaussianwherem"™" =
Eqew [ ]andV™W = Eguew [ 7] Eguew [ JEqrew [ ]7. Takingderivativeswrt m™" andV """ givestheexpectation
constraints

P(Xtjywt) =

def

b(tht) =p()=

Z
Ep[1= p()
Z

Eqes [ ]

Eqen [ 7] Eol 1= p() T
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We cancomputethe expectationsvrt p usingthe following relations(obtainedrom integrationby parts):

Z
Z(m°'d;V°'d) - |( )qold( )
dn = r o0 logZ(mod;vod)
dy = rya logZ(mod;yold)
Ep[ ] - mOId + Vold dm

Vold Vold dmd-rl;q 2dV Vold

Epl "1 Epl JEp[ ]

Theseequationdoldfor ary likelihoodtermI( ), whichcouldbee.g.,amixtureof Gaussiansin generalsolving
theintegralin thede nition of Z mightrequirefurtherapproximations.

5.3 Belief state= mixtur e of Gaussians

A naturalextensionis to allow thebelief stateto berepresentetly a mixture of GaussiansThegoalis to take theold
beliefstate P (X: 1jyi:t 1), representely amixtureof M Gaussiangp passt throughanarbitrarytransitionmodel
to gettheprior P(Xjy1:t 1), to do Bayesianupdatingwith this prior andanarbitraryobsenationmodel,P (Y;jX1),
andthento approximatehe resultwith anothemixture of GaussiansUnfortunately anef cient, generalalgorithm
to dothis hasnot yet beenfound.

An importantspecialcasefor which this problemcanbe (approximately)solvedis Itering in a switchingSSM
(Section2.11). Theold belief, P(X: 1;S; 1jy1t 1), is naturallyrepresentedsa mixture of M Gaussianspnefor
eachvalueof the switch, S; ;. For eachvalueof the new switch,S; = j, we have a linear dyamicalsystemwith
parameters; . We apply the standardKalman Iter updateto eachmodei of the prior, usingparameters; . Hence
theposterioP (X¢; S = jjy1t; St 1 = i) isamixtureof M 2 GaussiansTheposteriomeedso bereducedackto a
mixtureof M Gaussiansptherwisethe sizeof the belief statewill grow exponentiallywith time. Therearea variety
of heuristicwaysto do this:

Drop mixture component®f low weight.
Samplemixture componentsccordingto their weight.
Repeatedlynemgethe mostsimilar pair of mixturecomponents.

Minimize thedivergencebetweerthe M 2-componenandthe M -componenmixture usingnonlinearoptimiza-
tion.

P
For eachvalueof S; = j, usemomentmatching(Section5.2.4)to approximatethe mixture ; P(Xy; S =
jiSt 1 = i; y1t) by asingleGaussianThisis sometimesalledthe second-ordegeneralizegpseuddayesian
(GPB2)algorithm,andwe explain it in moredetailin Section5.3.1below.

5.3.1 GPB2algorithm

The basicideabehind GBP2is shawvn in Figure 39. For eachmodeof the prior, P(X¢ 1;St 1 = ijy1t 1), and
for eachvalueof the currentswitch S; = j, we computeP (X¢; St = j; St 1 = ijy1t) usinga Kalman lter with
parameters; . WethencollapsethedifferentS; ; component®f P (X;S; = j; St 1 = ijy1t) for eachj by moment
matching.Speci cally, if

P(Xt;St=10; St 1= ijyrt) = pi N(Xe; g5 i)

thenthenew distributionis givenby

P(Xt;St = jiyu) = BN (Xy; 5 )
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Fiter1 —— B
ilter @
b 4 @ @ Merge ——— b
@ Filter2 = btl;ZB
B
_ B
Filter1 = &' BB
K 4 @ Merge ——— b
@ Fiter2 — b

Figure39: The GPB2algorithmfor the caseof abinaryswitph. b'[ 1 = P(Xt 1;St 1 = ijy1tr 1) is theprior,
B’ = P(Xt;St 1=1i; St = jjy1t), isthejoint posteriorandl = P(X¢; St = yjyi.t) isthemaginal posterior The
Iter boximplementgheKalman Iter equationsThe memgeboximplementthe momentmatchingequations.

where

Piji = el .
X i le
N R

X X ;

= ikt Co DG ) B
[ [

In thejunctiontreeliterature thisis called“weak maminalization”. It canbeappliedto arny conditionallyGaussian
model,notjust switchingSSMs.

TheGPB2algorithmrequiresunningM 2 Kalman lters ateachstep.A cheapealternatve, known asinteracting
multiple models(IMM), canbeobtainedby rst collapsingtheprior to a single Gaussiar{by momentmatching),and

thenupdatingit usingM differentKalman lters, onepervalueof S;: seeFigure40. Unfortunately it is hardto
extendIMM to the smoothingcase unlike GPB2,a smoothingversionof whichis discussedn Section6.1.3.

5.3.2 Viterbi approximation

If therearealargenumberof discretevariablesjt maybetoo slow to performM 2 or evenM KF updatesasrequired
by GPB2andIMM. Instead,onecanenumerate¢he discretevaluesin a priori orderof probability. (Computingtheir
posteriorprobabilityis asexpensve asan exactupdatestep.) This makessensdor a DBN for fault diagnosiswhere
thereis anaturalorderingon thediscretevalues:onefaultis muchmorelik ely thantwo faults,etc. However, it would
notbeapplicableto the dataassociatiodBN in Figure23, wherethereis no suchordering.
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Figure40: ThelMM (interactingmultiple models)algorithmfor the caseof a binary switch.

5.4 Belief state= setof samples(particle lItering)

Thebasicideabehindparticle Itering © is to approximatehe belief stateby a setof weightedparticlesor samples:

S
P(Xtjy1:t) wy (X X{)
i=1

(In thissection X | meanghei'th sampleof X, andX; meanghei'th componenbf X;.) Thisis anon-parametric
approachand hencecan handlenon-linearities,multi-modal distributions, etc. The advantageover discretization
is that the methodis adaptve, placingmore particles(correspondingo a ner discretization)in placeswherethe
probabilitydensityis higher

Given a prior of this form, we cancomputethe posteriorusingimportancesampling. In importancesampling,
we assumethe targetdistribution, (x), is hardto samplefrom; instead,we samplefrom a proposalor importance
distribution g(x), andwelgl“lgthe sampleaccordingtow' /  (x)=q(x). (After we have nished sampling,we can
normalizeall theweightsso w' = 1). We canusethis to samplepathswith weights

i P (X1dy1t)
t i
A(X.¢Jy1:t)
The probability of a samplepath,P (x}..jy1.t), canbecomputedecursvely usingBayesrule. Typically we will want

the proposaldistribution to be recursie also,i.e., (X 1:tjy1:t) = d(XtjXz2:¢ 1;Y1:0)d(X1:t 1jY1:t 1)- In this casewe
have

i P(ytj_xit)_P(Xithit 1)P(Xi1:t Uyt 1)
aXtiXt 13 Y10)0(X1y 1dY1e 1)
P (yejx})P (x{jxi l)w'

q(x{jxilzt 1;Y1:t) ‘
def

e i i
= Wow

wherewe have de ned W] to betheincrementaiveight.
For ltering, we usually only care aboutthe posteriormaminal P (Xjy1.t), as opposedto the full posterior
P (X 1:tjy1:t). Hencewe usethefollowing proposal:q(x¢jxi., 1;y1:t) = d(XtjX} 1;¥t). This meanswe only needto

