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1 Intr oduction

Chapter?? introducedhiddenMarkov models(HMMs), andChapter?? introducedstatespacemodels(SSMs),both
of which arepopular, but somewhat in�e xible, modelsof sequentialdata.In this chapter, we considermorecomplex
models.Thekey generalizationis to representthehiddenstatein termsof asetof randomvariables,insteadof asingle
randomvariable.1 Similarly we canrepresenttheobservationsin a factorizedor distributedmanner. We canthenuse
graphicalmodelsto representconditionalindepenciesbetweenthesevariables,bothwithin andacrosspositionsin the
sequence.

Sequentialdatacomesin two main forms: temporal(time-series)data,which is generatedsequentiallyby some
causalprocess,andsequencedata(e.g.,bio-sequencesor naturallanguage),wherewe aremoreagnosticaboutthe
generatingmechanism.For modelling time-seriesdata, it is natural to usedirectedgraphicalmodels,which can
capturethe fact that time �o ws forward. Arcs within a time-slicecanbe directedor undirected,sincethey model
“instantaneous”correlation. If all arcsaredirected,both within andbetweenslices,the model is calleda dynamic
Bayesiannetwork (DBN). (Theterm“dynamic” meanswe aremodellinga dynamicsystem,anddoesnot meanthe
graphstructurechangesover time.) DBNs arequitepopularbecausethey areeasyto interpretandlearn:becausethe
graphis directed,theconditionalprobabilitydistribution (CPD)of eachnodecanbeestimatedindependently. In this
chapter, wewill focusonDBNs.

For modellingatemporalsequencedata,it is possibleto usedirectedor undirectedgraphicalmodels. Much of
our discussionof of�ine inferencein temporalmodelsis alsoapplicableto atemporalmodels.Theonline inference
methodswe discusscanbeappliedto temporalmodels,but canalsobeusedfor sequentiallearningof staticmodels,
which is usefulif thedatais non-stationaryor too largefor batchmethods.

We will not discusslearning(parameterestimationandmodelselection)in this chapter, sincethetechniquesare
just simpleextensionsof the methodsfor learningstaticmodels. Also, we deferdiscussionof sequentialdecision
making(control/reinforcementlearningproblems)to Chapter??.

2 Representation

In an HMM, the hiddenstateis representedin termsof a single discreterandomvariable,which can take on M
possiblevalues,Qt 2 f 1; : : : ; M g. In an SSM, the hiddenstateis representedin termsof a singlevector-valued
randomvariable,X t 2 IRM . In aDBN, thehiddenstateis representedin termsof asetof Nh randomvariables,Q( i )

t ,
i 2 f 1; : : : ; Nh g, eachof which canbediscreteor continuous.Similarly, theobservationcanberepresentedin terms
of No randomvarables,eachof whichcanbediscreteor continuous.

In anHMM/SSM, wehaveto de�ne thetransitionmodel,P(Qt jQt � 1), theobservationmodel,P(Yt jQt ), andthe
initial statedistribution, P(Q1). (Thesedistributionsmay be conditionedon an input (control signal)Ut if present,
e.g.,thetransitionmodelwould becomeP(Qt jQt � 1; Ut � 1).) In a DBN, Qt , Yt andUt representsetsof variables,so

� To appearin ProbabilisticGraphicalModels, M. Jordan
1It is alwayspossibleto combinecontinuous-valuedvariablesinto a singlevector-valuedvariable,but this obscuresany conditionalindepen-

denciesthatmayexist betweenthecomponents,defeatingthepurposeof usingagraphicalmodel.SeeSection2.9.
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we de�ne thecorrespondingconditionaldistributionsusinga two-slicetemporalBayesnet (2TBN), which we shall
denoteby B ! . Thetransitionandobservationmodelsarethende�ned asa productof theCPDsin the2TBN:

P(Z t jZ t � 1) =
NY

i =1

P(Z ( i )
t jPa(Z ( i )

t ))

whereZ ( i )
t is thei ' th nodein slicet (which maybehiddenor observed;henceN = N h + No), andPa(Z ( i )

t ) arethe
parentsof Z ( i )

t , whichmaybein thesameor previoustime-slice(assumingwerestrictourselvesto �rst-order Markov
models).We canrepresenttheunconditionalinitial statedistribution, P(Z (1: N )

1 ), usinga standard(one-slice)Bayes
net, which we shall denoteby B1. Together, B1 andB ! de�ne the DBN. The joint distribution for a sequenceof
lengthT canbeobtainedby “unrolling” thenetwork until we have T slices,andthenmultiplying togetherall of the
CPDs:

P(Z (1: N )
1:T ) =

NY

i =1

PB 1 (Z ( i )
1 jPa(Z ( i )

t )) �
TY

t =2

NY

i =1

PB ! (Z ( i )
t jPa(Z ( i )

t ))

For example,Figure1 showsa2TBN for a standardHMM/SSM, andanunrolledversionfor asequenceof length
T = 4. In thiscase,Z (1)

t = Qt , Z (2)
t = Yt , Pa(Qt ) = Qt � 1 andPa(Yt ) = Qt , sothejoint becomes

P(Q1:T ; Y1:T ) = P(Q1)P(Y1 jQ1) �
TY

t =2

P(Qt jQt � 1)P(Yt jQt )

Theparametersfor slicest = 2; 3; : : : areassumedto bethesame(tiedacrosstime),asshown in Figure2. Thisallows
usto modelunboundedamountsof datawith a �nite numberof parameters.

In the following sections,we will presenta seriesof morecomplex exampleswhich shouldillustrate the large
varietyof modelswhichwe cande�ne within this framework.

Q1 Q2

Y1 Y2

Q1 Q2 Q3 Q4

Y1 Y2 Y3 Y4

(a) (b)

Figure1: (a)A 2TBN for anHMM/SSM. (b) Themodelunrolledfor T = 4 slices.

� A

Q1 Q2 Q3 Q4

Y1 Y2 Y3 Y4

B

Figure2: An HMM in which we explicitly representthe parameters(nodeswith outgoingdottedarcs)andthe fact
that they aretied acrosstime-slices.The parametersareP(Q1 = i ) = � (i ), P(Qt = j jQt � 1 = i ) = A(i; j ), and
P(Yt = j jQt = i ) = B (i; j ). If the CPD for Yt is a Gaussian,we would replacethe B nodewith the meanand
covarianceparameters.
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Q1 Q2 Q3

M 1 M 2 M 3

Y1 Y2 Y3

Figure3: An HMM with mixtureof Gaussiansoutput.

2.1 HMMs with mixtur e-of-Gaussiansoutput

In many applications,it is commonto representP(Yt jQt = i ) usinga mixtureof Gaussiansfor eachstatei . We can
explicitly modelthemixturevariableasshown in Figure3. (M t andYt areexamplesof transientnodes,sincethey do
not have any childrenin thenext time slice;by contrast,Qt is a persistentnode.)TheCPDsfor theYt andM t nodes
areasfollows:

P(Yt = yt jQt = i; M t = m) = N (yt ; � i;m ; � i;m )

P(M t = mjQt = i ) = C(i; m)

Thei ' th row of C encodesthemixtureweightsfor statei .
In many applications,it is commonthattheobservationsarehigh-dimensionalvectors(e.g.,in speechrecognition,

Yt is oftena vectorof cepstralcoef�cients andtheir derivatives,Yt 2 IR39), soestimatinga full covariancematrix for
eachvalueof Qt andM t requiresa lot of data.An alternative is to assumethereis a singleglobalpool of Gaussians,
andeachstatecorrespondsto a differentmixture over this pool. This is calleda semi-continuousor tied-mixture
HMM. In this case,thereis noarcfrom Qt to Yt , sotheCPDfor Yt becomes

P(Yt = yt jM t = m) = N (yt ; � m ; � m )

Theeffectiveobservationmodelbecomes

P(Yt jQt = i ) =
P

m P(Yt ; M t = m; Qt = i )
P(Qt = i )

=

P
m P(Qt = i )P(M t = mjQt = i )P(Yt jM t = m)

P(Qt = i )

=
X

m

P(M t = mjQt = i )N (yt ; � m ; � m )

Henceall informationaboutYt getsto Qt via the“bottleneck”M t . Theadvantagesof doingthisarenotonly reducing
thenumberof parameters,but alsoreducingthenumberof Gaussiandensitycalculations,which speedsup inference
dramatically. (We discussinferencein Section4.) For instance,thesystemcancalculateN (yt ; � m ; � m ) for eachm,
andthenreusethesein avarietyof differentmodelsby simplereweighting:typically P(M t = mjQt = i ) is non-zero
for only a smallnumberof m's. TheM t ! Yt arcis like vectorquantization,andtheQt ! M t arcis likea dynamic
reweightingof thecodebook.

2.2 Auto-regressive HMMs

ThestandardHMM assumptionthattheobservationsareconditionallyindependentgiventhehiddenstate(i.e.,Yt ?
Yt 0jQt ) is quitestrong,andcanberelaxedat little extracostasshown in Figure4. Thismodelis sometimescalledan
auto-regressiveHMM. Thismodelreducestheeffectof theQt “bottleneck”,by allowing Yt to bepredictedby Yt � 1 as
well asQt ; this resultsin modelswith higherlikelihood(althoughnotnecessarilybetterclassi�catiomperformance).

If Yt is discrete,its CPD canbe representedasa 3-dimensionaltable,P(Yt jQt ; Yt � 1). If Yt is continuous,one
possibilityfor its CPDis a conditionallinearGaussian:

P(Yt = yt jQt = i; Yt � 1 = yt � 1) = N (yt ; Wi yt � 1 + � i ; � i )
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Q1 Q2 Q3

Y1 Y2 Y3

Figure4: An auto-regressiveHMM.

whereWi is theregressionmatrix giventhatQt is in statei . This modelhasa varietyof differentnames:correlation
HMM, conditionallyGaussianHMM, switchingregressionmodel,switchingMarkov model,etc.SeeExercise?? for
someextensions.

2.3 Mixed-memory Mark ov models

Q1 Q2 Q3 Q4

Figure5: A trigram(second-orderMarkov) model,whichde�nesP(Qt jQt � 1; Qt � 2).

Oneof thesimplestapproachesto modellingsequentialdatais to constructaMarkov modelof orderk. Theseare
oftencalledn-grammodels(wheren = k + 1), e.g.,standard�rst-order Markov modelsarebigrammodels(n = 2),
second-orderMarkov modelsaretrigrammodels(n = 3), etc.SeeFigure5 for anexample.

WhenQt is a discreterandomvariablewith many possiblevalues(e.g.,if Qt representswords),thentheremight
not beenoughdatato reliably estimateP(Qt = kjQt � 1 = j; Qt � 2 = i ). A commonapproachis to createa mixture
of lower-orderMarkov models:

P(Qt jQt � 1; Qt � 2) =

� 3(Qt � 1; Qt � 2)f (Qt jQt � 1; Qt � 2) + � 2(Qt � 1; Qt � 2)f (Qt jQt � 1) + � 1(Qt � 1; Qt � 2)f (Qt )

wherethe� coef�cients mayoptionallydependon thehistory, andf (�) is anarbitrary(conditional)probabilitydistri-
bution. This is thebasisof themethodcalleddeletedinterpolation.

We canexplicitly model the latentmixture variableimplicit in the above equationasshown in Figure6. Here
St = 1 meansuseaunigram,St = 2 meansusebi- andunigrams,andSt = 3 meansusetri-, bi- anduni-grams.St is
calleda switchingparent,sinceit determineswhichof theotherparentslinks areactive, i.e., theeffective topologyof
thegraphchangesdependingon thevalueof theswitch.SinceSt is hidden,theneteffect is to usea mixtureof all of
these.

A very similar approach,calledmixed-memoryMarkov models,is to alwaysusemixturesof bigramsat different
lags,e.g., if St = 1, we useP(Qt jQt � 1), and if St = 2, we useP(Qt jQt � 2). This canbe achieved by simply
changingthe“guard condition” on theQt � 1 to Qt link to beSt = 1 insteadof St � 2; similarly, theguardon the
Qt � 2 to Qt link becomesSt = 2 insteadof St � 3. HenceSt actslike the input to a multiplexer, choosingoneof
theparentsto feedinto Qt . Usingtheterminologyof [BZ02], St is theswitchingparent,andtheotherparentsarethe
conditionalparents.Theoveralleffect is to de�ne theCPDasfollows:

P(Qt jQt � 1; : : : ; Qt � n ) =
nX

i =1

P(Qt jQt � i )P(St = i )

2.4 Factorial HMMs

Figure7 showsa factorialHMM, whichhasa singleoutput(observation)variablebut hasadistributedrepresentation
for the hiddenstate. Note that, althoughall the hiddenchainsarea priori independent,oncewe conditionon the
evidence,they all becomecorrelated.Intuitively, this is becauseall thechains“compete”to explain eachobservation
(theexplainingaway phenomenon);moreformally, this canbeseenby noticingthatall thechainsbecomeconnected
in themoralgraph,becausethey sharea commonobservedchild. This factmeansexactinferencein this modeltakes
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St � 3 St � 2 St � 1 St

Qt � 3 Qt � 2 Qt � 1 Qt

St � 3

St � 2

Figure6: A mixed-memoryMarkov model.Thedashedarcfrom St to Qt meansSt is aswitchingparent:it is usedto
decidewhich of theotherparentsto use,eitherQt � 1 or Qt � 2 or both. Theconditionsunderwhich eacharcis active
areshown for the Qt nodeonly, to reduceclutter. In deletedinterpolation,the Qt � 1 ! Qt arc is active for states
St 2 f 2; 3g, andtheQt � 2 ! Qt arc is active for statesSt 2 f 3g. (If St = 1, thenQt ? (Qt � 1; Qt � 2).) In mixed
memorymodels,theQt � 1 ! Qt arc is active if f St = 1, andtheQt � 2 ! Qt arc is active if f St = 2. Thedotted
arcsfrom Qt � 1 andQt � 2 to St areoptional,andre�ect thefactthatthecoef�cients candependon theidentityof the
wordsin thewindow. Seetext for details.BasedonFigure15of [Bil01].

Q(1)
1 Q(1)

2 Q(1)
3

Q(2)
1 Q(2)

2 Q(2)
3

Q(3)
1 Q(3)

2 Q(3)
3

Y1 Y2 Y3

Figure7: A factorialHMM with 3 hiddenchains.

O(M Nh ) operationsper time step.Unfortunatelythis is true for mostDBNs, evenoneswhich do not have densely
connectednodessuchasYt , aswe discussin Section4.

A factorialHMM, like any discrete-stateDBN, canbeconvertedto a regularHMM by creatinga single“mega”
variable,Qt , whosestatespaceis theCartesianproductof eachof thediscretehiddenvariables.However, this is a
badidea:theresulting“�at” representationis hardto interpret,inferencein the�at modelwill beexponentiallyslower
(seeSection4.2),andlearningwill beharderbecausetherewill beexponentiallymany moreparameters.

This laststatementneedssomeexplanation.Althoughit is true that theentriesof thetransitionmatrix of the �at
HMM have constraintsbetweenthem(so the numberof free parametersremainsthe samein both the �at and the
factoredrepresentation),it is hardto exploit theseconstraintseitherin inferenceor learning.For example,if N h = 2,
the�at transitionmatrix canbecomputedasfollows:

P(Q(1)
t = j 1; Q(2)

t = j 2 jQ(1)
t � 1 = i 1; Q(2)

t � 1 = i 2) = P(Q(1)
t = j 1jQ(1)

t � 1 = i 1) � P(Q(2)
t = j 2 jQ(2)

t � 1 = i 2)

Hencethe free parameters,which are the pairwisetransitionmatriceson the right handside of this equation,get
combinedin a way which is hardto disentangle:seeFigure8. By contrast,If all CPDsarelinear-Gaussian,so the
resultingjoint distribution is a multivariateGaussian,sparsegraphicalstructurecorrespondsto sparsematricesin the
traditionalsenseof having many zeros:seeSection2.9.
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0
1

0   1

0
1

0   1

00
01
10
11

00 01 10 11

Figure8: Computingthe joint 4 � 4 transitionmatrix asthe productof two 2 � 2 transitionmatrices.The cell of
the4 � 4 matrix in row 01, column10 representsP(X 1

t = 1; X 2
t = 0jX 1

t � 1 = 0; X 1
t � 1 = 1) which is computedas

P(X 1
t = 1jX 1

t � 1 = 0) � P(X 2
t = 0jX 1

t � 1 = 1), theproductof thetwo incomingarrows.

Q1
1 Q1

2 Q1
3

Y 1
1 Y 1

2 Y 1
3

Q2
1 Q2

2 Q2
3

Y 2
1 Y 2

2 Y 2
3

Q3
1 Q3

2 Q3
3

Y 3
1 Y 3

2 Y 3
3

Figure9: A coupledHMM with 3 chains.

2.5 CoupledHMMs

Figure9 shows anotherexampleof a DBN, calleda coupledHMM, in which the hiddenvariablesareassumedto
interactlocally with their neighbors.Also, eachhiddennodehasits own “private”observation.

This modelhasmany applications.For example,in audio-visualspeechrecognition,onechainmight represent
thespeechsignal,andtheotherchainthevisualsignal(e.g.,obtainedfrom a lip trackingsystem).Anotherexample
concernsmonitoringthestateof a freeway usingmagneticloop detectorsdistributeddown themiddlelane.Let Y ( i )

t

representthemeasurementof sensori at time t, andQ( i )
t representthehiddenstateof locationi at time t. It is natural

to assumethehiddenstateat locationi dependson theprevioushiddenstateat i , plus theprevioushiddenstatesat
locationsimmediatelyupstreamanddownstream.This caneasilybemodelledusingacoupledHMM.

2.6 Variable-duration (semi-Markov) HMMs

Theself-arconastatein anHMM de�nesageometricdistributionoverwaiting times.Speci�cally, theprobabilitywe
remainin statei for exactly d stepsis pi (d) = (1 � p)pd� 1, wherep = A(i; i ) is theself-loopprobability. Oneway
to generalizethis is to replaceeachHMM statewith n new states,for somen to bedetermined,eachwith thesame
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Q1 Q2 Q3

QD
1 QD

2 QD
3

Y1 Y2 Y3

Figure10: A variable-durationHMM. Qt representsthestate,andQD
t representshow longwehavebeenin thatstate

(duration).

emissionprobabilitiesastheoriginal state.For example,considerthis model.

1 2 3 4
1 � p 1 � p 1 � p1 � p

p p p p

Obviously thesmallestsequencethis cangenerateis of lengthn = 4. Any pathof lengthl throughthemodelhas
probabilitypl � n (1 � p)n ; thenumberof possiblepathsis

� l � 1
n � 1

�
, sothetotalprobabilityof a pathof lengthl is

p(l ) =
�

l � 1
n � 1

�
pl � n (1 � p)n

This is thenegativebinomialdistribution. By adjustingn andp, wecanmodelawide rangeof waiting times.
A moregeneralapproachis to explicitely modelthedurationof eachstate.This is calleda semi-Markov model,

becauseto predict the next state,it is not suf�cient to conditionon the paststate: we alsoneedto know how long
we'vebeenin thatstate.pi (d) canberepresentedasatable(anon-parametricapproach)or assomekind of parametric
function. If pi (d) is a geometricdistribution,themodelbecomesequivalentto a standardHMM.

A �rst attemptatmodellingthisasaDBN is shown in Figure10. Weexplicitly addQD
t , theremainingdurationof

stateQt , to thestate-space.(EventhoughQt is constantfor a longperiod,wecopy its valueacrossevery timeslice,to
ensurea regularstructure.)Whenwe �rst enterstatei , QD

t is setto a valuefrom from qi (�); it thendeterministically
countsdown to 0. WhenQD

t = 0, thestateis freeto change,andQD
t is setto thedurationof thenew state.We can

encodethis behavior by de�ning theCPDsasfollows:

P(Qt = j jQt � 1 = i; QD
t � 1 = d) =

�
� (i; j ) if d > 0 (remainin samestate)
A(i; j ) if d = 0 (transition)

P(QD
t = d0jQD

t � 1 = d;Qt = k) =
�

pk (d0) if d = 0 (reset)
� (d0; d � 1) if d > 0 (decrement)

Sincewe have expandedthestatespace,inferencein a variable-durationHMM is slower thanin a regularHMM.
Thenaive approachto inferencein this DBN takesO(TD 2M 2) time, whereD is themaximumnumberof stepswe
canspendin any state,andM is thenumberof HMM states.However, wecanexploit thefactthattheCPDfor QD is
deterministicto reducethis to O(TDM 2).

To facilitatefuture generalizations,we introducedeterministic“�nish” nodes,that “turn on” whenthe duration
counterreaches0. This is a signalthatQt canchangestate,andthata new durationshouldbechosen.SeeFigure11.
We de�ne theCPDsasfollows:
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Q1 Q2 Q3

F1 F2 F3

QD
1 QD

2 QD
3

Y1 Y2 Y3

Figure11: A variable-durationHMM with explicit �nish nodes.Qt representsthestate,andQD
t representshow long

we havebeenin thatstate(duration),andFt is abinaryindicatorvariablethatturnsto indicatethatQD
t has�nished.

P(Qt = j jQt � 1 = i; Ft � 1 = f ) =
�

� (i; j ) if f = 0 (remainin samestate)
A(i; j ) if f = 1 (transition)

P(QD
t = d0jQD

t � 1 = d;Qt = k; Ft � 1 = 1) = pk (d0)

P(QD
t = d0jQD

t � 1 = d;Qt = k; Ft � 1 = 0) =
�

� (d0; d � 1) if d > 0
unde�ned if d = 0

P(Ft = 1jQD
t = d) = � (d;0)

NotethatP(QD
t = d0jQD

t � 1 = d;Qt = k; Ft � 1 = 0) is unde�nedif d = 0, sinceif QD
t � 1 = 0, thenFt � 1 = 1, by

construction.

q1

y1 y2 y3 y4 y5 y6 y7 y8

q2 q3

Figure12: A time-seriesis dividedinto 3 segmentsof differentlengths.

The overall effect of usinga variabledurationHMM is illustratedin Figure12: the sequenceis divided into a
seriesof segmentsof differentlengths;theobservationswithin eachsegmentareassumedto beiid, conditionedon the
state.(We will generalizethis in Section2.7.) Theassignmentof valuesto thenodesin Figure11 correspondingto
this exampleis asfollows:

Qt q1 q1 q1 q2 q2 q3 q3 q3

D t 2 1 0 1 0 2 1 0
Ft 0 0 1 0 1 0 0 1
Yt y1 y2 y3 y4 y5 y6 y7 y8

We seethattheplaceswhereF turnson representsegmentboundaries.

2.7 Segmentmodels

Thebasicideaof a segmentmodelis thateachHMM statecangeneratea sequenceof observations,asin Figure12,
insteadof just a single observation, The differencefrom a variable-durationHMM is that we do not assumethe
observationswithin eachsegmentareconditionallyindependent;insteadwe canuseanarbitrarymodelfor their joint
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t
Q1 Q2 Qt

l2 l tl1 ...
...

... ... ......X1 X2 Xl1
Xl1+1 Xl1+l2 XSl i XT

Figure13: A schematicdepictionof a segmentmodel. The X t nodesareobserved, the restarehidden. The X t 's
within a segmentneednot befully connected.Also, theremaybedependenciesbetweentheobservablesin adjacent
segments(notshown). This is notavalid DBN sincethel i 'sarerandomvariables,andhencethestructureis not �x ed.
Thanksto Jeff Bilmesfor this Figure.

Q1 Q2 Q3

F1 F2 F3

QD
1 QD

2 QD
3

Q2
1 Q2

2 Q2
3

Y1 Y2 Y3

Figure14: A segmentmodelwhereeachsegmentis modelledby anHMM.

distribution. Thelikelihoodis givenby

P(y1:T ) =
X

�

X

q1: �

X

l 1: �

l iY

i =1

P(� )P(qi jqi � 1; � )P(l i jqi )P(yt 0 ( i ): t 1 ( i ) jqi ; l i )

where� is thenumberof segments,l i is thelengthof thei ' th segment(thatsatis�estheconstraint
P �

i =1 l i = T), and
t0(i ) =

P i � 1
j =1 l j + 1 andt1(i ) = t0(i ) + l i � 1 arethestartandendingtimesof segmenti .

A �rst attemptto representthis asa graphicalmodelis shown in Figure13. This is not a fully speci�edgraphical
model,sincetheL i 'sarerandomvariables,andhencethetopologyis variable.To specifyasegmentmodelasaDBN,
we mustmakesomeassumptionsabouttheform of P(yt :t + l jq; l ). Let usconsidera particularsegmentandrenumber
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sothatt0 = 1 andt1 = l . If weassumetheobservationsareconditionallyindependent,

P(y1:l jQt = k; l ) =
lY

t =1

P(yt jQt = k)

we recover the variable-durationHMM in Figure11. (If p(l jq) is a geometricdistribution, this becomesa regular
HMM.) Note that thenumberof segmentsis equalto thenumberof transitionsof theQt nodes,or equivalently, the
numberof timesFt turnson. By consideringall possibleassignmentsto Qt andQD

t (andhenceto Ft ), we consider
all possiblesegmentationsof thedata.

Thenext simplestsegmentmodelis to modeleachsegmentP(y1:l jQt = k; l ) usinganHMM, i.e.,

P(y1:l jQt = k; l ) =
X

q1: l

� k (q1)P(y1 jQt = k; Q2
1 = q1)

lY

� =2

Ak (q� � 1; q� )P(yt jQt = k; Q2
� = q� )

whereQ2
t representsthestateof theHMM within this particularsegment.We canmodelthis asa DBN asshown in

Figure14. (Naturallywe couldallow arcsbetweentheYt arcs,asin Section2.2). TheCPDsfor Qt , QD
t andFt are

thesameasin Figure11. TheCPDfor Yt getsmodi�ed becauseit mustconditiononbothQt andthestatewithin the
segment-level HMM, Q2

t . TheCPDfor Q2
t is asfollows:

P(Q2
t = j jQ2

t � 1 = i; Qt = k; Ft � 1 = f ) =
�

� 2
k (j ) if f = 0 (reset)

A2
k (i; j ) if f = 1 (transition)

It is straightforwardto useothermodelsto de�ne thesegmentlikelihoodP(y1:l jQt = k; l ), e.g.,a second-order
Markov model,or astate-spacemodel(Section2.9).

2.8 Hierar chical HMMs (HHMMs)

Y Y6 7

q1
1

q2
1

q
1

Y1

q
2

2

q22

q1

Y3

q3
2

Y4

q3
3

Y5

q
1
2

33 3

Y

q2 q243

Figure15: A time-seriesis hierarchicallydividedinto segments.Thetransition/observationdistributionsof thesub-
HMMs maybeconditionedon their immediatecontext, or their entiresurroundingcontext. In a context freesystem,
informationis notallowedto �o w acrosssegmentboundaries,but this restrictioncanbelifted.

TheHierarchicalHMM (HHMM) is a generalizationof thesegmentHMM. It allows segmentHMMs to becom-
posedof segmentsub-HMMsin a hierarchicalfashion.SeeFigure15 for anillustrationof thebasicidea.In addition,
insteadof specifyingthelengthof eachsegmentwith arandomvariable,thelengthis de�ned implicitly by theamount
of time it takesthesub-HMMto enteroneof its endstates.(Thetransitionto theendstatecouldbetriggeredby some
environmentalcondition.)Enteringanend-stateterminatesthatsegment,andreturnscontrolto thecallingstate,which
is thenfreeto change.

The calling context is memorizedon a depth-limitedstack. Hencean HHMM is lesspowerful thanstochastic
context-free grammars(SCFGs)and recursive transitionnetworks (RTNs), both of which can handlerecursionto
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an unboundeddepth. However, HHMMs aresuf�ciently expressive for many practicalproblems,which often only
involve tail-recursion(i.e., self transitionsto an abstractstate). Furthermore,HHMMs can be mademuch more
computationallyef�cient thanSCFGs.In particular, the inferencealgorithmfor SCFGs,which is calledthe inside-
outsidealgorithm,takesO(T 3), whereaswe canuseany of thetechniqueswe discussin Section3 to do inferencein
anHHMM in O(T) time.