SpParticle Itering is alsoknown assequentiaMonte Carlo, sequentiaimportancesamplingwith resampling(SISR), the bootstrap lter, the
condensatiomlgorithm,survial of the ttest, etc.
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function[f xi; wigls 1= PRFx 1iwh 1905 iy
fori = 1:Nsg
Samplex;  q(jXi 1;¥1)
Computef; from Equationl
W= Woow g
Computew; = N5 wi
Normalizew! := wi=w
ComputeNgs ¢ from Equation2
if Nef ¢ < threshold

= resampléf w; gi’\:lf)
Xt = Xt
W{ = 1=Ns

Figure41: Pseudo-codéor agenericparticle Iter . Theresamplestepsamplesndiceswith replacemenaccordingo
their weight; theresultingsetof sampledndicesis called . Theline x, = X, simply duplicatesor removesparticles
accordingto thechoserindices.

storex; in eachparticle,insteadof thewholetrajectory x1.¢. With this proposalthe weightssimplify to

P (yix)P (xijxi 1)
a(xiixt 13 Y1)

W = 1)

5.4.1 Theresamplingstep

Thealgorithmdescribedofar is known assequentialmportancesampling(SIS). A well known problemwith SISis
that,overtime, oneof the normalizedmportanceweightstendsto 1, while the otherstendto zero(evenif we usethe
optimal proposaldistribution: seeSection5.4.2). Hencea large numberof samplesareeffectively wasted sincetheir
weightis neggligible. Thisis calledparticle“impoverishment”.

An estimateof the“effective” numberof sampless givenby

1

Neff =
N .
i=1 (wp)?

)

If this dropsbelon somethreshold,we cansamplewith replacemenfrom the currentbelief state. Essentiallythis
throws out particleswith low weightandreplicateghosewith highweight. Thisis calledresamplingandcanbedone
in O(Ns) time usingavarietyof methods After resamplingtheweightsareresetto the uniformdistribution: the past
weightsarere ectedin thefrequeng with which particlesaresampledanddo not needto be kept.

Particle Itering is just sequentiaimportancesamplingwith resampling Theresamplingstepwasthekey innova-
tion in the 1990s;SIS itself hasbeenaroundsinceat leastthe 1950s. The overall algorithmis sketchedin Figure41.
Its simplicity andgeneralityis onereasorfor the algorithm's widespreagopularity

Althoughresamplingkills off unlikely particles,it alsoreduceghe diversity of the population(which is why we
don't doit at every time step;if we did, thenw! = Wi). This a particularly severe problemis the systemis highly
deterministic(e.qg.,if the statespacecontainsstaticparameters)A simplesolutionis to apply a kernelaroundeach
particleandthenresamplefrom the kernel. An alternatve is to usean MCMC step,that samplesrom P (X (jy1:t),
thusintroducingdiversitywithout affectingthe correctnessf thealgorithm.

5.4.2 The proposaldistrib ution

By farthemostcommonproposals to samplefrom thetransitionprior: qxejxt 15yt) = P(X¢jx} ;). Inthiscasethe
weightssimplify tow; = P (y:jx}). Thisversionof particle Itering is sometimegalledthe condensatiomlgorithm:
seeFigure4?2.
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weighted prior ® @ o P(x(t-1)]|y(1:t-1))

proposal P(x(®Ix(t-1))
unweighted ¢ . e o & & % PX(®)|y(l:t-1))
prediction
weighting P(®) | (1)
weighted
posterior oo T ®  PX(®)|yl)
resample
unweighted . P(x(t) | y(1:1)
posterior

Figure42: Particle Itering, wherethe proposalis the transitionprior, g(x¢jx} 1;yt) = P(x:jx} ;), andhencethe
incrementalweightis the likelihood,w, = P (y;jx}). In this example,we assumave startwith a setof (unequally)
weightedparticles representinghe prior, andtransformthemto a setof (equally)weightedparticlesrepresentinghe
posterior Notice how theresamplingstepdecreasediversity of the populationandmakesall theweightsuniform.

For predictingthefuture,samplingfrom thetransitionprior is adequatesincethereis no future evidence.But for
monitoring/ ltering, it is not very ef cient, sinceit amountgo “guessuntil you hit”. For example,if the transitions
are highly stochasticsamplingfrom the prior will resultin particlesbeingproposedall over the state-spaceif the
obsenationsare highly informative, mostof the particleswill get“killed off” (i.e., assignedow weight). In sucha
casejt makesmoresensdo rst look attheevidenceyy;, andthenpropose:

a(xext 13Ye) = P(eixt 13v0) /P (yei%e)P (Xejxt 1)

In fact,onecanprove thisis the optimal proposalistribution, in the senseof minimizing the varianceof theweights.
(High variancedistributionsarewasteful,sincethey correspondo the casewheresomeweightsarehigh andsomeare
low; thelow weightparticlesare“wasted”.)
If we usethe optimalproposaltheincrementalveightis givenby the one-step-ahedik elihood:
z
Wy = P(yixi 1) = P(yixo)P(xexi 1)
Xt

In generalthis may be intractableto compute,but if the obsenation model, P (Y;jX:), is linearGaussianandthe
processoiseis Gaussiani.e.,

P(Xtjxt 1) = NXefu(xp 1):Q1)
P(YijXt) N (yi; CiXt; Rt)

thenonecanusethe standardalman lIter rules’ to shaw that

P(Xux; 1:¥1) = N (Xt Xyi: Pye)
W = P(yijxt 1) = Ny Cifi(xe 1); Qi+ CR(C)
where
Pt = Q'+ C/R'C

Xje =t Q filx 1)+ HR, Ty

If the modeldoesnot satisfytheserequirementspnecanstill usea Gaussiarapproximatiorto P (X tjx} 1:Yt) as
the proposal. For example,if we storea meanand covariancein eachparticle,we cancomputeP (X ¢jX} 1;Yt)

7Speci cally, we usethe informationform, sincethe old belief stateis a deltafunction: x; 1t 1= x{ 1+Pt 15t 1= 0. Hencexy; 1 =

f(x} ;)andPy, 1= Qt.By Equation15.43,Ptjll = Pml .+ CIR, lCt,andbyEquation15.54,Ptjllktjt = Pml Rije 1+ TR My,
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function[fs}; |; i:wigl = RBPF-SSSM-pridffs; 1; | 1; | ;W 10:Vt)

fori = 1:Ns
Sampl&e; P(Sust )
(‘{3 Wt)— KF( ¢ 15 t 1315 511)
Wt Wi o1
Computew; = i’if Wi

Normalizew; := w;=w;
ComputeNgs ¢ from Equation2
if Net ¢ < threshold

= resampl(afwthS)
St =Sty tT oty t T ot
w; = 1=Ns

Figure43: Pseudo-codéor Rao-Blackwellisegarticle ltering appliedto a switching SSM, wherewe samplefrom
theprior.

N (X¢; kt o P' t) usingthe EKF/UKF. We canthensamplefrom this,andcopy Pt‘jt tothenewly sampledparticle. This
is calledthe extended/unscenteqbarticle Iter . The samplingstepcanovercomebiasintroducedby the deterministic
approximationNot surprisingly usinga clever proposaldramaticallyimprovesperformance.

If the processoiseis non-Gaussiarhut the obsenationmodelis (conditional)linearGaussianwe canpropose
from thelikelihoodandweightby thetransitionprior.

5.4.3 Rao-BlackwellisedParticle Filtering (RBPF)

TheRao-Blackweltheoremshavs how to improve uponary givenestimatorunderevery corvex lossfunction. At its
coreis thefollowing well-known identity:

Varl (X;R)] = ValE( (X;R)jR)] + E[Var( (X;R)jR)]

where (X;R) issomeestimatoof X andR. HencevafE( (X;R)jR)] Vafi (X;R)],so qX;R) = E( (X;R)jR)
is alower varianceestimator Soif we cansampleR andcomputethe expectationof X givenR analytically we will
needlesssamplegfor a givenaccurag). Of courseesssamplegoesnot necessarilyneanlesstime: it dependon
whetherwe cancomputethe conditionalexpectatioref ciently or not.

We now give a simple but usefulexampleof this idea. Considera switching SSM. If we knew S;.;, we could
computeP (Xjyi:t; S1:t) exactly usinga Kalman Iter. SinceS;.; is unknowvn, we cansampleit, andthen,for each
suchsample,integrateout X analytically usingthe Kalman Iter. Now we are only samplingin a small discrete
spacejnsteadof alarge hybrid space sothe performancas muchbetter bothin theoryandpractice.

Algorithmically, what this meansis that eachparticle containsa sampledvalue for S;, which implicitly rep-
resentsa whole trajectory Sy, plus the sufcient statisticsfor the Kalman lter conditionedon this trajectory

= E[Xtjywt; S| Jand | = Cov[XtJylt,slt] If we proposefrom thetransitionprior for S;, we cancomputethe
welghtusmgthemalglnalI|keI|hoodP(ytjsl,t)

P (yijst; Sil:t 1)P (StJSIt 1)

W= —
‘ ,  Pladst 1)
= P (yiixe; st)P (Xijst; st 1)
Xt
= N(y;Cs Ag lt 1:Cs (As, { 1A; + Q&)C; + Rg))
This termis just a byproductof applyingthe Kalman Itering equationsto the sufcient statistics | ;; | ; with

theparameteset s, = (As,; Cs,; Qs ; Rs, ). Theoverallalgorithmis shavn in Figure43. Notethatwe canusethis
algorithmevenif S; is notdiscrete.
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function[fsi; {; i;wigl = RBPF-SSSM-of§fs; 1; { 1; t 1;W 10:Yt)
fori = 1:Ng
for eachs
(% SL(s) =KF(t 15 t 135 s)
A= L(s) P(St=sjst 1)

we=" . q(s)

Normalizeq(s) := q(s)=wW*
Samples  q()

S{:S, it: S’ it: S’W{:WS

i i
wp =Wy owp g

Figure44: Pseudo-codéor RBPF appliedto a switching SSM, wherewe samplefrom the optimal proposal. The

third returnargumentfrom the KF routineis L (s) = P(y:jSt = S;S} 1:Y1t 1). ::: meanghecodecontinuesasin
Figure43.

function[xt; Wil= LW(x} 1;y:)
W= 1
Xt = emptyvectorof lengthN
for eachnodei in topologicalorder
Letu bethevalueof Pa(X{) in (x} 1;x})
If X{ notin y;
Samplext P (X{jPa(X!) = u)
else
xi = thevalueof X{ in y
Wi =W P(X{ = xijPa(X{) = u)

Figure45: Pseudo-codéor likelihoodweighting.

If thenumberof valuesof S; is sufciently small,andthetransitionmodelfor S; is notveryinformative, it might
bebene cial to usethe optimal proposaMdistribution, whichis givenby

P(S: = Sjsil;t 1;Y1:t)/ P(ytiSt = S;Sil;t 11 Y1t 1)P (St = SJS{ 1)
As usualtheincrementalveightis justthe normalizingconstanfor the optimal proposal:
X _ _
Wy = P(YiSt = sisy 1Y 1)P(St = sis; 1)
S

Themodi ed algorithmis shawvn in Figure44. This is moreexpensve thansamplingfrom the transitionprior, since
for eachparticlei, we mustloop over all statess in orderto computethe proposaldistribution. However, this may
requirefewer particles makingit fasteroverall.

5.4.4 Particle ltering for DBNs

So far, we have assumedt is easyto samplefrom the transitionmodel, P (X jX! ), andto computethe weight
P (ytjx}). But whatif thetransitionandobsenationmodelsarerepresentethy a complex DBN, insteadof a simple
parametricfunction? To apply particle Itering to a DBN, we can usethe likelihood weighting (LW) routinein

Figure45to samplex} andcomputef, givenx; ! andy;. TheproposadistributionthatLW correspondso depends
on which nodesof the DBN areobsered. In the simplestcaseof anHMM, wherethe obsenationis at aleaf node,
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LW samplesrom thetransitionprior, P (X|jx} ), andthecomputegheweightasw = P (y;jx}). (We discusshow
to improve this below.)

In generala)meof theevidencemightoccurat arbitrarylocation@mithin theDBN slice. In this casetheproposal
is q(xt;yr) = i P (x¢j jPa(Xy; )), andthe weightis w(Xt;yt) = i P (yyj jPa(Yyj ), wherexy; is the (valueof
the)j 'th hiddennodeattimet, andyy; isthe (valueof the)j'th obsenednodeattimet, andthe parentf both X y;
andYy; maycontainevidence.Thisis consistentsince

Y Y
P(Xt;yt) = P (Xt jPa(X¢; ) P (yj JPa(Yej )) = a(Xt; Yo)W(Xt; Vi)
i i

Impr oving the proposaldistribution  Sincethe evidenceusually occursat the leaves, likelihoodweighting effec-
tively sampledrom the transitionprior without looking at the evidencey;. A generalway to take the evidenceinto
accountwhile samplingin a Bayesnetis called“evidencereversal”. This meansapplyingtherulesof “arc reversal”
until all theevidencenodesbhecomeparentdnsteadof leaves.

ToreverseanarcfromX ! Y, wemustaddY'suniqueparentsy,, to X, andaddX 'suniqueparents X, to Y
(bothnodesmayalsosharecommonparentsC): seeFigure46. The CPDsin the new network aregivenby

P(YjYp; Xp; C) P(Y;X]jYp; Xp; C)

X
P(Yjx; Yp; C)P(xjXp; C)

X
P(Y]X; Yp; Xp; C)P(XjYp; Xp; C)
P(YjYp: X C)
P(Y]X; Yp; C)P (X [Xp; C)
P(YjYp; Xp;C)

P(XjY; Yp; Xp; C)

NotethatX, Y, andC couldrepresensetsof variables. Hencethe new CPDscouldbe muchlargerthanbeforethe
arcreversal.

In thecaseof anHMM, thearcreversaloperations shavn in Figure47. Applying theabove ruleswith X = Xy,
Y =Y, Xp =Xt 1,Yp= C=; yieldsthenen CPDs:
X . .