1 2

1 2 3 1 2 3

a b c d

1 2

x y

Figure 16: State transition diagram for a three-level HHMM representing the regular expression
(a+ ja+ (xy)+ bjcjc(xy)+ d)+ . Solid arcs representhorizontal transitionsbetweenstates; dotted arcs represent
vertical transitions,i.e., calling a sub-HMM. Double-ringedstatesare accepting(end) states. Dashedarcs are
emissionsfrom production(concrete)states. In this example,eachproductionstateemitsa uniquesymbol,but in
general,it canhavea distributionoveroutputsymbols.

Figure16showsthestatetransitiondiagramof anexampleHHMM whichmodelstheregularexpression

�
a+ j a+ (xy)+ b j c j c(xy)+ d

� +
:2

The key differencefrom usinga �at HMM to modelthis is that the modelfor the sub-expression(xy)+ is re-used
in both thea+ (xy)+ b andc(xy)+ d subexpressions.In this smallexample,thebene�ts of re-useareminimal, but in
generala hierarchicalmodelwith reuseneedssubstantiallyfewerparameters.

Thestateof theHHMM canbede�ned by specifyingthevalueof thestatevariablesateachlevel of thehierarchy,
call themQ(1)

t ; : : : ; Q(D )
t , whereD is thedepth.Stateswhichemit singleobservationsarecalled“productionstates”,

andthosethatemit strings(by calling sub-HMMs)aretermed“abstractstates”.For example,considerthestatesin
the middle row on the left of Figure16: state(1; 1; � ) is concreteandemitsa, state(1; 2; � ) is abstract,andstate
(1; 3; � ) is concreteandemitsb. The“leaf” statesareall concrete,by de�nition: state(1; 2; 1) emitsx and(1; 2; 2)
emitsy. Notethatstates(1; 2; 1) and(2; 2; 1) arethesame(wecoulddenotethemby (� ; 2; 1)), sincethebottom-level
HMM is reusedin bothtop-level contexts.

TheDBN thatcorrespondsto theaboveexampleis shown in Figure17. Let usseehow theassignmentof values
to thenodesin theDBN correspondto differentparses(pathsthroughtheautomaton).Considerthestringaaxybc;
therearetwo possibleparses,(aaxyb)(c) or (a)(axyb)(c), correspondingto whetherthetwo a'sbelongtogether(i.e.,
botharegeneratedfrom a+ (xy)+ b), or areseparate(i.e.,oneis from a+ andoneis from a+ (xy)+ b). In addition,the
c couldbe thebeginningof thesubexpressionc(xy)+ d, or a singlec; we assumewe know this is a completestring
(ratherthana substring),hencethec is terminal(soF 2

T = 1). Theassignmentsto thenodesin theDBN for thejoint
aa hypothesisareasfollows(� representsa don't carevalue):

2This notationmeansthemodelmustproduceoneor morea's, or oneor morea's followedby oneor morex's andy's followedby a singleb,
or a c, or a c followedby oneor morex's andy's followedby a d. Having createdoneof thesestrings,it is freeto createanotherone.An HHMM
cannotmake a horizontaltransitionbeforeit makesa verticalone;henceit cannotproducetheemptystring. For example,in Figure16, it is not
possibleto transitiondirectly from state1 to 2.
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Q1
t 1 1 1 1 1 2

Q2
t 1 1 2 2 3 1

F 2
t 0 0 0 0 1 1

Q3
t - - 1 2 - -

F 3
t - - 0 1 1 -

Yt a a x y b c
Theassignmentsto thenodesin theDBN for theseparateaa hypothesisarethesameasabove, exceptF 2

1 = 1
(shown in bold), representingthe presenceof a segmentationboundary. (This correspondsto the following path
throughthestatetransitiondiagram:from state(1; 1; � ) to its endstate,returningto theroot state(1; � ; � ), andthen
re-entering(1; 1; � ).)

Q1
1 Q1

2 Q1
3

F 2
1 F 2

2 F 2
3

Q2
1 Q2

2 Q2
3

F 3
1 F 3

2 F 3
3

Q3
1 Q3

2 Q3
3

Y1 Y2 Y3

Figure17: A 3-level HHMM representedasa DBN. Qd
t is thestateat time t, level d; F d

t = 1 if theHMM at level d
has�nished (enteredits exit state),otherwiseF d

t = 0. Shadednodesareobserved;theremainingnodesarehidden.If
thelengthof thestringis known to beT, wecansetF d

T = 1 for all d, to ensureall sub-modelshaveterminated.If the
dottedarcsfrom level 1 to thebottomareomitted,it representthefactthatthebottom-level HMM is sharedamongst
differenttop-level HMMs, asin theexamplein Figure16.

We leave thedetailsof de�ning theCPDsto Exercise7.3.

2.8.1 Applications of HHMMs

The mostobvious applicationof HHMMs is to speechrecognition. It is naturalto think of wordsascomposedof
phones,whichproducesubphones,whichproducetheacousticsignal.In practice,themappingfrom wordsto phones
is �x ed by a phoneticdictionary, and the mappingfrom phonesto acousticsis �x ed by assuminga 3-stateleft-to-
right HMM with mixture of Gaussianoutput. Hencethewholehierarchycanbe“collapsed”into a �at HMM, with
appropriateparametertying to representthefact thatbottomlevelsof thehierarchycanbereusedin differenthigher
level contexts. However, if onewereinterestedin learningthehierarchicaldecomposition,anHHMM mightbeuseful.
SeeChapter?? for moreonspeechrecognition.

Anotherapplicationof HHMMs is to maplearningby mobilerobots.It is naturalto think of anindoorof�ce-lik e
environmentascomposedof �oors, whicharecomposedof corridorsandrooms,whicharecomposedof �ner -grained
locations.For this application,it is necessaryto modify themodelsomewhat. Firstly, we typically conditionall state
transitionson theactionperformedby the robot. Secondly, andmoresubtly, whenwe leave oneabstractstate(e.g.,
corridor),thenew concretestate(e.g.,locationwithin corridor)dependson theold concretestate,i.e., not all theold
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context is “poppedoff thestack”uponexiting. (In otherwords,thecorridormodelsarenot context free.) Instead,we
conditionthenew startingstateonsomefunctionof theold state.We leave thedetailsasanexercise.

2.9 State-spacemodels

U1 U2 U3

X 1 X 2 X 3

Y1 Y2 Y3

Figure18: An HMM/SSM with input. Thedottedarcsareoptional,andre�ect thefact that the input mayaffect the
outputdirectly.

The graphstructurefor an SSM looks identical to that for an HMM, sinceit makesthe sameconditionalinde-
pendenceassumptions.Typically onealso includesan input node,as in Figure18. In an SSM, all the nodesare
continuous,andall theCPDsarelinear-Gaussian,i.e.,

P(X t = x t jX t � 1 = x t � 1; Ut = u) = N (x t ; Ax t � 1 + B u; Q)

P(Yt = yjX t = x; Ut = u) = N (y; Cx + Du; R)

We donotneedto de�ne P(Ut ), sincethis is anexogoneousinputvariablethatis alwaysobserved.
In thecaseof SSMs,unlike for HMMs, thereis a one-to-onecorrespondencebetweensparsegraphicalstructure

andsparseparametricstructure.In particular, A(i; j ) > 0 if f thereis a directedarcfrom X ( i )
t � 1 to X ( j )

t , andsimilarly
for the other regressionmatrices,B , C andD. For the covariancematrices,we make useof the fact that, in an
undirectedGaussiangraphicalmodel,zerosin the precision(inversecovariance)matrix correspondto absentarcs.
HenceQ� 1(i; j ) > 0 if f thereis an undirectedarc from X ( i )

t to X ( j )
t within the sametime slice. For example,

considera factorialSSM,asin Figure7, but whereall theCPDsarelinear-Gaussian,andtherearetwo chains.The
correspondingjoint transitionfunctionis

P(X 1
t ; X 1

t jX 1
t � 1; X 1

t � 1) = N
��

X 1
t

X 2
t

�
;

�
A1 0
0 A2

� �
X 1

t � 1
X 2

t � 1

�
;

�
Q� 1

1 0
0 Q� 1

2

��

Contrastthiswith thediscretecaseshown in Figure8.
For a morecomplex example,considera vectorauto-regressiveprocessof order2:

X t = A1X t � 1 + A2X t � 2 + � t

where� t � N (0; �) . (We ignoretheUt andYt variablesfor simplicity.) Supposetheparametersareasfollows.

A1 =

0

B
B
B
B
@

3
5 0 1

5 0 0
0 3

5 0 � 1
5 0

2
5

1
3

3
5 0 0

0 0 0 � 1
2

1
5

0 0 1
5 0 2

5

1

C
C
C
C
A

; A2 =

0

B
B
B
B
@

0 0 � 1
5 0 0

0 0 0 0 0
0 0 0 0 0
0 0 1

5 0 1
3

0 0 0 0 � 1
5

1

C
C
C
C
A

and

� =

0

B
B
B
B
@

1 1
2

1
3 0 0

1
2 1 � 1

3 0 0
1
3 � 1

3 1 0 0
0 0 0 1 0
0 0 0 0 1

1

C
C
C
C
A

; � � 1 =

0

B
B
B
B
@

2:13 � 1:47 � 1:2 0 0
� 1:47 2:13 1:2 0 0
� 1:2 1:2 1:8 0 0

0 0 0 1 0
0 0 0 0 1

1

C
C
C
C
A

Thentheresultingdynamicchaingraphis illustratedin Figure19.
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Figure19: A VAR(2) processrepresentedasa dynamicchaingraph.From[DE00].

� 0 � 1 � 2

y1 y2

x1 x2

Figure20: A DBN for therecursive leastsquaresproblem.

2.10 Joint state-parameterestimation

Theproblemof onlineparameterestimationcanberepresentedby addingtheparametersto thestatespace.
For example,supposewe wantto recursively (i.e., sequentially)estimatethecoef�cients, � , in a linearregression

model,wherewe assumethenoiselevel, R, is known. This canbemodelledasshown in Figure20. TheCPDsareas
follows:

P(� 0) = N (� 0; 0; 1 I )

P(yt jx t ; � t ) = N (yt ; x0
t � t ; R)

P(� t j� t � 1) = N (� t ; � t � 1; 0)

(We do not needto specify the CPD for x t , sincein linear regression,we assumethe input is always known, so
it suf�ces to usea conditionallikelihoodmodel.) The in�nite variancefor � 0 is an uninformative prior. The zero
variancefor � t re�ects thefactthattheparameteris constant.If wemadethevariancenon-zero,we couldallow slow
changesin theparameters,andhencetracknon-stationarities.

We canperformexact inferencein this modelusingtheKalman�lter , where� t is thehiddenstate,andwe usea
time-varyingoutputmatrix Ct = x0

t ; we setthe transitionmatrix to A = I , the transitionnoiseto K = 0, andthe
observationnoiseto R. This is just therecursive leastsquaresalgorithmdiscussedin Section2.10.

Now consideranon-linearregressionmodel:

yt =
kX

j =1

aj;t � (jjx t � � j;t jj ) + bt + � 0
t x t + � t

where� t � N (0; � t ) is a noisetermand� (jjx t � � j;t jj ) is e.g.,a radialbasisfunction(RBF); if k = 0, this reduces
to a linearregressionmodel.We canwrite this in vector-matrix form asfollows:

yt = D(� t ; x t )� t + nt
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� 0 � 1 � 2

� 0 � 1 � 2

� 0 � 1 � 2

y1 y2

x1 x2

Figure21: A DBN for sequentialBayesiannon-linearregression.

where� t = (at ; bt ; � t ) areall theweights.TheresultingDBN is shown in Figure21. If we allow theparametersto
changeover time(modelledby a randomwalk), theCPDsare

P(� t j� t � 1) = N (� t ; � t � 1; � � I )

P(� t j� t � 1) = N (� t ; � t � 1; � � I )

P(log � t j log � t � 1) = N (log � t ; log � t � 1; � � I )

P(yt jx t ; � t ; � t ) = N (yt ; D (� t ; x t )� t ; � t )

(I haveomittedthepriorsat time 1 for simplicity.)
Althoughthis modelis linear in the � parameters,it is not linear in � t or � t . Henceit is not possibleto perform

exactinference(i.e.,Bayesianparameterlearning)in thismodel.However, it is possibleto sample� t and� t , andthen
applya conditionalKalman�lter to � t : seeSection5.4.3.Otherapproachesto inferencein non-linearmodelswill be
discussedin Section5. Methodsfor selectingthenumberof basisfunctionsonlinewill bediscussedin Section5.5.1.

2.11 Switching SSMs

S1 S2 S3

X 1 X 2 X 3

Y1 Y2 Y3

Figure22: A switchingstate-spacemodel. In this �gure, squarenodesarediscrete,roundnodesarecontinuous.We
haveomittedtheinput U for simplicity.

In Figure22 we show a switchingSSM,alsocalleda switchinglineardynamicalsystem(LDS), a jump-Markov
model,a jump-linearsystem,a conditionaldynamiclinear model(DLM), etc. The basicideais that themodelcan
switchbetweendifferentkindsof dynamical“modes”or “regimes”. (Theresultingpiece-wiselinearity is oneway to
approximatenon-lineardynamics.)Thedynamicsof themodesthemselvesaregovernedby a discrete-stateMarkov
chain.HencetheCPDsareasfollows:
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P(X t = x t jX t � 1 = x t � 1; St = i ) = N (x t ; A i x t � 1; Qi )

P(Yt = yjX t = x) = N (y; Cx; R)

P(St = j jSt � 1 = i ) = M (i; j )

Sincethis modelhasbothdiscreteandcontinuoushiddenvariables,it is sometimescalleda hybrid DBN. Exact
inferencein suchmodelis very dif�cult, aswe discussin Section5.2.4. Contrastthis with anauto-regressiveHMM
(Section2.2) in whichall thehiddenvariablesarediscrete,makingexactinferenceeasy.

In additionto switchingX t , it is possibleto switchYt . Thiscanbeusedto representP(Yt jX t ) asamixture,which
canapproximatenon-Gaussianobservation densities.For example,in order to be robust to outliers, it is common
to assumeP(Yt jX t ) is a mixture of a Gaussiandistribution anda uniform distribution (which canbeapproximated
usinga Gaussianwith very large covariance). An applicationof switchingSSM to fault diagnosisis discussedin
Exercise??. We will seesomeotherapplicationsof this below.

2.11.1 Data association

X 1
1 X 1

2 X 1
3

X 2
1 X 2

2 X 2
3

S1 S2 S3

Y1 Y2 Y3

Figure23: A DBN for thedataassociationproblem.TheobservationYt comesfrom oneof two independentsources,
asdeterminedby themultiplexernodeSt . Squarenodesarediscrete,roundnodesarecontinuous.

Anotherimportantapplicationof switchingSSMsis for modellingthedataassociation(correspondence)problem.
In this problem,we areinterestedin trackingthestateof several“objects” X (1)

t ; : : : ; X (D
t . At eachtime step,we get

anobservation,Yt , but we donotwhich (if any) of theobjectscausedit.
The dataassociationproblemis extremelycommon. For example,considervisually trackinga personas they

movearounda clutteredroom. At eachframe,we mustdecidewhichbodypart(if any) causedwhich pixel. Another
exampleconcernstrackingmissilesusingradar. At eachscan,we mustdecidewhich missile(if any) causedwhich
“blip” on thescreen.

A simplemodelfor this is shown in Figure23. St is a latentvariablewhich speci�estheidentity of thesourceof
theobservationYt . It is aswitchingparent,andis usedto “select”whichof thehiddenchainsto “passthrough”to the
output,i.e., theCPDfor P(Yt jX 1:D

t ; St ) is a (Gaussian)multiplexer:

P(Yt = yjSt = i; X (1)
t ; : : : ; X (D )

t ) = N (y; Wi X
( i )
t + � i ; Ri )

Becauseof its military importance,a lot of effort hasbeenexpendedon theproblemof trackingmultiple targetsin
clutter. SeeSection5.5for furtherdiscussion.

3 Infer ence

Having seena largevarietyof differentDBNs,we now discusshow to performinferencein suchmodels.Therearea
varietyof inferenceproblemswe might beinterestedin (seeFigure24 for asummary):

Filtering ComputingP(X t jy1:t ), i.e.,monitoring(tracking)thestateover time.
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Prediction ComputingP(X t + h jy1:t ) for somehorizonh > 0 into thefuture.

Fixed-lagsmoothing ComputingP(X t � l jy1:t ), i.e., estimatingwhathappenedl > 0 stepsin thepastgivenall the
evidenceup to thepresent(hindsight).

Fixed-interval smoothing(of�ine) ComputingP(X t jy1:T ). This is usedasa subroutinefor of�ine training.

Viterbi decoding Computingargmaxx 1: t P(x1:t jy1:t ), i.e., �guring out the most likely cause/explanationof the
observeddata.

Classi�cation ComputingP(y1:t ) =
P

x 1: t
P(x1:t ; y1:t ). This canbeusedto computethe likelihoodof a sequence

underdifferentmodels.

t

t

t

Tt

P(X(t) | y(1:t))

P(X(t) | y(1:T))

P(X(t-L) | y(1:t))

L

H

P(X(t+H) | y(1:t))

filtering

prediction

fixed-lag

smoothing
(offline)

smoothing

fixed interval

Figure24: The main kinds of inferencefor DBNs. The shadedregion is the interval for which we have data. The
arrow representsthe time stepat which we want to performinference.t is the currenttime, andT is the sequence
length.h is apredictionhorizonandl is a time lag.

We will focusononline�ltering andof�ine smoothing;theotherproblemscanbesolvedby similar methods.3

It will behelpful to distinguishmodelsin which all thehiddennodesarediscretefrom modelsin which some(or
all) hiddennodesarecontinuous,sincethey requiredifferentsolutiontechniques(just aswe saw that inferencein an
HMM requireddifferenttechniquesthaninferencein anSSM).

4 Exact inferencein discrete-statemodels

In this section,we discussexact �ltering andsmoothingalgorithmsfor DBNs in which all thehiddenvariablesare
discrete.(Continuousnodesthat areobserveddo not causea problem,no matterwhat their distribution, sincethey
only affect theinferenceby meansof theconditionallikelihood,c.f., theOt (i; i ) = P(yt jX t = i ) termfor HMMs.)

4.1 Forwards-backwardsalgorithm

Thesimplestinferencemethodfor a discrete-stateDBN is to convert it to anHMM, andthento apply theforwards-
backwardsalgorithm. If thereareNh hiddenvariablesper slice, andeachsuchvariablecanhave up to M values,

3For example,thequantityneededto classifya sequence,P (y1: t ), is computedasa by-productof �ltering. Also, any �ltering algorithmcan
beconvertedto aViterbi algorithmby replacingthe“sum” operatorwith the“max” operator. Finally, any of�ine smoothingalgorithmcanbemade
onlineby simplyusingaslidingwindow.
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the resultingHMM will have S = M Nh states.ProvidedS is not too large, this is themethodof choice,sincethe
forwards-backwardsalgorithmis exact, and is very simple to implement. Unfortunately, in generalthe numberof
stateswill betoolarge,sinceit is exponentialin thenumberof hiddenvariables;hencewemustlook for moreef�cient
methods.

4.2 Unrolled junction tr ee

Thesecondsimplestinferencemethodis to unroll theDBN for T slices(whereT is the lengthof thesequence)and
thento apply any staticBayesnet inferencealgorithm. For �ltering, it is naturalto apply the variableelimination
algorithm(Chapter??). Thisneedonly keeptwo slicesin memoryata time: startingwith slice1, weaddslice2, then
marginalizeout slice 1, thenaddslice 3, etc. For smoothing,it is moreef�cient to usethe junction treealgorithm,
sincemostof thework in computingP(QT jy1:T ) canbereusedwhencomputingP(QT � 1jy1:T ), etc. Laterwe will
seehow to modify the junction treealgorithmto only work with two slicesat a time (which is essentialfor online
�ltering), but in this section,we considerthemorenaive approachof treatingthenetwork asa singlelargeunrolled
graph.

(a) (b) (c) (d)

(e) (f) (g) (h)

Figure25: Someof the(nonmaximal)cliquesin thejunctiontreeconstructedfrom acoupledHMM with 4 chains.The
junctiontreewill containthesecliquesconnectedtogetherin a chain;thecliquescontaining(Q( i )

t ; Y ( i )
t ) (not shown)

“hangoff ” this “backbone”c.f., Figure33. (a) Theclique initially containsQ(1:4)
t � 1 ; thenwe updateit asfollows: (b)

addQ(1)
t ; (c) addQ(2)

t ; (d) remove Q(1)
t � 1; (e) addQ(3)

t ; (f) remove Q(2)
t � 1; (g) addQ(4)

t ; (h) remove Q(3)
t � 1; (laststep

not shown) removeQ(4)
t � 1 to yield Q(1:4)

t . It is possibleto combineconsecutiveadd/removesteps,resultingin just the
maximalcliquesshown in Figuresc, e andg. This is whatthestandardjunctiontreealgorithmdoes.

Unfortunately, whenwe createa junction tree from an unrolledDBN, the cliquestend to be very large, often
makingexactinferenceintractable.In particular, for everytimeslice(exceptpossiblynearthebeginningandendof the
sequence),therewill usuallybea cliquethatcontainsall thenodeswithin thatslicethathave inter-sliceconnections.
(Wewill bemoreprecisebelow). SeeFigure25for anexample.Theintuitivereasonfor this is illustratedin Figure26:
even if nodeswithin a slice arenot directly correlated,they will eventuallybecomecorrelatedby virtue of sharing
commonancestorsin thepast.

4.2.1 Constrainedelimination orderings

Thesizeof themaximumclique (or largestfactorin thevariableeliminationalgorithm)dependson theelimination
ordering.Let usde�ne m(� ) to bethesizeof themaximumcliqueinducedby ordering� . (A relatedquantityis the
width of anordering,de�ned asw(� ) = m(� ) � 1.) Themaxcliquesizeof a graph,m(G), is de�ned asm(� � (G)) ,
where� � (G) is theoptimaleliminationorderingfor G. Exactinferencetakestime andspaceexponentialin m(� ), as
we saw in Chapter??.
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Figure26: A coupledHMM with 4 chains.Even thoughchain1 is not directly connectedto chain4, they become
correlatedoncewe unroll theDBN, asindicatedby thedottedline. Thatinferencein this modelis intractableshould
notbesurprising,sincethegraphis verysimilar to a2D latticeMRF.

X 1
1 X 1

2 X 1
3 X 1

4

X 2
1 X 2

2 X 2
3 X 2

4

X 3
1 X 3

2 X 3
3 X 3

4

X 4
1 X 4

2 X 4
3 X 4

4

Figure27: A DBN in which all thenodesin the lastslicebecomeconnectedwhenwe eliminatenodesin a slice-by-
sliceorder� , implying m(� ) = 4 + 1 = 5, eventhough,usinganunconstrainedorderthatexploits thetreestructure,
m(� � ) = 2.

A naturalorderingis to work left-to-right, i.e.,weeliminateall nodesin slicet (in someoptimalorder)beforeany
in slicet + 1. Unfortunately, suchaconstrainedorderingis notalwaysoptimal.For example,Figure27showsaDBN
wherem(� � ) = 2 (sincethegraphis a setof trees).However, if we unroll thegraphfor T � 4 slices,andeliminate
all thenodesin slice t beforeeliminatingany nodesin slice t + 1, we �nd m(� ) = 5. This is a consequenceof the
following theorem:

Theorem (Constrainedeliminationordering)[RTL76]. Let A1; : : : ; An beaneliminationsequencetriangulating
the(moral)graphG, andlet A i , Ak betwo non-neighborsin G, i < k. Thentheeliminationsequenceintroducesthe
�ll-in A i � Ak if f thereis a pathA i � A j � : : : � Ak suchthatall intermediatenodesA j areeliminatedbeforeA i .

To applythis theoremto theexamplein Figure27, let A i = X ( i )
t andAk = X (k )

t . Supposewe �rst eliminateall
theX ( i )

� for all � < t; thesebecometheA j 's. SinceA i is connectedto Ak via some(undirected)paththroughthe
pastA j 's (if t � 4), we will adda �ll-in betweenthem.Henceall thenodesin slicet will becomeconnected.

To preciselycharacterizetheconsequencesof usinga slice-by-sliceeliminationordering,let us�rst make thefol-
lowing de�nition.

De�nition . Let thesetof temporal arcsbetweenslicest � 1 andt bedenotedby E tmp(t) = f (u; v) 2 E ju 2
Vt � 1; v 2 Vt g, whereVt arethenodesin slicet. TheincominginterfaceI  

t is de�ned asall nodesv s.t. v, or oneof
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Figure28: TheMildew DBN, designedfor foreacastingthegrossyield of wheatbasedon climatic data,observations
of leaf areaindex (LAI) andextensionof mildew, andknowledgeof amountof fungicidesusedandtime of usage
[Kja95]. Thenodesin the incominginterfaceareshown in bold outline. Notehow thetransientnodephotois in the
incominginterface,becauseit is theparentof thepersistentnodedry, whichhasanincomingtemporalarc.

its children,hasa parentin slicet � 1, i.e., I  
t = f v 2 Vt j(u; v) 2 E tmp(t) or 9w 2 ch(v) : (u; w) 2 E tmp(t); u 2

Vt � 1g. SeeFigure28 for anexample.(We call it theincominginterfaceto distinguishit from theoutgoinginterface,
whichweshallde�ne shortly.)

Now we canput tight lower andupperboundson the complexity of inferenceusinga slice-by-sliceelimination
ordering.

Theorem. Let G be a DBN with N nodesperslice,unrolledfor T > 1 slices,which formsa singleconnected
component.4 If � is any slice-by-sliceeliminationorderingfor G, thenjI  j + 1 � m(� ) � jI  j + N , andthebounds
aretight.
Proof. Whenwe eliminatethe nodesin slice t, the only variablesthat are involved areVt [ I  

t +1 . Hencem(� ) �
jVt [ I  

t j = N + jI  j. Figure29 shows a DBN whereI  = N andm(� � ) = 2N ; sincem(� ) � m(� � ), we see
that the upperboundis tight. To establishthe lower bound,notethat sincethe graphis a singleconnectedcompo-
nent,at leastoneof thenodesin theincominginterfacemusthave a parentin thepreviousslice;hencetheremustbe
somestagein theeliminationprocesswhichcontainsthis“old” nodeplusall theinterfacenodes,sojI  j + 1 � m(� ).
To seethattheboundis tight, consideraMarkov chain:thishasjI  j = 1, soamaxcliquesizeof 2 canbeachieved.�

Hencetheconstrainedjunctiontreealgorithmtakes
( M j I  j+1 ) operationspertime step(assumingall nodesin
theincominginterfacecanhaveM possiblevalues).Notethatthis maybeexponentiallyfasterthanthetimerequired
by the forwards-backwardsalgorithm,which performsO(M 2Nh ) operationsper time step;nevertheless,it is still
exponentialin jI  j.

4.2.2 Unconstrainedelimination orderings

Whathappensif we useanunconstrainedeliminationordering?In principlewe cando better. However, in practice,
this is rarely the case. Recall that �nding the optimal elimination orderingis NP-hard. Hencemost elimination
orderingsare computedusing local searchalgorithms. Empirically it hasbeenfound by several researchersthat

4Figure30shows acounter-exampleto thetheoremwhentheDBN is notasingleconnectedcomponent.
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Figure29: A worstcaseDBN from acomplexity pointof view, sincewemustcreateacliquewhichcontainsall nodes
in bothslices.Hencethemaxcliquesizeis 2N .

X 1
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X 4
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4

Figure30: A DBN in which thenodesin the lastslice do not becomeconnectedevenwhenwe usea slice-by-slice
eliminationordering;hencem(� � ) = 3 < jI  j + 1 = 4, contraryto the theorem.This is becausethenodesin the
lastslicedonotbelongto oneconnectedcomponent.Contrastthiswith Figure27. Dottedlinesrepresentmoralization
arcs.

providing a constrainedspaceto searchin oftenimprovesthequality of thelocaloptimathatarefound.For example,
anunconstrainedalgorithmmightchooseto eliminatethe�rst nodein everyslice,thenthesecond,etc.,creatingwide
“horizontal” cliquesthatspanmany time slices,asopposedto narrow “vertical” cliquesthataretemporallylocalized.
Suchhorizontalorderingsusuallyhave larger clique sizesthanvertical orderings(for large enoughT), andhence
would not be chosenby a goodsearchalgorithm. However, a greedysearchalgorithm(e.g.,basedon the min-�ll
heuristic)mayeasilychoosesuchasub-optimalordering.