P (Yijxt)P (xtjXt 1)
Xt
P(YiX )P (XXt 1)

P(YtjXt 1)

P(YtjX¢ 1)

P(XtjXt 1, Y1)

For ageneralDBN, we may apply arcreversalto oneor moreof theleaf nodes,n orderto improve the ef ciency of
theproposaMistribution.

An alternatveto usinglik elihoodweightingcombinedwith arcreversalis to createajunctiontreefrom theoriginal
2TBN. The evidence,E, consistsof all of the nodesin slicet 1 (the valuesare storedin the old particle)plusa
subsetof the nodesin slicet (the new obsenations). One cansamplevaluesfor the remainingnodes,H, from the
optimaldistribution P (H jE) usingthefollowing two passalgorithm.First collectto theroot, asusual but then,in the
distribute phasedraw arandomsamplefrom P (X ¢, ng, jXs; ; E) for eachclique C;, whereS; is the separatonearer
to theroot. Althoughthis sampledrom the optimaldistribution, it is not usuallypossibleto implementthe necessary
operationgor manipulatingthe potentialsif someof the variablesare continuousandnon-Gaussian(Of course arc
reversalcannotbe appliedin this caseeither)

Combining particle ltering with afactoredbeliefstate It is possibleio combineparticle Itering with theBoyen-
Koller algorithm(seeSection5.1.1),i.e., to approximatehe belief stateby

¥ ooq Xe ,
P(X1jy11) N (Xte s Xe)
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Figure46: Arc reversal. (a) The original network. (b) The network afterreversingthe X ! Y arc. Themodi ed
network encodeshe sameprobability distribution asthe original network.

@0 @\

(a)
Figure47: A DBN (a) beforeand(b) afterevidencereversal.

whereC is the numberof clustersandN. is the numberof particlesin eachcluster(assumediniformly weighted).
By applyingparticle Itering to a setof smallerstate-spacegachcluster),onecanreducethe variance at a costof
increasinghebiasby usingafactoredrepresentationHowever, it now becomesnuchmorecomplicatedo propagate
eachpatrticle.

5.5 Belief state= variable sized

In someapplicationsthe sizeof the state-spacés not x edin advance.For instancewhenwe aretrackingmultiple
objects,eachmeasurementould have beencausedy arny of them,the backgroundpr perhapsa new objectthathas
enteredhe “scene”. This problemarisesin visualtracking,trackingmissileswith radar andalsoin mobilerobotics,
in particularin the SLAM (simultaneousocalizationandmapping)problem.

A standarcheuristicway to detectthe presencef new objectsis if anobsenationarisesn alocationthatwasnot
expected.If wehaveaprior overeachobject's position,we cancomputeadistribution overthe expectedmeasurement
position: z

Pyt 1) = P(MiX¢ = x)P(X¢ = Xjyrt 1)
X

If thesedensitiesare Gaussiansthis is oftenrepresentedsa con denceellipseor validationgate. If anobsenation
falls insidethis ellipse, we assumedt was generatedy the object. If thereis morethanone obsenrationinsidethe
ellipse, or if the obsenation falls inside morethan one ellipse, we can eitherassignthe obsenation to the nearest
target (using Mahalanobigdistance),or computethe likelihood of all possiblejoint assignment®f obsenationsto
targets, and pick the mostlikely one (Note that the nearesineighborrule might assignthe samemeasuremento
multiple objectswhich leadsto inaccuracies.)

If anobsenation doesnot fall inside the validation gateof ary existing object, it could eitherbe dueto a new
object,or dueto backgrounctlutter Hencewe considetboth hypothesesandaddthe new objectto a provisionallist.
Oncethe objecton the provisionallist recevesa minimum numberof measurementssideits validationgate,it is
addedo the statespace.

It is alsopossiblefor anobjectto be removedfrom the statespacef it hasnot beenupdatedrecently(e.g.,it left
thescene)Hencein generalwe mustallow the statespaceo grow andshrinkdynamically

A morerigorousapproacho onferencen suchvariable-sizedtate-spacesodelsis to useparticle Itering. This
is easysinceeachparticle canhave a differentdimensionality We give a detailedexamplebelow, in the context of
onlinemodelselection.
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Figure48: A DBN for sequentiaBayesiammodelselection.

5.5.1 Non-linear regressionwith online modelselection

We discussed modelfor online parameteestimationfor non-linearregressiorin Section2.10. Now we will let the
numberof basisfunctions(andhencehesizeof thestatespaceyary overtime. LetK ; bethenumberof basesattime
t, andlet M bearandomvariablewith ve possiblevalues:B=birth, D=death,S=split, M=memeandN=no-change.
Thesespecify the waysin which K; canincrease/decreadsy 1 at eachstep. Birth meanswe createa new basis
function; its positioncandependon the previous basisfunction centers, ; 1, aswell asthe currentdatapoint, x;;
deathmeanswe remove a basisfunction at random,split meanswe split one centerinto two, and meige meanswe
combinetwo centerdnto one.We enforcethat0 K; K atall times.TheDBN is shawvn in Figure48, andthe
CPDsareasfollows.

8 1 1 :
3 (?;?;Ci;O;il) ifk=0
— D2 M-N — — (72770, 7) ifk=1
PIMe= BIDISMINIK 1210 = 5 @ EO LD k= Kne
'8 st L 1) otherwise
< (k%k+1) fm=Borm=S
P(Ki=kjK; 1=kMi=m) =  (kk 1) ifm=Dorm=M
8 (k% k) ifm=N
%N(t;tl; 1) ifm=N
N( t,blrth( t 1),) ifm=B
P(tt sMy=m) = N( ¢;deatlf ; 1);) ifm=D
3 N(splitC 1)) ifm=S
g NCumeme ¢ 1)) ifm=M
< N(e ¢t 1) ifm=N
Pt 1sMi=m) = N( ;grow( ¢ 1);) ifm=Borm=S
N( ¢;shrin ¢ 1);) fm=Dorm=M

P(log jlog t 1) N (log ;log ¢ 1; I)
P(ytixe; 3 1) = NYuD( 6:xt) 5 t)

Thefunctionbirth( ; ;) takesin thevectorof RBF centersandaddsanew oneto theend,accordingo someheuristic.
In principle, this heuristic could dependon x; aswell (not shavn). Call the new center ;. The con dence
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associateavith ;i is yetanotherfree parametersupposet is Qp;rty: thenthefull CPDwould be
o O 0
0 Qpirth

The 0 termsin the covariancematrix do not meanwe arecertainaboutthe locationsof the othercenterspnly thatwe
have notintroducedary extranoise,i.e.,

P(dtuM=B)=N ¢ 21 i

Cov( ¢ 1jy1t 1) 0
0 Qbirth

Of coursewe couldrelaxthis assumptionlf we werefull-bloodedBayesiansywe would now addpriorsto all of our
parametergsuchasQypih, €tc.);thesepriorswouldin turn havetheirown (hyper)parametersye would continue
in this way until the resultingmodelis insenstve to the parametersve choose.This is called hierarchicalBayesian
modelling.

Despitetheapparentomplity, it is actuallyquiteeasyto applyparticle Itering to thismodel.[AdFDOOQ] suggest
amorecomplex schemewhich combinesparticle Itering with reversiblejump MCMC [Gre9d. (Regular MCMC
canonly beappliedif thestate-spachasa x edsize.)We canusethe simplermethodof particle ltering becausave
includedM; in thestate-space.