An additionalproblemwith unconstrainedorderingsis the following. We don't want to have to computea new
elimination orderingevery time we changethe length of the sequence,becauseit is too slow. Insteadwe would
like to triangulatea �x ed sizeDBN, identify the cliquesin the resultingjunction tree,and thenreusethemfor all
sequencelengthsby copying therepeatingstructure.In orderto guaranteethatsuchrepeatingstructureoccursin the
junctiontree,we mustusea temporallyconstrainedeliminationordering.Eventhen,thebook-keepinginvolvedwith
dynamicallychangingthestructureof thejunctiontreebecomesquitetricky.

4.3 The fr ontier algorithm

An alternative approach,which turnsout to be simplerandbettersuitedto online inference,is to think explicitly in
termsof timeslices.Theforwards-backwardsalgorithmfor HMMs worksbecauseconditioningonQ t d-separatesthe
pastfrom thefuture. This ideacanbegeneralizedto DBNs by notingthatall thenodesin a sliced-separatethepast
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Figure31: This graphhasa maxcliquesizeof 3, anoutgoinginterfaceof size1, andanincominginterfaceof size4.
BasedonFigure2 of [Dar01].

from thefuture.We will call thissetthe“frontier” anddenoteit by Z t . Hencethebeliefstate,P(Z t jy1:t ), canactasa
suf�cient statisticfor �ltering; for smoothing,we cande�ne ananalogousquantityfor thebackwardsdirection.

The�ltering problemreducesto computingP(Z t jy1:t ) from P(Z t � 1jy1:t � 1). In anHMM, this canbedonewith
a singlematrix multiply, but we wish to avoid constructing,yet alonemultiplying by, an O(S � S) matrix, where
S = M Nh . The following ruleswill advancethe frontier onenodeat a time suchthat at eachstepthe frontier d-
separatesall thenodesto its left from thenodesto its right: (1) a nodecanbeaddedto the frontier if all its parents
arealreadyin thefrontier, and(2) anodecanberemovedfrom thefrontierassoonasall its childrenhavebeenadded.
SeeFigure25 for anexample.Addinga nodemeansmultiplying its CPDontothefrontierdistribution,andremoving
a nodemeansmarginalizingit out of thefrontier distribution. We leave thedetailsasanexercise,sincewe areabout
to developamoreef�cient algorithmbasedonsimilar ideas.

4.4 The interface algorithm

Thefrontierdistribution,P(Z t jy1:t ), hassizeO(M Nh ). Fortunately, it is easyto seethatcanexcludefrom thefrontier
all nodesthatdo not have any childrenin the next slice. We will prove this below. First let us make the following
de�nition:

De�nition . TheoutgoinginterfaceI !
t is thesetof nodeswhich have childrenin thenext slice, i.e., I !

t
def= f u 2

Vt j(u; v) 2 E tmp(t + 1); v 2 Vt +1 g.

Now weprovethattheoutgoinginterfaced-separatesthepastfrom thefuture,andhencecanbeusedasasuf�cient
statisticfor inference.

Theorem. (V1:t � 1[ (Vt n I !
t )) ? Vt +1: T jI !

t , i.e., the outgoinginterfaced-separatesthe pastfrom the future,
wherethepastis all thenodesin slicesprior to t, plusthenon-interfacenodesin slicet, andthefutureis all nodesin
slicesaftert.

Proof. Let I be a nodein the outgoinginterface,connectedto a nodeP in the pastanda nodeF in the future
(which mustbea child of I , by de�nition). If P is a parent,thegraphlooks like this: P ! I ! F . If P is a child,
thegraphlookslike this: P  I ! F . Eitherway, we haveP ? F jI , sinceI is neverat thebottomof a v-structure.
Sinceall pathsbetweenany nodein the pastandany nodein the future areblockedby somenodein the outgoing
interface,theresultfollows. �

Figure31 shows a DBN for which jI ! j = 1 < jI  j = 4, but Figure 28 shows a DBN for which jI ! j =
5 > jI  j = 4. Although the outgoinginterfaceis not necessarilysmallerthanthe incominginterface,in practice
it often is. (If all temporalarcsare persistencearcs(arcsof the form Q( i )

t � 1 ! Q( i )
t ), then it is easyto seethat

theoutgoinginterfaceis never larger thanthe incominginterface.) In addition,theoutgoinginterfacelendsitself to
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Figure32: TheMildew 1.5DBN.Nodesin theoutgoinginterfaceareshown in bold outline. Nodeswhich arenot in
theoutgoinginterfaceof slice1 aredisconnected,andcanberemoved.Dashedarcsareaddedto ensuretheoutgoing
interfacesarefully connected.

simpleralgorithms,whicharebettersuitedto onlineinference,aswe will seebelow.
The �ltering problemnow reducesto computingP(I !

t jy1:t ) from P(I !
t � 1 jy1:t � 1). To do this, we will usea

modi�ed junction treeon a modi�ed 2TBN; this will allow us to exploit any sparsestructurethat may exist within
a slice(somethingthe frontier algorithmdoesnot do). We will call themodi�ed 2TBN a 1.5DBN,sinceit contains
“one-and-a-half” slices. Speci�cally, the 1.5DBN containsall the nodesin slice 2, but only the outgoinginterface
nodesfrom slice1. SeeFigure32 for anexample.

Let usdenotethe1.5DBN by G1:5. To convert this to a modi�ed junction tree,we proceedasfollows. First we
moralizeG1:5 to createM (G1:5). Thenwe addundirectededgesbetweenall nodesin I !

t � 1 andbetweenall nodes
in I !

t to createM + (G1:5); this ensurestherewill be cliquesthat are large enoughto containP(I !
t � 1 jy1:t � 1) and

P(I !
t jy1:t ). Thenwe triangulateusingan unconstrainedeliminationorderingto createT(M + (G1:5)) . Finally we

createa junction tree from the maximalcliquesof T(M + (G1:5)) . If this containsall the nodesin slice t and the
interfacenodesin slicet � 1, wewill call it J t . (J1 just containsslice1, of course.)Let in-clq denotethecliquein J t

whichcontainsI !
t � 1, andout-clqdenotethecliquewhichcontainsI !

t . SeeFigure33 for anexample.
Having createda junction tree, we can de�ne the smoothingalgorithm as in Figure 34. The forwardsopera-

tor, (� t ; Jt ) = fwd(� t � 1; yt ), doesonestepof Bayesianupdating,i.e., it computes� t
def= P(I !

t jy1:t ) from � t � 1 =
P(I !

t � 1 jy1:t � 1). It alsoreturnsthepotentials� of all thecliquesandseparatorsin J t (thesewill neededin theback-
wardssmoothingpass).The# operatorrepresents(sumor max)marginalization;thus� out # I !

t meansmarginalize
thecliquepotentialonout-clqontotheforwardsinterface.

Similarly, thebackwardsoperator, (
 t � 1; Jt ) = back(
 t ; � t ; Jt ), computestheanalogof theequation(12.45)for
HMMs:

� (qt � 1; qt ) =
� (qt � 1)P(yt jqt )A(qt � 1; qt )
 (qt )

� (qt )

since� (qt � 1)P(yt jqt )A(qt � 1; qt ) is includedin J t , andthe backoperatormultiplies by 
 (qt )=� (qt ). (Exercise7.5
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Figure33: Thejunctiontreeconstructedfrom 3 slicesof theDBN in Figure32. ThenotationCn(t; t + 1) meansclique
n containingnodesfrom slicest andt + 1. ThusC12(2; 3) is the sameasC12(1; 2), exceptall the nodenumbers
areshiftedup by N , thenumberof nodesperslice. (Cliquesin J t , t > 1, startwith number5 becausecliques1 to 4
correspondto disconnectednodesin slice1 of the1.5DBN,andcanbeignored.)For J t , t > 1, the incomingclique
is C12andtheoutgoingclique is C9; for J1, the incoming/outgoingclique is C5. � t representsthepotentialon the
separatorbetweenJ t andJt +1 on theforwardspass;
 t representsthis potentialon thebackwardspass.

function(� t ; J t ) = Fwd(� t � 1 ; yt )
Initialize � (J t ) usingtheCPDsfrom slice2 andtheevidenceyt

� in = � in � � t � 1

Collectto out-clq
� t = � out # I !

t

function(� t ; J t ) = Fwd1(y1)
Initialize � (J t ) usingtheCPDsfrom slice1 andtheevidencey1

Collectto out-clq
� t = � out # I !

t

function(
 t � 1 ; J t ) = Back(
 t ; � t ; J t )
� out = � out � 
 t

� t
Distributefrom out-clq

 t � 1 = � in # I !

t � 1

function(J1) = Back1(
 1 ; � 1 ; J1)
� out = � out � 
 1

� 1
Distributefrom out-clq

function(J1 ; : : : ; J t ) = smooth(y1:T )
(� 1 ; J1) = fwd1(y1)
For t = 2; : : : ; T ,

(� t ; J t ) = fwd(� t � 1 ; yt )

 T = � t

For t = T; : : : ; 2
(
 t � 1 ; J t ) = back(
 t ; � t ; J t )

J1 = back1(
 1 ; � 1 ; J1)

Figure34: Pseudo-codefor thegeneralized� � 
 algorithm.
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asksyou to developan� � � versionof thisalgorithminstead.)
We cancomputeany singlenodemarginal P(Q( i )

t jy1:T ) by marginalizing 
 t . Similarly, we can computeany
family marginalP(Q( i )

t ; Pa(Q( i )
t )jy1:T ) by marginalizingtheappropriatepotentialin J t .

4.5 Conditionally tractable substructure

The O(M j I ! j ) complexity of �ltering is a purely graph-theoretic(worst-case)result. It sometimeshappensthat
theCPDsencodeconditionalindependenciesthatarenot evident in thegraphstructure.This canleadto signi�cant
speedups.For example,considerFigure35. This is a schematicfor two “processes”(hererepresentedby single
nodes),B andC, bothof whichonly interactwith eachothervia anintermediatelayer, R.

Theoutgoinginterfaceis f R; B ; Cg; sinceB andC representwholesubprocesses,thismightbequitelarge.Now
supposewe removethedottedarcs,soR becomesa “root”, with only outgoingarcsto itself andB andC. Again, the
interfaceis f R; B ; Cg. Finally, supposethatR is in factastaticnode,i.e.,P(R t jRt � 1) = � (Rt ; Rt � 1). (For example,
R mightbea �x edparameter.) In thiscase,themodelcanbesimpli�ed asshown in Figure36. Thismodelenjoys the
propertythat,conditionedonR, theinterfacefactorizes:

P(R; B t ; Ct jy1:t ) = P(B t jR; y1:t )P(Ct jR; y1:t )P(Rjy1:t ) = P(B t jR; yB
1:t )P(Ct jR; yC

1:t )P(Rjy1:t )

whereyt = (yB
t ; yC

t ). This followssinceB t ? yC
1:t jR andCt ? yB

1:t jR, i.e.,evidencewhichis local to aprocessdoesnot
in�uence otherprocesses:theR nodeactslikeabarrier. Hencewecanrecursively updateeachsubprocessseparately:

P(B t jR; yB
1:t ) = P(B t jR; yB

1:t � 1; yB
t )

/ P(yB
t jB t )

X

b

P(B t jB t � 1 = b;R)P(B t � 1 = bjR; yB
1:t � 1)

Thedistributionover therootvariablecanbecomputedatany timeusing

P(Rjy1:t ) /
X

b

P(R)P(B t = bjR; y1:t )

Thereasonwecannotapplythesamefactoringtrick to themodelin Figure35is thatP(B t jRt ; y1:t ) 6= P(B t jRt ; yB
1:t ),

sincethereis a path(e.g.,via Rt � 1) connectingY C
t to B t . If we couldconditionon thewholechainR1:t insteadof

justonRt , we couldfactortheproblem.Of course,we cannotconditiononall possiblevaluesof R1:t , sincethereare
M t of them;however, we cansamplerepresentative instantiations.Giventhesesamples,we canupdatetheprocesses
exactly. This is anexampleof Rao-Blackwellisedparticle�ltering: seeSection5.4.3.

5 Approximate �ltering

Sofar, we have discussedhow to performexact�ltering in discrete-statemodels.Althoughthis is alwayspossible,it
might betooslow, becausethebelief state,P(X t jy1:t ) (or, moreaccurately, P(I !

t jy1:t )) is too large.Hencewe must
resortto approximations.

What aboutmodelswith continuous,or mixeddiscrete-continuous,hiddenstate?It turnsout that for nearlyall
suchmodels,exact (i.e., closed-form,�x ed-sized)representationsof the belief statedo not exist. The exceptionis
modelsin which thetransitionandobservationmodelsareconjugate.Linear-Gaussian(state-space)modelshave this
property: the belief state,P(X t jy1:t ), canalwaysbe exactly representedby a Gaussian.5 However, in general,we
mustapproximatethebelief state.In the following sections,we review a numberof differentalgorithms,which use
differentrepresentationsfor theapproximatebeliefstate.Mostof thesemethodsareonly suitablefor restrictedclasses
of DBNs. At present,discretizationandsampling(Section5.4)aretheonly methodsthatcan,in theory, handleDBNs
with arbitrarytopologyandarbitraryCPDs.Unfortunately, discretizationis not feasiblefor largenetworks/nodes,and
to makesamplingwork well in practice,it is usuallynecessaryto makeadditionalrestrictions/assumptionsandto use
model-speci�cheuristics.Hencethepictureis somewhatlesssatisfyingthanin Section4.

5To seethis, notethatsincethepreviousbelief state,P (X t � 1 jy1: t � 1), is Gaussian(by assumption),thenso is P (X t jy1: t � 1), sinceX t is a
lineartransformationof X t � 1 plusadditive Gaussiannoise.CombininingaGaussianprior, P (X t jy1: t � 1), with aGaussianlikelihood,P (yt jX t ),
yieldsaGaussianposterior, P (X t jy1: t ). In otherwords,linear-GaussianmodelsareclosedunderBayesianupdating.
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Figure35: Two “processes”,hererepresentedbysinglenodes,B andC, only interactwith eachotherviaan“interface”
layer, R.
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Figure36: Conditionedon thestaticroot, theinterfaceis fully factored.
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5.1 Belief state= discretedistrib ution

In this section,we considerproblemswherethebelief state,P(X t jy1:t ), is a discreteprobabilitydistribution, asin a
histogram.Thismightariseif wediscretizedall thecontinuoushiddenvariables,or if all thevariableswereall discrete
to begin with. Although in principlewe canusetheexactmethodsdiscussedin Section4, in practicethey might be
tooslow. Hencewe developfaster, but approximate,algorithms.