Cov( tjyr.t;My=B) =

6 Approximate smoothing

Therearetwo mainkinds of approximatesmoothingalgorithms:thosethat make a single forwards-backwrdspass
overthedata(two- Iter smoothers)andthosethatmake multiple passesExactinferencealgorithmsonly needto make

a singleforwards-backwrdspass but in generalapproximatenferencecanachieve betterresultsif it is allowedto

malke multiple passesWe will brie y discussa varietyof algorithmsbelow.

6.1 Two- Iter smoothing

As for lItering, we canclassifytwo- Iter smootherdasedon which representatiothey choosefor theforwardsand

backwardsmessagesBy forwardsmessageve mean ; = P(Xjyit), the ltered estimatepy backwardsmessage
we meaneither = P(Xyjy1.7),thesmoothedestimatepr ; = P(yi+1: 7jX¢t), the conditionallikelihood. (If the

dynamicsareinvertible,we cande ne amorenaturalbackwards Itered estimateP (X jy;+1: 7). However, in general
we wish to avoid the invertibility assumption.The backwardsmessagesanbe computedoy modifying the forward

recursve updateequations.

6.1.1 Belief state= discretedistrib ution

We have alreadydiscussedhow to performanexactbackwardsstep,eitherin  or form, for discrete-stat®BNsin
Section4. In Section5.1, we discussedomeapproximateltering methodsf the exactonesaretoo slowv. We now
discusshow to extendtheseto the smoothingcase.

ADF/BK algorithm It is fairly easyto modify theinterfacealgorithmto useafactoredrepresentatioraswe saw in
Section5.1.1. The samemodi cations canbe usedin the backwardspassin the obviousway.

Beamsearch Thestandardapproximatioris to compute only for thosestates whichwereconsideredttimet of
theforwardspassij.e., for which (i) > 0, where”; is theprunedversionof ;.

6.1.2 Belief state= Gaussiandistrib ution

Kalman smoother Wesanvthe and versionsoftheKalmansmoothein Chapter??. For completnessyerestate
the equationdhere. First we computethe following predictedquantities(or we could passthemin from the Itering
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stage):

Xeetjt = Ate1 Xijt
_ T
Pir1jt = Ate1 PijtAfa + Qua

Thenwe computethe smootheigainmatrix.

— T 1
Ji = Pttht+l Pt+1jt

Finally, we computeour estimate®f themean variance andcrossvariancePy; 17 = Cov[X¢ 1; X¢jyrt].

X471 = Xijr ¥ It Xee1jT Xestj
- 0
Pyr = Pyt Ji Prajr Praje g
Pe 1 = Ji 1Py

As for Kalman ltering, We cangeneralizeéhe Kalmansmootherequationgo applyto ary linearGaussiarDBN
by usingthejunctiontreealgorithmdiscussedn Sectiord4, but modifying thede nition of summationmultiplication
anddivision, sothattheseoperationganbe appliedto Gaussiarpotentialsnsteadof discreteones.

ExtendedKalman smoother Aswe saw in Section5.2.2,the EKF linearizesthe systemandthenappliesthe stan-
dardKF equationsSimilarly, the extendedKalmansmootheijust appliesthe above smoothingequationdo the same
linearizedsystem.Note thatthe systemis linearizedaboutthe Itered estimateR;;. Althoughit is possibleto relin-
earizeaboutthe backwardsestimatesthis requiresthat the dynamicsbe invertible, which will not generallybe the
case.

UnscentedKalman smoother It is possibleto apply the unscentedransformto eitherthe or versionof the
backwardspassto getanunscentedKalmansmootherWe leave the detailsasan exercise.

ADF/Moment matching smoother We will discussthe momentmatchingsmootherin the contect of switching
SSMsin Section6.1.3andin the contet of expectatiorpropagationin Section6.2.

6.1.3 Belief state= mixtur e of Gaussians

TheGPB2 Iter correspondso acollectoperationin thefollowing junctiontree,wherewe useweakmarginalization
to maminalizeout discretenodesfrom a mixture of Gaussians:

(Z¢ 1:Zy) [Zd] (ZeiZev1)  [Zesa]

whereZ; = (S;; Xt). (Weignoreobsenednodedfor simplicity.) Thecliquesarein roundbracletsandtheseparators
arein thesquarebraclets.(Smallercliquesarepossible.)

Hencewe can createa GPB2 smoothersimply by runningthe backwardspassin the sametree. No additional
assumptiongrenecessary

6.1.4 Belief state= setof particles

Oneapproacho particlesmoothings to samplecompletetrajectoriesandthenreweightthemgivenall the evidence.
Anotheris to samplein both the forwardsandbackwardsdirection; unfortunately this takesO(T N s2) time, andis
thereforegenerallyconsideredntractable. A much more popularsamplingtechniquefor the of ine caseis Gibbs
sampling discussedn Section6.4.
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6.2 Expectation propagation(EP)

Expectatiorpropagatiorgeneralizesassumediensity Itering (Section5.2.4)to the batchcontext. It is lesssensitve
to the orderin which the Bayesianupdatesare performedbecauseét cango backandre-optimizeeachterm of the
overalllikelihoodin the contet of the otherterms.We explain thisin moredetailbelow.

Recallthatin ADF, theexactposterioris givenby

_ 1Oa™()
p() =~
whereq"'d( ) 2 F is the prior (a memberof the tractablefamily of distributionsF ), I( ) is thelikelihood,andZ =

I( ) ( ). Wethenpick thebesttractableapproximatiorto thisby computingg™¥ ( ) = arggr Min D (B( )jja( ))-
This canbeviewed asupdatingthe prior andthenprojectingthe posterior asin Figure37. Anotherway to view it is
ascomputinganapproximatiorto thelikelihood,I{ ), thatis conjugateo the prior, suchthatwhenf{ ) is combined
with g9 ( ), theresultingposteriomwill bein F . This approximatdik elihoodcanbeinferredfrom

_p()Z
qold ( )

Thismalkesit simpleto removetheold likelihoodfrom thejoint, andthenusea newly approximatedik elihood,to get
abetterapproximation.

A simple exampleof this algorithm appliedto a switching SSMis shavn in Figure49. Herethe ADF opera-
tions correspondo moment-matchindor a mixture of Gaussiansasdiscussedn Section5.3.1. The rst forwards-
backwards passcorrespondsxactly to the GPB2 smoother In subsequeniterations,we recomputeeachclique
potentialP (Z; 1;Z:jy1.1) by absorbing messagefrom the left and messagefrom the right, and combining
with the local potentials, ((z; 1;z) = P(y:jz:)P(z:jz: 1). Fromthis, we cancomputethe separatopotentials,
d(z) P (Xi;SijyiT), usingweakmamginalization. From this, we caninfer the equivalenttractablemessageby
division: (z)/ q(z:)= (z) and (z)/ q(z:)= (z:), which canbepropagatedo future/passlices.Typically 2-3
passess enoughto improve performance.

Anotherapplicationof EP is to iteratethe BK algorithm. This allows the algorithmto recover from incorrect
independencassumptiong madein earlierpassesTypically 2-3 passess enoughto improve performance.