5.1.1 Assumeddensity �ltering (ADF)/ BK algorithm

Basic idea Assumeddensity�ltering (ADF) assumesthe belief stateis a memberof somerestrictedfamily F .
Figure37 illustratesthebasicidea.We startwith aprior, ~� t � 1 2 F , andperformonestepof exactBayesianupdating
to get b� t . Usually b� t 62F , so we approximateit by choosingthe “closest” approximationin the family: ~� t =
argminq2F D(�̂ t jjq). If F is in theexponentialfamily, thisequationcanbesolvedby momentmatching.

For aDBN, it is naturalto let F bethesetof factorizeddistributions,i.e.,weapproximatethejoint distribution � t

by aproductof marginalsoverclustersof variables:

� t � ~� t =
CY

i =1

P(Q(ci )
t jy1:t )

where[ i ci = I ! is a partitionof the interfaceinto clusters(which mayoverlap). This is oftencalledthe “Boyen-
Koller” (BK) approximation.The bestapproximatedistribution in this family canbe found by momentmatching,
whichin thediscretecasemeanscomputingthemarginalsoneachcluster. Wediscusshow to dothisef�ciently below.

b� t b� t +1 exact

e� t � 1 e� t e� t +1 approx

U P U P

Figure37: TheADF algorithmasaseriesof update(U) andprojection(P)steps.

Err or analysis It canbeshown thattheerrorremainsboundedover time, in thefollowing sense:

E D(� t jj ~� t ) �
� t


 �

wheretheexpectationis take over thepossibleobservationsequences,
 � is themixing rateof theDBN, and� t is the
additionalerrorincurredby projection,overandaboveany errorinheritedfrom thefactoredprior:

� t = D(� t jj ~� t ) � D (� t jj �̂ t ):

Theintuition is that,eventhoughprojectionintroducesanerrorat every time step,thestochasticnatureof thetransi-
tions,andtheinformativenatureof theobservations,reducestheerrorsuf�ciently to stopit building up.

The accuracy of the BK algorithmdependson the clustersthat we useto approximatethe belief state. Exact
inferencecorrespondsto usingasinglecluster, containingall theinterfacenodes.Themostaggressiveapproximation
correspondsto usingoneclusterpervariable(a “fully factorized”approximation).

Thebestcasefor BK is whentheobservationsareperfect(noiseless),or whenthetransitionmatrix is maximally
stochastic(i.e.,P(X t jX t � 1) is independentof X t � 1), sincein eithercase,errorsin theprior areirrelevant.Conversely,
theworstcasefor BK is whentheobservationsareabsentor uninformative,andthetransitionmatrix is deterministic,
sincein this case,theerror grows over time. (This is consistentwith the theorem,sincedeterministicprocessescan
have in�nite mixing time.) In Section5.4,we will seethatthebestcasefor BK is theworstcasefor particle�ltering
(whenwe proposefrom thetransitionprior), andviceversa.
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Implementation We canimplementtheBK algorithmby slightly modifying the interfacealgorithm(Section4.4).
Speci�cally, we constructthejunctiontreefor the1.5DBNasbefore,but insteadof addingundirectededgesbetween
all nodesin I !

t � 1 andI !
t , we only addthembetweenall nodesin eachcluster. This usuallyresultsin muchsmaller

cliques.We leave thedetailsto exercise7.8.

5.1.2 Beamsearch

A completelydifferentkind of approximationis to assumethat thereareonly a small numberof likely hypotheses.
Fromeachsuchlikely prior state,we try to �nd thenext mostprobablesetof states.We caneitherkeepthek most
likely states,or keepenoughstatesto ensurewe cover enoughof theprobabilitymass.This methodis widely used
in speechrecogntion,wherewe only keeptrackof themostprobablyinterpretationsof thesentence,andalsoin fault
diagnosis,whereweonly keeptrackof themostprobablefaults.

5.2 Belief state= Gaussian

In this section,we consideralgorithmsthatapproximateP(X t jy1:t ) by a singleGaussian.(Many of thesecouldbe
generalizedto useany memberof theexponentialfamily.)

5.2.1 Kalman �lter (KF)

Recalltheform of thestate-spacemodelfrom Chapter??:

x t = Ax t � 1 + vt

yt = Cx t + wt

wherevt � N (0; Q) is the processnoise,wt � N (0; R) is the observation noise,and the variablessatisfy the
conditionalindependenceassumptionsimplicit in Figure1. (In this andfollowing sectionswe adopttheconvention
thatcapitallettersdenotematrices,andlower caselettersdenoterandomvariablesor valuesof randomvariables.To
simplify notation,we omit the input variableut .) In this case,the belief stateis Gaussianandcanbe represented

exactly by its �rst two moments:x̂ t j t
def= E[x t jy1:t ] andPt j t

def= E[(x t � x̂ t )(x t � x̂ t )T jy1:t ]. This belief statecanbe
updatedrecursively usingtheKalman�lter , aswesaw in Chapter??. For completeness,werestatetheequationshere.
Firstwe performthetimeupdate(predictionstep):

x t j t � 1 = Ax t � 1j t � 1

Pt j t � 1 = APt � 1j t � 1AT + Q

yt j t � 1 = Cx t j t � 1

Thenwe performthemeasurementupdate(correctionstep):

~yt = yt � ŷt j t � 1 (error)

P~y t = CPt j t � 1CT + R (covarianceof error)

Px t y t = Pt j t C
T (crosscovariance)

K t = Px t y t P � 1
~y t

(Kalmangainmatrix)

x t j t = x t j t � 1 + K t (yt � yt j t � 1)

Pt j t = Pt j t � 1 � K t P~y t K T
t

We cangeneralizethe Kalman�lter equationsto apply to any linear-GaussianDBN by usingthe junction tree
algorithmdiscussedin Section4, andmodifying thede�nition of summation,multiplicationanddivisionsothatthese
operationscanbeappliedto Gaussianpotentialsinsteadof discreteones.
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5.2.2 ExtendedKalman �lter (EKF)

TheextendedKalman�lter (EKF) canbeappliedto modelsof theform

x t = f (x t � 1) + vt

yt = g(x t ) + wt

wheref andg arearbitrary, differentiablefunctions. The basicideais to linearizef andg aboutthepreviousstate
estimateusinga secondorderTaylor expansion,andthento apply thestandardKalman�lter equations.(Thenoise
variancein theequations(Q andR) is notchanged,i.e., theadditionalerrordueto linearizationis notmodeled.)Thus
we approximatethestationarynonlineardynamicalsystemwith a non-stationarylineardynamicalsystem.Thatis, at
time t, weapproximatethemodelby

x t = f (x̂ t � 1j t � 1) + A x̂ t j t � 1 (x t � 1 � x̂ t � 1j t � 1) + vt

yt = g(x̂ t j t � 1) + Cx̂ t j t � 1 (x t � x̂ t j t � 1) + wt

wherex̂ t j t � 1 = f (x̂ t � 1j t � 1) and

A x̂
def=

@f
@x

�
�
�
�
�
x̂

Cx̂
def=

@g
@x

�
�
�
�
�
x̂

We thenusethesestate-dependentmatricesin thestandardKF equations.
It is possibleto improveperformanceby repeatedlyre-linearizingtheequationsaroundx̂ t j t insteadof x̂ t j t � 1; this

is calledtheiteratedEKF, andyieldsbetterresults,especiallyin thecaseof highly nonlinearmeasurementmodels.

5.2.3 UnscentedKalman �lter (UKF)

TheunscentedKalman�lter (UKF) propagatesadeterministicallychosensetof pointsthroughthenon-linearfunctions
f and g, and �ts a Gaussianto the resultingtransformedpoints. (This is called an unscentedtransform,and is
closely relatedto Gaussianquadraturemethodsfor the numericalevaluationof integrals.) The resultingGaussian
approximationis accurateto at leastsecondorder, whereastheEKF is only a �rst orderapproximation.Furthermore,
the UKF doesnot requirethe analyticevaluationof any derivatives,makingit simplerandmorewidely applicable
thantheEKF. In general,bothalgorithmsperformO(d3) operationsperstep(whereX t 2 IRd).

BeforeexplainingtheUKF, we �rst explain theunscentedtransform.AssumeP(x) = N (x; x̂ ; Px ), andconsider
estimatingP(y), wherey = f (x) for somenonlinearfunctionf . Theunscentedtransformdoesthis asfollows. First
we createa matrix X of 2d + 1 sigmavectorsx i , givenby

x0 = x̂

x i = x̂ + (
p

(d + � )Px ) i ; i = 1; : : : ; d

x i = x̂ � (
p

(d + � )Px ) i ; i = d + 1; : : : ; 2d

where� = � 2(d + � ) � d is ascalingparameter. (In general,theoptimalvaluesof � , � and� areproblemdependent,
but whend = 1, they are� = 1, � = 0, � = 2.) (

p
(d + � )Px ) i is thei ' th columnof thematrix squareroot. (These

pointsarejust � 1 standarddeviation aroundthemean.)Thesesigmavectorsarepropagatedthroughthenonlinear
functionto yield yi = f (x i ), andthemeanandcovariancefor y arecomputedasfollows:

ŷ =
dX

i =0

W (m )
i yi

Py =
dX

i =0

W (c)
i (yi � ŷ)(yi � ŷ)T
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Figure38: An exampleof the unscentedtransformin two dimensions.Thanksto Rudolphvan der Merwe for this
Figure.

where

W (m )
0 = �= (d + � )

W (c)
0 = �= (d + � ) + (1 � � 2 + � )

W (m )
i = W (c)

i = 1=(2(d + � ))

SeeFigure38 for anexample.
TheUKF algorithmis simply two applicationsof theunscentedtranform,oneto computeP(X t jy1:t � 1) andthe

otherto computeP(X t jy1:t ). In thecaseof zeromeanadditive Gaussiannoise,thealgorithmis asfollows. First we
createthevector

X t � 1 =
h
x̂ t � 1j t � 1; x̂ t � 1j t � 1 + 


q
Pt � 1j t � 1; x̂ t � 1j t � 1 � 


q
Pt � 1j t � 1

i

where
 =
p

d + � . Thetimeupdatebecomes:

X t j t � 1 = f (X t � 1)

x̂ t j t � 1 =
2dX

i =0

W (m )
i X i;t j t � 1

P̂t j t � 1 =
2dX

i =0

W (c)
i (X i;t j t � 1 � x̂ t j t � 1)(X i;t j t � 1 � x̂ t j t � 1)T + Q

Ŷt j t � 1 = g(X t j t � 1)

ŷt j t � 1 =
2dX

i =0

W (m )
i Yi;t j t � 1
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Themeasurementupdatebecomes

P̂~y t =
2dX

i =0

W (c)
i (Yi;t j t � 1 � ŷt j t � 1)(Yi;t j t � 1 � ŷt j t � 1)T + R

P̂x t ;y y =
2dX

i =0

W (c)
i (X i;t j t � 1 � x̂ t j t � 1)(Yi;t j t � 1 � ŷt j t � 1)T

K t = Px t ;y t P
� 1
~y t

x̂ t j t = x̂ t j t � 1 + K t (yt � ŷt j t � 1)

Pt j t = Pt j t � 1 � K t P~y t K T
t

We canseethat the UKF is a simplemodi�cation to the standardKF, but which canhandlenonlinearitieswith
greateraccuracy thantheEKF, andwithout theneedto computederivatives.

5.2.4 Assumeddensity �lter (ADF)/ moment matching �lter

We alreadyencounteredADF in Section5.1.1,wherewe assumedthebelief statewasrepresentableasa productof
discretemarginals. In this section,we assumethe belief stateis representedby a Gaussian.The goal is to �nd the
parametersof this Gaussian.

For example,considera systemwith linear-Gaussiandynamicsbut non-linear, non-Gaussianobservations(e.g.,a
mixtureof Gaussians,whichcouldnotbehandledby theEKF or UKF). Westartwith anapproximateGaussianprior:

P(x t � 1 jy1:t � 1) � ~� (x t � 1j t � 1) = N (x t � 1; ~x t � 1j t � 1; ~Pt � 1j t � 1):

This is propagatedthroughthelinear-Gaussiandynamicsto getaGaussianone-step-aheadpredictiondensity:

P(x t jy1:t � 1) � ~� (x t j t � 1) = N (x t ; A ~x t � 1j t � 1; A ~Pt � 1j t � 1 + Q):

Theexactupdatestepbecomes

P(x t jy1:t ) =
P(yt jx t )P(x t jy1:t � 1)R

x t
P(yt jx t )P(x t jy1:t � 1)

�
P(yt jx t ) ~� (x t j t � 1)

R
x t

P(yt jx t ) ~� (x t j t � 1)

def= b� (x t j t )

Thegoal is to computetheclosestGaussianapproximationto this posterior. To simplify notation,let us rewrite the
aboveas

b� (x t j t ) = p̂(� ) =
l (� )qold (� )R
� l (� )qold (� )

where� = x t , l (� ) = P(yt jx t ) is the likelihood,andqold (� ) = ~� (x t j t � 1) is the Gaussianprior. The goal is to
minimizeD(p̂(� )jjqnew (� )) subjectto theconstraintthatqnew (� ) = N (� ; mnew

� ; V new
� ) is Gaussian,wheremnew

� =
Eqnew [� ] andV new

� = Eqnew [� � T ]� Eqnew [� ]Eqnew [� ]T . Takingderivativeswrt mnew
� andV new

� givestheexpectation
constraints

Eqnew [� ] = E p̂[� ] =
Z

�
p̂(� )�

Eqnew [� � T ] = E p̂[� � T ] =
Z

�
p̂(� )� � T
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We cancomputetheexpectationswrt p̂ usingthefollowing relations(obtainedfrom integrationby parts):

Z (mold
� ; V old

� ) =
Z

�
l (� )qold (� )

dm = r m old
�

logZ (mold
� ; V old

� )

dV = r V old
�

logZ (mold
� ; V old

� )

E p̂[� ] = mold
� + V old

� dm

E p̂[� � T ] � E p̂[� ]E p̂[� ]T = V old
� � V old

�

�
dm dT

m � 2dV
�

V old
�

Theseequationsholdfor any likelihoodterml(� ), whichcouldbee.g.,amixtureof Gaussians.In general,solving
theintegral in thede�nition of Z might requirefurtherapproximations.

5.3 Belief state= mixtur e of Gaussians

A naturalextensionis to allow thebelief stateto berepresentedby amixtureof Gaussians.Thegoalis to take theold
beliefstate,P(X t � 1jy1:t � 1), representedby amixtureof M Gaussians,to passit throughanarbitrarytransitionmodel
to gettheprior P(X t jy1:t � 1), to do Bayesianupdatingwith this prior andanarbitraryobservationmodel,P(Yt jX t ),
andthento approximatetheresultwith anothermixtureof Gaussians.Unfortunately, anef�cient, generalalgorithm
to do this hasnot yetbeenfound.

An importantspecialcasefor which this problemcanbe(approximately)solved is �ltering in a switchingSSM
(Section2.11). Theold belief, P(X t � 1; St � 1jy1:t � 1), is naturallyrepresentedasa mixtureof M Gaussians,onefor
eachvalueof the switch, St � 1. For eachvalueof the new switch, St = j , we have a linear dyamicalsystemwith
parameters� j . We apply thestandardKalman�lter updateto eachmodei of theprior, usingparameters� j . Hence
theposteriorP(X t ; St = j jy1:t ; St � 1 = i ) is amixtureof M 2 Gaussians.Theposteriorneedsto bereducedbackto a
mixtureof M Gaussians,otherwisethesizeof thebelief statewill grow exponentiallywith time. Therearea variety
of heuristicwaysto do this:

� Dropmixturecomponentsof low weight.

� Samplemixturecomponentsaccordingto theirweight.

� Repeatedlymergethemostsimilarpair of mixturecomponents.

� Minimize thedivergencebetweentheM 2-componentandtheM -componentmixtureusingnonlinearoptimiza-
tion.

� For eachvalueof St = j , usemomentmatching(Section5.2.4)to approximatethe mixture
P

i P(X t ; St =
j jSt � 1 = i; y1:t ) by asingleGaussian.This is sometimescalledthesecond-ordergeneralizedpseudoBayesian
(GPB2)algorithm,andweexplain it in moredetail in Section5.3.1below.

5.3.1 GPB2algorithm

The basicideabehindGBP2is shown in Figure39. For eachmodeof the prior, P(X t � 1; St � 1 = i jy1:t � 1), and
for eachvalueof the currentswitch St = j , we computeP(X t ; St = j; St � 1 = i jy1:t ) usinga Kalman�lter with
parameters� j . WethencollapsethedifferentSt � 1 componentsof P(X t ; St = j; St � 1 = i jy1:t ) for eachj by moment
matching.Speci�cally, if

P(X t ; St = j; St � 1 = i jy1:t ) = pij N (X t ; � ij ; � ij )

thenthenew distribution is givenby

P(X t ; St = j jy1:t ) = pj N (X t ; � j ; � j )
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Figure39: The GPB2algorithmfor the caseof a binary switch. bi
t � 1 = P(X t � 1; St � 1 = i jy1:t � 1) is the prior,

bi;j
t = P(X t ; St � 1 = i; St = j jy1:t ), is thejoint posterior, andbj

t = P(X t ; St = yjy1:t ) is themarginalposterior. The
�lter box implementstheKalman�lter equations.Themergebox implementsthemomentmatchingequations.

where

pj =
X

i

pij

pj j i =
pijP
j pij

� j =
X

i

� ij pj j i

� j =
X

i

� ij pj j i +
X

i

(� ij � � j ) (� ij � � j )T pj j i

In thejunctiontreeliterature,this is called“weakmarginalization”.It canbeappliedto any conditionallyGaussian
model,not just switchingSSMs.

TheGPB2algorithmrequiresrunningM 2 Kalman�lters ateachstep.A cheaperalternative,known asinteracting
multiplemodels(IMM), canbeobtainedby �rst collapsingtheprior to a singleGaussian(by momentmatching),and
thenupdatingit usingM differentKalman�lters, oneper valueof St : seeFigure40. Unfortunately, it is hardto
extendIMM to thesmoothingcase,unlikeGPB2,a smoothingversionof which is discussedin Section6.1.3.

5.3.2 Viterbi approximation

If therearea largenumberof discretevariables,it maybetooslow to performM 2 or evenM KF updates,asrequired
by GPB2andIMM. Instead,onecanenumeratethediscretevaluesin a priori orderof probability. (Computingtheir
posteriorprobability is asexpensiveasanexactupdatestep.)This makessensefor a DBN for fault diagnosis,where
thereis anaturalorderingon thediscretevalues:onefault is muchmorelikely thantwo faults,etc.However, it would
notbeapplicableto thedataassociationDBN in Figure23,wherethereis nosuchordering.
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Figure40: TheIMM (interactingmultiple models)algorithmfor thecaseof abinaryswitch.

5.4 Belief state= setof samples(particle �ltering)

Thebasicideabehindparticle�ltering 6 is to approximatethebelief stateby asetof weightedparticlesor samples:

P(X t jy1:t ) �
NsX

i =1

wi
t � (X t ; X i

t )

(In thissection,X i
t meansthei ' th sampleof X t , andX t;i meansthei ' th componentof X t .) This is a non-parametric

approach,and hencecan handlenon-linearities,multi-modal distributions, etc. The advantageover discretization
is that the methodis adaptive, placingmore particles(correspondingto a �ner discretization)in placeswherethe
probabilitydensityis higher.

Given a prior of this form, we cancomputethe posteriorusingimportancesampling. In importancesampling,
we assumethe targetdistribution, � (x), is hardto samplefrom; instead,we samplefrom a proposalor importance
distribution q(x), andweight the sampleaccordingto wi / � (x)=q(x). (After we have �nished sampling,we can
normalizeall theweightsso

P
i wi = 1). We canusethis to samplepathswith weights

wi
t /

P(x i
1:t jy1:t )

q(x i
1:t jy1:t )

Theprobabilityof a samplepath,P(x i
1:t jy1:t ), canbecomputedrecursively usingBayesrule. Typically wewill want

theproposaldistribution to be recursive also,i.e., q(x1:t jy1:t ) = q(x t jx1:t � 1; y1:t )q(x1:t � 1 jy1:t � 1). In this casewe
have

wi
t /

P(yt jx i
t )P(x i

t jx
i
t � 1)P(x i

1:t � 1 jy1:t � 1)
q(x i

t jx
i
1:t � 1; y1:t )q(x i

1:t � 1 jy1:t � 1)

=
P(yt jx i

t )P(x i
t jx

i
t � 1)

q(x i
t jx

i
1:t � 1; y1:t )

wi
t � 1

def= ŵi
t � wi

t � 1

wherewehavede�ned ŵi
t to betheincrementalweight.

For �ltering, we usually only care about the posteriormarginal P(X t jy1:t ), as opposedto the full posterior
P(X 1:t jy1:t ). Hencewe usethefollowing proposal:q(x t jx i

1:t � 1; y1:t ) = q(x t jx i
t � 1; yt ). This meanswe only needto

6Particle �ltering is alsoknown assequentialMonte Carlo, sequentialimportancesamplingwith resampling(SISR),the bootstrap�lter , the
condensationalgorithm,survival of the�ttest, etc.
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function[f x i
t ; wi

t g
Ns
i =1 ] = PF(f x i

t � 1 ; wi
t � 1gNs

i =1 ; yt )
for i = 1 : Ns

Samplex i
t � q(�jx i

t � 1 ; yt )
Computeŵi

t from Equation1
wi

t = ŵi
t � wi

t � 1

Computewt =
P Ns

i =1 wi
t

Normalizew i
t := wi

t =wt

ComputeNef f from Equation2
if Nef f < threshold

� = resample(f w i
t g

Ns
i =1 )

x �
t = x �

t

wi
t = 1=Ns

Figure41: Pseudo-codefor a genericparticle�lter . Theresamplestepsamplesindiceswith replacementaccordingto
theirweight;theresultingsetof sampledindicesis called� . Theline x �

t = x �
t simplyduplicatesor removesparticles

accordingto thechosenindices.

storex t in eachparticle,insteadof thewholetrajectory, x1:t . With this proposal,theweightssimplify to

ŵi
t =

P(yt jx i
t )P(x i

t jx
i
t � 1)

q(x i
t jx

i
t � 1; yt )

(1)

5.4.1 The resamplingstep

Thealgorithmdescribedsofar is known assequentialimportancesampling(SIS).A well known problemwith SISis
that,over time,oneof thenormalizedimportanceweightstendsto 1, while theotherstendto zero(evenif we usethe
optimalproposaldistribution: seeSection5.4.2).Hencea largenumberof samplesareeffectively wasted,sincetheir
weightis negligible. This is calledparticle“impoverishment”.

An estimateof the“effective” numberof samplesis givenby

Nef f =
1

P Ns
i =1 (wi

t )2
(2)

If this dropsbelow somethreshold,we cansamplewith replacementfrom the currentbelief state. Essentiallythis
throwsoutparticleswith low weightandreplicatesthosewith highweight.This is calledresampling,andcanbedone
in O(Ns) timeusingavarietyof methods.After resampling,theweightsareresetto theuniformdistribution: thepast
weightsarere�ectedin thefrequency with whichparticlesaresampled,anddonotneedto bekept.

Particle�ltering is justsequentialimportancesamplingwith resampling.Theresamplingstepwasthekey innova-
tion in the1990s;SISitself hasbeenaroundsinceat leastthe1950s.Theoverall algorithmis sketchedin Figure41.
Its simplicity andgeneralityis onereasonfor thealgorithm'swidespreadpopularity.

Althoughresamplingkills off unlikely particles,it alsoreducesthediversityof thepopulation(which is why we
don't do it at every time step;if we did, thenwi

t = ŵi
t ). This a particularlysevereproblemis thesystemis highly

deterministic(e.g.,if thestatespacecontainsstaticparameters).A simplesolutionis to applya kernelaroundeach
particleandthenresamplefrom thekernel. An alternative is to usean MCMC step,that samplesfrom P(X t jy1:t ),
thusintroducingdiversitywithoutaffectingthecorrectnessof thealgorithm.

5.4.2 The proposaldistribution

By farthemostcommonproposalis to samplefrom thetransitionprior: q(x t jx i
t � 1; yt ) = P(x t jx i

t � 1). In thiscase,the
weightssimplify to ŵi

t = P(yt jx i
t ). This versionof particle�ltering is sometimescalledthecondensationalgorithm:

seeFigure42.
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Figure42: Particle �ltering, wheretheproposalis the transitionprior, q(x t jx i
t � 1; yt ) = P(x t jx i

t � 1), andhencethe
incrementalweight is the likelihood,ŵi

t = P(yt jx i
t ). In this example,we assumewe startwith a setof (unequally)

weightedparticles,representingtheprior, andtransformthemto a setof (equally)weightedparticlesrepresentingthe
posterior. Noticehow theresamplingstepdecreasesdiversityof thepopulation,andmakesall theweightsuniform.

For predictingthefuture,samplingfrom thetransitionprior is adequate,sincethereis no futureevidence.But for
monitoring/�ltering, it is not very ef�cient, sinceit amountsto “guessuntil you hit”. For example,if thetransitions
arehighly stochastic,samplingfrom the prior will result in particlesbeingproposedall over the state-space;if the
observationsarehighly informative, mostof theparticleswill get “killed off ” (i.e., assignedlow weight). In sucha
case,it makesmoresenseto �rst look at theevidence,yt , andthenpropose:

q(x t jx i
t � 1; yt ) = P(x t jx i

t � 1; yt ) / P(yt jx t )P(x t jx i
t � 1)

In fact,onecanprovethis is theoptimalproposaldistribution, in thesenseof minimizing thevarianceof theweights.
(High variancedistributionsarewasteful,sincethey correspondto thecasewheresomeweightsarehighandsomeare
low; thelow weightparticlesare“wasted”.)

If weusetheoptimalproposal,theincrementalweightis givenby theone-step-aheadlikelihood:

ŵi
t = P(yt jx i

t � 1) =
Z

x t

P(yt jx t )P(x t jx i
t � 1)

In generalthis may be intractableto compute,but if the observation model,P(Yt jX t ), is linear-Gaussian,and the
processnoiseis Gaussian,i.e.,

P(X t jx i
t � 1) = N (X t ; f t (x i

t � 1); Qt )

P(Yt jX t ) = N (yt ; Ct X t ; Rt )

thenonecanusethestandardKalman�lter rules7 to show that

P(X t jx i
t � 1; yt ) = N (X t ; x t j t ; Pt j t )

ŵi
t = P(yt jx i

t � 1) = N (yt ; Ct f t (x t � 1); Qt + Ct Rt C0
t )

where

P � 1
t j t = Q� 1

t + CT
t R� 1

t Ct

x t j t = � t
�
Q� 1

t f t (x i
t � 1) + H 0

t R
� 1
t yt

�

If themodeldoesnot satisfytheserequirements,onecanstill usea Gaussianapproximationto P(X t jx i
t � 1; yt ) as

the proposal.For example,if we storea meanandcovariancein eachparticle,we cancomputeP(X t jx i
t � 1; yt ) �

7Speci�cally, we usethe informationform, sincetheold belief stateis a deltafunction: x t � 1j t � 1 = x i
t � 1 , Pt � 1j t � 1 = 0. Hencex t j t � 1 =

f (x i
t � 1 ) andPt j t � 1 = Q t . By Equation15.43,P � 1

t j t = P � 1
t j t � 1 + CT

t R � 1
t Ct , andby Equation15.54,P � 1

t j t x̂ t j t = P � 1
t j t � 1 x̂ t j t � 1 + CT

t R � 1
t yt .
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function[f si
t ; � i

t ; � i
t ; wi

t g] = RBPF-SSSM-prior(f si
t � 1 ; � i

t � 1 ; � i
t � 1 ; wi

t � 1g; yt )
for i = 1 : Ns

Samplesi
t � P (St jsi

t � 1)
(� i

t ; � i
t ; ŵi

t ) = KF(� i
t � 1 ; � i

t � 1 ; yt ; � s i
t
)

wi
t = ŵi

t � wi
t � 1

Computewt =
P Ns

i =1 wi
t

Normalizew i
t := wi

t =wt

ComputeNef f from Equation2
if Nef f < threshold

� = resample(f w i
t g

Ns
i =1 )

s�
t = s�

t , � �
t = � �

t , � �
t = � �

t

wi
t = 1=Ns

Figure43: Pseudo-codefor Rao-Blackwellisedparticle�ltering appliedto a switchingSSM,wherewe samplefrom
theprior.