)

6.3 Variational methods

Variationalmethodsare discussedn Chapter??, and canbe appliedto DBNs in a straightforvard way. Someof
thesemethodssuchasstructuredvariationalapproximationsandvariationalEM, usethe exactinferenceroutinesin
Sectiord assubroutines.

As an example,we discusshow to apply a structuredvariationalapproximationto the switching SSMin Sec-
tion 2.11.1. In this model, the obsenation switchesbetweenone of M chains,eachof which evolveslinearly and
independentlyFor simplicity, we assumehe obsenationnoiseis tied,R; = R, andthat ; = 0.

Sinceexactinferenceis intractablein this model,we choosea tractableapproximatiorof the following form:

1 " Y i ¥ (m) \ (m) (m)
Q(f St; Xt9) = z (S1) (St 1:S) (X1 X Xe )

t=2 m=1 t=2

wherethe areunnormalizepotentialsandZ o is thenormalizingconstantThis correspondso thegraphicalmodel
in Figure50.
The potentialsfor thediscreteswitchingprocessarede ned asfollows.
P(S1= m)g"
P(Si = mjSt 1)d™

(S1=m)
(St 1St =m)

wherethe qu) arevariationalparametersf the Q distribution (we will discusshow to computethemshortly). These
parameterplay the samerole astheobsenationlikelihood,P (Y;jS; = m), doesin aregularHMM.
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fort=1:T
t(z) =1
t(z) =1
if t ==
1(z1) = P(y1jz1)P(z1)
else
t(ze 1;2zt) = P(Wijz)P(zejze 1)
while not converged
fort=1:T
if t ==
B(z1) = 1(z1) 1(z1)
else
Bz 1;2) = + 1@ 1) (Zt 1,2) «(Z)
o(z) = Collapsg, |, Pz 1;z)
t(z) = qt((Zth))
fort=T:1
Mz 1;20) = ¢« 1(zge) ozt 1;20) (z1)
d(z: 1) = Collapsg, , B(z 1;z)

— _ 9z 1)
G e T T

Figure49: Pseudo-codéor EP appliedto a switchingSSM,basedon [HZ02]. Z; = (X;;S;). Collapsemeansweak
mauginalization(momentmatching).Notethatthe messageareequialentto the separatopotentials,

CD>CD>()
OO

Figure50: A structuredrariationalapproximatiorto the switchingSSMin Figure23. We removeall theverticallinks,
replacingthemwith variationalparametershut leave the horizontal(temporal)links intact.

Thepotentialsfor eachchainarede ned asfollows.
i hg.m)

h
(X1=m) P(X1) P(YyjXx{™:s; = m)

h ih(m)
Xe uX) = POy POixM™is = m)

wherethe hfm) aremorevariationalparametersf Q, calledtheresponsibilities.'l'hevectorhgm) is like asoftversion
of the switchvariableS;: if h{™ = 0, it meansP (S; = m) = 0, soY; will notin uence X {™;if h{™ = 1, it means
P(St = m) = 1,soY; will onlyin uencext(m); for valuesin betweeny; will ha/eanintermediateeffectonXt(m).
We cancomputelocally optimal variationalparameterby minimizing theKL divergencebetweerQ andP:
Q(f St; X+10)

X
P(QiIP) = fSig fxng(fSt;th)Iog P(fSt; Xtgjf Y 0) SHQ <P

whereH (Q) istheentropy of Q and< P > istheexpectedvalueof P wrt Q. Wewouldliketo minimizeD (PjjQ), but
thatis intractableto compute pecauseve would have to take expectationsvrt P, whichis amixtureof M T Gaussians.
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ADF/EP performsthis optimizationfor a singletime step.Hencethe differencebetweerEP andvariationalmethods
is thatEPlocally optimizesD (P jj Q), whereasvariationalmethodgtry to) globally optimizeD (QjjP).
Takingderivativesof D (QjjP) wrt thevariationalparametergieldsthefollowing setof coupledequations:

™ = Qs =my

0 Eo
(m)  _ (Yt C(m)xt(m) )R 1(Yt C(m)xt(m))

G exp

n

h io
= exp YR Y+ YR M < x™M > Ly cM'R M < x Mx ™M’

Nl N[

The Q(S; = m) termcanbe computedusingthe forwardsbackwardsalgorithmon an HMM wherethe obsenation
probabilitiesaregivenby ™. The< X (™ > and< X{™x ™’ > terms,wherethe expectatioris wrt Q, canbe
computedby runningoneKalmansmootheiperchain,weightingthe databy theresponsibilitiemﬁm). (Weightingthe
databy hﬁm) is equivalentto usingunweighteddataanda time-varying obsenation noiseof Rt(m) = R:hgm).) The
above equationsanbeiterateduntil corvergence.

In practice,it is essentiato annealkhe x ed point equationsto avoid gettingstuckin badlocal optima. This can
bedoneby minimizingTH (Q) < P >, whereT representstemperatureandgraduallyreducingthetemperature
toT = 1. Thisensures certainlevel of entropy in the systemandis calleddeterministicannealing.

Somesimple experimentson this modelsuggesthat the variationalapproximationwith deterministicannealing
performsaboutaswell asthe ADF algorithm(uniteratedEP); withoutannealingijt performsmuchworse.

6.4 Gibbssampling

MCMC methodsn generalandGibbssamplingparticular arediscussedn Chapter??, andcanbe appliedto DBNs
in a straightforvard way. Unfortunately Gibbs samplingmixesvery slowly for time series,becausdhe dataare
correlatedlt is thereforecrucialto useRao-Blackwellisation.

An exampleof wherethis is possibleis in switching SSMs. (The advantageof using Gibbs samplingin this
contet, asopposedo EP or variationalmethodsjs thatthe algorithmwill provably eventuallyconvergeto theright
answel) Thebasicalgorithmis asfollows:

1. Randomlyinitialise .1 .

2. Fori = 1;2;::: until corvergence

wheres' td:Ef shiiinsh s :;siT 1 containsnew valuesof S; to the left of t, andold valuesto the right.

The nal estimateis thenobtainedby averagingthe sampless).; andx!.;, possiblydiscardingan initial segment
correspondingo the burn-in periodof the Markov chain.
Themainissueis how to ef ciently computethe samplingdistribution,

P(stjyrt:is 1)/ P(sis )P (yurjsur)
The rst termis just
P(stjs t) = P(stjst 1)P(St+1]st)
Thesecondermis givenby
X
P(Yt+1: TIy1:t: S1T3 X = 1)P(Ynt; Xt = ijsuT)
X _ _ y
P(Yt+1: TiSt+1: 75 Xt = )P (yrt; Xt = ijS1:t)

P(ysTisyT)

i
X
P(ywutjsut)  P(Yis1: TiSt+1: 75 Xt = 1)P (Xt = ijy1t; S1:t)
i

X
P(ywt 1jS1t 1)P(Vtiyrt 1:S1t) PVt TiSt+1: 73 Xt = 1)P (X = ijy1:t; S1:t)
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Hence droppingtermsthatareindependentf s;,

X
P(stjyut;s 1)/ P(stjst 1)P(St+1jSt)P(Yejy1t 1:81:t)  P(Yis1: TiSt+1: 75 Xt = 1)P (Xt = ijy1; Sut)

The key insight is that P (Yi+1: TjSt+1: 7; Xt = i) is independenbf s;.;. Hencewe can x s;; and compute
P (Yi+1: TiSt+1: 7; Xt = i) in a backwardspassusingthe form of the backwardsKalman lter (which doesnot
assumaenvertible dynamics).In the forwardspasswe cansamples;.; in order computingP (X = ijy1.t; S1:t) and

P (Yijy1:t 1;S1:t) termsaswe go.

Therelative performancéin termsof accurag vs. time) of Rao-Blackwellisedsibbssampling Rao-Blackwellised
particlesmoothing gxpectationpropagationandstructuredvariationalapproximationsall of which canbeappliedto
switchingSSMs,is unknowvn at this time.

7 EXxercises
7.1 Buried Mark ov Models

X1 % KRT% K™% Xa= Xy X=X Xy= Xy
OHOQ Q
Y1 |O0| O O
O @3[!@ OO
L NO© OO
‘@0 @ ‘@@ ©

Figure51: A buried Markov model. Dependingon the valueof the hiddenvariablesQ:, the effective graphstructure
betweerthe component®f the obsenedvariables(i.e., the non-zeroelementf the regressiormatrix), canchange.
Two differentinstantiationsareshavn. Thanksto Jef Bilmesfor this gure.

“Buried” Markov modelsgeneralizeauto-rgressve HMMs (Section2.2) by allowing non-lineardependencies
betweerthe obsenablenodes Furthermorethe natureof thedependenciesanchangedependingnthevalueof Q;:
seeFigure51 for anexample.Sucha modelis calleda dynamicBayesiarfmulti net”, sinceit is a mixture of different
networks. Discussvhatchangegif any) needto be madeto theforwards-backwrdsalgorithmto doinferencein such
models.

7.2 2DHMMs

Considerde ning alikelihoodfunctionfor 2D datasuchasscannedext. It is naturalto modeleachrow of theimage
usingan HMM, andto modelthe connectionbetweenthe rows usinganotherHMM. This is calleda pseudo-2Dor
embeddedHMM. Thebasicideais shaovn in Figure52, wherewe thereare2 rows, eachof length3.

1. Whatis therelationshipbetweerthis modelandthe sgmentHMMSs discussednh Section2.77?

2. Derive anef cient message-passingferencealgorithmfor pseuda2D HMMs. Hint: rst computethe likeli-
hoodof eachrow, P (yi1:ic jXi), thenusethesein thetop-level HMM; in the backwardspassusethetop-dovn
informationto do full smoothingwithin eachrow-HMM.

3. Deriveatrue2D “HMM”, by modifying the coupledHMM in Section2.5,soeachnodedepend®nits nearest
neighborsabove andto its left. (Suchamodelis sometimegalleda “causal’MRF.)
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X1 >( X,

Figure52: An embeddedHMM. Herewe have 2 sequencesf length3, both of which aremodelledby sub-HMMs.

4. Whatis the compleity of exactinferencein atrue2D HMM?

5. Whataretheadwantagesanddisadwantage®f a causaMRF comparedo a traditionalundirectedMRF?

7.3 Hierarchical HMMs

This exerciseasksyou to de ne the CPDsfor the DBN representatioof anHHMM. We considetthe bottom,middle
andtop layersof the hierarchyseparatelysincethey have differentlocal topology),aswell asthe rst, middle and
lasttime slices.

1. Give thede nition for P(QP = jjQP , = i;FP2, = f;Qf® ' = k) fort 2. D is the bottomlevel of
thehierarchysoQ*® ! = k is anintegerencodingthe entirestackstate.(Not all possiblejoint valuesof this
vectormaybepossible dependingon whetherthe automatorstatetransitiondiagramis denseor sparse.)

2. Givethede nition for P(F? = 1jQi® * = k; QP
end/«it state.)

i)fort 2. (Assumethateachsub-HMM hasaunique

3. Give thede nition for P(Q¢ = jjQ? ; = i, F&*] = bjFd ;= f;QF? *= k) fort 2and2 d< D.

(Thedifferencefrom the bottomlevel is the extrainput Ft‘“% representinghe signalfrom below.)

4. Givethede nition for P(F = 1jQY = i; QY 1= k;F3"t = hfort 2and2 d< D.

5. Givethede nition for P(Q¢ = jjQ¢ , = i; F3*] = b;Fd ;= f)fort 2andd = 1 (thetoplevel).
6. Givethede nition for P(Fd = 1jQ¢ = i; F¢** = b fort 2andd = 1 (thetoplevel).

7. Givethede nition for P(Q} = j) andP(Q¢ = jjQ}¥ *= k) ford= 2;:::;D.

8. Unliketheautomatorrepresentatiorthe DBN never actuallyentersanendstate(i.e., Q¢ cannevertakenonthe
value“end”); if it did, whatshouldthe correspondingbsenationbe? (UnlikeanHMM, a DBN mustgenerate
anobsenationat every time step.)Instead Q¢ causes=¢ to turnon, andthenentersanew (non-terminal)state
attimet + 1, choserfromits initial statedistribution. ThismeanghattheDBN andHHMM transitionmatrices
arenotidentical. Whatis therelationshipbetweerthem?

7.4 Fault diagnosis

Oneimportantapplicationof switchingSSMsis for diagnosingaults. For example,considerthe “two tank” system
in Figure53, a benchmarkproblemin the fault diagnosiscommunity(althoughonetypically considers tanks,for
n 2). Thisis a nonlinearsystem,since o w = pressurd resistancdor ow = pressure conductance)More
problematicallythe valuesof theresistancesanslowly drift, or changediscontinuoushdueto burstpipes.Also, the
sensorganfail intermittentlyandgive erroneousesults.Shov how to representhis modelasa DBN.
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In flow

Tank 2
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Figure53: The two-tanksystem.The goalis to infer whenpipesareblocked or have burst, or sensordave broken,
from (noisy) obsenationsof the o w outof tank 1, F 10, out of tank2, F 20, or betweertanksl and2,F 12. Rloisa
hiddenvariablerepresentinghe resistancef the pipeout of tank 1, P 1 is a hiddenvariablerepresentinghe pressure
in tank 1, etc. FromFigure11 of [KLO1].

7.5 Generalized algorithm

Derive ageneralized algorithmbasecnthegeneralized algorithmin Sectior4.4. Theforwardspasswill
beidentical,but the backwardspassshouldcomputethe analogof the equation(12.44)for HMMs:

(@ HDP(yda)A(a 1) (%)
P(y)

(@ 1,4) =

Discusgherelative meritsof thetwo algorithms.

7.6 Log-spacesmoothing

This exercisedevelopsaversionof theforwards-backwardsalgorithmthatcomputes (X ¢jy1.1) in O(Slog T) work-
ing spaceinsteadof O(ST) space(ignoring the spacerequiredto representhe inqyt andoutputto the algorithm).
This is usefulfor learningmodelsfrom long sequencesincethesufcient statistics, , P(Xtjy1.7), canbestoredin
constanspace.

1. Supposefor simplicity, thatT is odd,andlet the halfway pointbeh = (T + 1)=2. Show thatP (X jy1.7) can
becomputefort = 1: h givenjust 1, p+1 andyi.p.

2. Shaw asimilarresultfor the secondhalf of thesequence.

3. Giventheresultsabove, a divide-and-conquealgorithmcanbe constructedy rst runningforwardalongthe
sequencandthenbackwardsfrom the end,storingjust therequiredmessageat themiddleandtheends.Then
thealgorithmis calledrecursvely on theleft andright halfs. Write out the algorithmin detail.

4. Show thatthe spacecompleity is O(SlogT), whereS is thesizeof the or messageWhatis thetime
complexity?

5. How doesthecompleity changaf wedivideinto k > 2 piecesAWhatk yieldstheminimal spacausage2Vhat
k shouldoneuseif oneis willing to wait at mosttwice aslong asthe standardalgorithm?

7.7 Constant-spacesmoothing

1. GivenanO(T?) algorithmthatcomputes (Xjys1.7) for all t in constanspace(ignoringthe spacerequiredto
representheinputandoutput).
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2. Supposeve could invert the forwardsoperatoy sothat ; = Fwd )( t+1;Yi+1). Show how we could use
this to computeP (Xjy1.7) for all t in O(1) spaceandO(T) time. Hint: Express ; |.1j; asa productof
matricestimes (.1 = 1; similarly express ; |.+2j+1 asaproductof matricestimes (.,+1 = 1;then nd
arelationshipbetweerthem.

3. Explainwhy in generakheforwards(andbackwards)operatorsarenotinvertible. Give a countergample.

7.8 BK algorithm

Modify theforwardsoperatoffrom Figure34 soit takesasinputafactoredprior ; 1, andreturnsasoutputafactored
posterior ;.

8 Historical remarksand bibliography

Theterm“DBN” was rst coinedin [DK89]. HMMs with semi-tiedmixturesof Gaussiansrediscussedn [Gal99.
Mix ed-memoryMarkov modelsarediscussedn [SJ99. ngrammodelsfor languagearedescribedn [Jel97, Goo0];
variablelengthMarkov modelsaredescribedn [RST96 McC95. For continuousdata,ngrammodelscorrespondo
standardegressiommodels,eitherlinear or nonlinear For arecenttree-base@pproactto regressionsee[MCHO2].
FactorialHMMs arediscussedn [GJ97. CoupledHMMs arediscussedn [SJ95 Bra9q; the AVSR applicationis
describedn [NLP* 02] (seealso[NY0Q]), andthetrafc applicationin [KCBO0OQ]. Variable-duratiotHMMs arede-
scribedin [Rab89. Segmentmodelsaredescribedn [ODK96]. HierarchicaHMMs wereintroducedin [FST9§,
wherethey proposedan O(T 3) inferencealgorithm. The O(T) inferencealgorithmwasintroducedin [MPO1]. Ap-
plicationsof HHMMSs to robot navigation appearin [TRMO01]. HHMMs arevery closelyrelatedto abstractHMMs
[BVWO1] andcascadedhite automatgMoh96, PR97].

State-spacenodelsdate back to the '60s. Seee.g.,[DKO1] for a recentaccountof applicationsof SSMsto
time-seriesanalysis,and [WH97] for a more Bayesianapproach. Dynamic chain graphsare describedn [DEOQ].
The exampleof sequentiahonlinearregressionis from [AdFD0(]. Switching SSMsdatebackto the '60s, andare
commonlyusedin econometricandcontrol. Dataassociatioris describedn mary placesge.g.,[BSF88.

Exactinferencefor DBNs using unrolledjunction treeswas rst describedn [Kja92]; see[Kja95] for a more
detailedaccount.Someof thecompleity resultsarefrom [Dar01]. Thefrontieralgorithmis from [Zwe96€]; aspecial
caseis describedn AppendixB of [GJ97. Theinterfacealgorithmis from [Mur02]. The exampleof conditionally
tractablesubstructures from [TDWO02Z]. The ideaof samplingthe root nodesto geta factoredbelief statewas rst
proposedn [Mur00] in the context of maplearning,andwasextendedn [MTKWO02].

Theideaof classifying ltering algorithmsbasedon the type of belief staterepresentatiofs from [Min02]. The
Boyen-Koller algorithmis describedn [BK98b]; thesmoothingextensionis in [BK98a]. A methodfor computingthe
top N mostprobablepathsin anHMM is describedn [NGO1]; thegeneralizatiorio ary Bayesnetis in [Nil98]. The
KF andEKF algorithmsdatebackto the '60s: seee.g.,[AM79]. (For adervationof the KF equationfrom a Bayes
netperspectie, see[NT92, Mur984.) Theunscentedalman Iter was rst describedn [JU97]; the presentatiorn
Section5.2.3is closelybasecbn [WdMO1]. ADF is aclassicatechniquethepresentatioiin Section5.2.4is basen
[Min01]. Variousapproacheto Itering in switchingSSMsarediscussedn [SM80, TSM85. The GPB2andIMM
Iters aredescribedn [BSL93]; thesmoothingstepis discussedh [Kim94, Mur98h. Exactinferencan conditionally
Gaussiamimmodels(eventree-structure@dnes)is NP-hard,asprovedin [LP01].

See[AMGCO02, LC98, Dou9] for goodtutorialson particle Itering, and[DdFGO0] for a collectionof recent
papers. Rao-Blackwellisatiorin generalis discussedn [CR96]. The applicationto switching SSMsis discussed
in [AK77, CLOO, DGK99]. The unscentedarticle lter is describedn [vdMDdFWO(Q. Likelihoodweightingis
describedn [FC89 SP89, arcreversalin [Sha8§, andtheideaof combiningthemin [FC89 KKR95, CB97]. Using
ajunctiontreefor samplingis describedn [Daw92]. Combiningparticle ltering andBK is describedn [NPP0J.

Multi-objecttrackingis discussed [BSF88 BS90,CH9€. SLAM is discussedh e.g.,[DNCDWO1]. Theonline
modelselectionexampleis basedn [AdFDOQ].

Particle smoothingis discussedn [GDWOO, IB98]. Expectationpropagationwas introducedin [Min01]. The
applicationto switchingSSMsis from [HZ02]; theiteratedBK algorithm(anothelinstanceof expectatiorpropagation)
is discussedn [MWO01]. The structuredvariationalapproximationfor switching SSMsis from [GH98]; [PRMO0Q
discussa similar approximatiorfor the casewherethe dynamicsswitch. The Rao-Blackwellisedsibbssamplerfor
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switchingSSMsis from [CK96]. [KN98] is awholebookdevotedto deterministicandMCMC methoddor switching

SSMs.

Buried Markov modelsarediscussedn [Bil00]. Pseudo-2CHMMs arediscussedn [KA94, NI00, Hoe01, and
real2D HMMs arediscussedn [LNGOOQ]. Therepresentatiomf an HHMM asa DBN wasintroducedin [MP01].
The fault diagnosissxampleis from [KLO1]. Thegeneralized algorithmis from [Mur02]. Thelog-space
smoothingalgorithmwasintroducedin in [BMR97] andappliedto a speechrecognitiontaskin [ZP0Q. The O(1)-
spaceQ(T ?)-time smoothingalgorithmis classicalbut canalsobefoundin [Dar01]. Thediscussiorof O(1)-space,
O(T)-time smoothings basedn parton [RNOZ2)].
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