N (X t ; x̂ i
t j t ; P i

t j t ) usingtheEKF/UKF. Wecanthensamplefrom this,andcopy P i
t j t to thenewly sampledparticle.This

is calledtheextended/unscentedparticle�lter . Thesamplingstepcanovercomebiasintroducedby thedeterministic
approximation.Not surprisingly, usinga cleverproposaldramaticallyimprovesperformance.

If theprocessnoiseis non-Gaussian,but theobservationmodelis (conditional)linear-Gaussian,we canpropose
from thelikelihoodandweightby thetransitionprior.

5.4.3 Rao-BlackwellisedParticle Filtering (RBPF)

TheRao-Blackwelltheoremshowshow to improveuponany givenestimatorundereveryconvex lossfunction.At its
coreis thefollowing well-known identity:

Var[� (X ; R)] = Var[E (� (X ; R)jR)] + E [Var(� (X ; R)jR)]

where� (X ; R) issomeestimatorof X andR. HenceVar[E(� (X ; R)jR)] � Var[� (X ; R)], so� 0(X ; R) = E(� (X ; R)jR)
is a lower varianceestimator. Soif we cansampleR andcomputetheexpectationof X givenR analytically, we will
needlesssamples(for a givenaccuracy). Of course,lesssamplesdoesnot necessarilymeanlesstime: it dependson
whetherwe cancomputetheconditionalexpectationef�ciently or not.

We now give a simplebut usefulexampleof this idea. Considera switchingSSM. If we knew S1:t , we could
computeP(X t jy1:t ; s1:t ) exactly usinga Kalman�lter . SinceS1:t is unknown, we cansampleit, andthen,for each
suchsample,integrateout X t analyticallyusing the Kalman �lter . Now we areonly samplingin a small discrete
space,insteadof a largehybridspace,sotheperformanceis muchbetter, bothin theoryandpractice.

Algorithmically, what this meansis that eachparticle containsa sampledvalue for St , which implicitly rep-
resentsa whole trajectory, S1:t , plus the suf�cient statisticsfor the Kalman �lter conditionedon this trajectory,
� i

t = E[X t jy1:t ; si
1:t ] and� i

t = Cov[X t jy1:t ; si
1:t ]. If we proposefrom thetransitionprior for St , we cancomputethe

weightusingthemarginal likelihoodP(yt jsi
1:t ):

ŵi
t =

P(yt jst ; si
1:t � 1)P(st jsi

t � 1)
P(st jsi

t � 1)

=
Z

x t

P(yt jx t ; st )P(x t jst ; si
1:t � 1)

= N (yt ; Cst Ast � i
t � 1; Cst (Ast � i

t � 1AT
st

+ Qst )CT
st

+ Rst )

This term is just a byproductof applyingthe Kalman�ltering equationsto the suf�cient statistics� i
t � 1; � i

t � 1 with
theparameterset� st = (Ast ; Cst ; Qst ; Rst ). Theoverall algorithmis shown in Figure43. Notethatwe canusethis
algorithmevenif St is notdiscrete.
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function[f si
t ; � i

t ; � i
t ; wi

t g] = RBPF-SSSM-opt(f si
t � 1 ; � i

t � 1 ; � i
t � 1 ; wi

t � 1g; yt )
for i = 1 : Ns

for eachs
(� s ; � s ; L (s)) = KF(� i

t � 1 ; � i
t � 1 ; yt ; � s )

q(s) = L (s) � P (St = sjsi
t � 1)

ŵs =
P

s q(s)
Normalizeq(s) := q(s)=ŵs

Samples � q(�)
si

t = s, � i
t = � s , � i

t = � s , ŵi
t = ŵs

wi
t = ŵi

t � wi
t � 1

: : :

Figure44: Pseudo-codefor RBPFappliedto a switchingSSM, wherewe samplefrom the optimal proposal. The
third returnargumentfrom theKF routineis L (s) = P(yt jSt = s; si

1:t � 1; y1:t � 1). : : : meansthecodecontinuesasin
Figure43.

function[x i
t ; ŵi

t ] = LW(x i
t � 1 ; yt )

ŵi
t = 1

x i
t = emptyvectorof lengthN

for eachnodei in topologicalorder
Let u bethevalueof Pa(X i

t ) in (x i
t � 1 ; x i

t )
If X i

t not in yt

Samplex i
t � P (X i

t jPa(X i
t ) = u)

else
x i

t = thevalueof X i
t in yt

ŵi
t = ŵi

t � P (X i
t = x i

t jPa(X i
t ) = u)

Figure45: Pseudo-codefor likelihoodweighting.

If thenumberof valuesof St is suf�ciently small,andthetransitionmodelfor St is not very informative,it might
bebene�cial to usetheoptimalproposaldistribution,which is givenby

P(St = sjsi
1:t � 1; y1:t ) / P(yt jSt = s; si

1:t � 1; y1:t � 1)P(St = sjsi
t � 1)

As usual,theincrementalweightis just thenormalizingconstantfor theoptimalproposal:

ŵi
t =

X

s

P(yt jSt = s; si
1:t � 1; y1:t � 1)P(St = sjsi

t � 1)

Themodi�ed algorithmis shown in Figure44. This is moreexpensive thansamplingfrom thetransitionprior, since
for eachparticlei , we mustloop over all statess in orderto computetheproposaldistribution. However, this may
requirefewerparticles,makingit fasteroverall.

5.4.4 Particle �ltering for DBNs

So far, we have assumedit is easyto samplefrom the transitionmodel,P(X t jX i
t � 1), and to computethe weight

P(yt jx i
t ). But what if thetransitionandobservationmodelsarerepresentedby a complex DBN, insteadof a simple

parametricfunction? To apply particle �ltering to a DBN, we can usethe likelihood weighting (LW) routine in
Figure45 to samplex i

t andcomputeŵi
t , givenx i � 1

t andyt . TheproposaldistributionthatLW correspondsto depends
on which nodesof theDBN areobserved. In thesimplestcaseof anHMM, wheretheobservationis at a leaf node,

38



LW samplesfrom thetransitionprior, P(X i
t jx i

t � 1), andthecomputestheweightasw = P(yt jx i
t ). (We discusshow

to improvethis below.)
In general,someof theevidencemightoccuratarbitrarylocationswithin theDBN slice. In thiscase,theproposal

is q(x t ; yt ) =
Q

j P(x t;j jPa(X t;j )) , andtheweight is w(x t ; yt ) =
Q

j P(yt;j jPa(Yt;j )) , wherex t;j is the (valueof
the)j ' th hiddennodeat time t, andyt;j is the(valueof the)j ' th observednodeat time t, andtheparentsof bothX t;j

andYt;j maycontainevidence.This is consistent,since

P(x t ; yt ) =
Y

j

P(x t;j jPa(X t;j )) �
Y

j

P(yt;j jPa(Yt;j )) = q(x t ; yt )w(x t ; yt )

Impr oving the proposaldistribution Sincetheevidenceusuallyoccursat the leaves,likelihoodweightingeffec-
tively samplesfrom the transitionprior without looking at theevidenceyt . A generalway to take theevidenceinto
accountwhile samplingin a Bayesnet is called“evidencereversal”. This meansapplyingtherulesof “arc reversal”
until all theevidencenodesbecomeparentsinsteadof leaves.

To reverseanarcfrom X ! Y , wemustaddY 'suniqueparents,Yp, to X , andaddX 'suniqueparents,X p, to Y
(bothnodesmayalsosharecommonparents,C): seeFigure46. TheCPDsin thenew network aregivenby

P(Y jYp; X p; C) =
X

x

P(Y; xjYp; X p; C)

=
X

x

P(Y jx; Yp; C)P(xjX p; C)

P(X jY; Yp; X p; C) =
P(Y jX ; Yp; X p; C)P(X jYp; X p; C)

P(Y jYp; X p; C)

=
P(Y jX ; Yp; C)P(X jX p; C)

P(Y jYp; X p; C)

NotethatX p, Yp andC couldrepresentsetsof variables.Hencethenew CPDscouldbemuchlargerthanbeforethe
arcreversal.

In thecaseof anHMM, thearcreversaloperationis shown in Figure47. Applying theaboveruleswith X = X t ,
Y = Yt , X p = X t � 1, Yp = C = ; yieldsthenew CPDs:

P(Yt jX t � 1) =
X

x t

P(Yt jx t )P(x t jX t � 1)

P(X t jX t � 1; Yt ) =
P(Yt jX t )P(X t jX t � 1)

P(Yt jX t � 1)

For a generalDBN, we mayapplyarcreversalto oneor moreof theleaf nodes,in orderto improvetheef�ciency of
theproposaldistribution.

An alternativeto usinglikelihoodweightingcombinedwith arcreversalis to createajunctiontreefrom theoriginal
2TBN. The evidence,E , consistsof all of the nodesin slice t � 1 (the valuesarestoredin the old particle)plus a
subsetof the nodesin slice t (the new observations). Onecansamplevaluesfor the remainingnodes,H , from the
optimaldistributionP(H jE) usingthefollowing two passalgorithm.Firstcollectto theroot,asusual,but then,in the
distributephase,draw a randomsamplefrom P(X C i nSi jxSi ; E ) for eachcliqueCi , whereSi is theseparatornearer
to theroot. Althoughthis samplesfrom theoptimaldistribution, it is not usuallypossibleto implementthenecessary
operationsfor manipulatingthepotentialsif someof thevariablesarecontinuousandnon-Gaussian.(Of course,arc
reversalcannotbeappliedin this caseeither.)

Combining particle �ltering with a factoredbelief state It is possibleto combineparticle�ltering with theBoyen-
Koller algorithm(seeSection5.1.1),i.e., to approximatethebelief stateby

P̂ (X t jy1:t ) �
CY

c=1

1
Nc

N cX

i =1

� (X t;c ; x i
t;c )
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X Y

X p C Yp

X Y

X p C Yp

(a) (b)

Figure46: Arc reversal. (a) The original network. (b) The network after reversingthe X ! Y arc. The modi�ed
network encodesthesameprobabilitydistributionastheoriginalnetwork.

X t � 1 X t

Yt

X t � 1 X t

Yt

(a) (b)

Figure47: A DBN (a)beforeand(b) afterevidencereversal.

whereC is thenumberof clusters,andNc is thenumberof particlesin eachcluster(assumeduniformly weighted).
By applyingparticle�ltering to a setof smallerstate-spaces(eachcluster),onecanreducethevariance,at a costof
increasingthebiasby usingafactoredrepresentation.However, it now becomesmuchmorecomplicatedto propagate
eachparticle.

5.5 Belief state= variable sized

In someapplications,thesizeof thestate-spaceis not �x edin advance.For instance,whenwe aretrackingmultiple
objects,eachmeasurementcouldhave beencausedby any of them,thebackground,or perhapsa new objectthathas
enteredthe“scene”.This problemarisesin visualtracking,trackingmissileswith radar, andalsoin mobilerobotics,
in particularin theSLAM (simultaneouslocalizationandmapping)problem.

A standardheuristicway to detectthepresenceof new objectsis if anobservationarisesin a locationthatwasnot
expected.If wehaveaprior overeachobject'sposition,wecancomputeadistributionovertheexpectedmeasurement
position:

P(Yt jy1:t � 1) =
Z

x
P(Yt jX t = x)P(X t = xjy1:t � 1)

If thesedensitiesareGaussians,this is oftenrepresentedasa con�denceellipseor validationgate.If anobservation
falls insidethis ellipse,we assumeit wasgeneratedby the object. If thereis morethanoneobservation insidethe
ellipse,or if the observation falls insidemorethanoneellipse,we caneitherassignthe observation to the nearest
target (usingMahalanobisdistance),or computethe likelihoodof all possiblejoint assignmentsof observationsto
targets,and pick the most likely one (Note that the nearestneighborrule might assignthe samemeasurementto
multiple objects,which leadsto inaccuracies.)

If an observation doesnot fall inside the validationgateof any existing object, it could eitherbe dueto a new
object,or dueto backgroundclutter. Henceweconsiderbothhypotheses,andaddthenew objectto a provisionallist.
Oncethe objecton the provisional list receivesa minimum numberof measurementsinsideits validationgate,it is
addedto thestatespace.

It is alsopossiblefor anobjectto beremovedfrom thestatespaceif it hasnot beenupdatedrecently(e.g.,it left
thescene).Hencein generalwe mustallow thestatespaceto grow andshrinkdynamically.

A morerigorousapproachto onferencein suchvariable-sizedstate-spacesmodelsis to useparticle�ltering. This
is easysinceeachparticlecanhave a differentdimensionality. We give a detailedexamplebelow, in thecontext of
onlinemodelselection.
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K 0 K 1 K 2

M 1 M 2

� 0 � 1 � 2

� 0 � 1 � 2

� 0 � 1 � 2

y1 y2

x1 x2

Figure48: A DBN for sequentialBayesianmodelselection.

5.5.1 Non-linear regressionwith online modelselection

We discusseda modelfor onlineparameterestimationfor non-linearregressionin Section2.10. Now we will let the
numberof basisfunctions(andhencethesizeof thestatespace)varyovertime. Let K t bethenumberof basesat time
t, andlet M t bea randomvariablewith � ve possiblevalues:B=birth, D=death,S=split,M=mergeandN=no-change.
Thesespecify the ways in which K t can increase/decreaseby 1 at eachstep. Birth meanswe createa new basis
function; its positioncandependon the previousbasisfunction centers,� t � 1, aswell asthecurrentdatapoint, x t ;
deathmeanswe remove a basisfunction at random,split meanswe split onecenterinto two, andmergemeanswe
combinetwo centersinto one.Weenforcethat0 � K t � K max atall times.TheDBN is shown in Figure48,andthe
CPDsareasfollows.

P(M t = (B ; D ; S;M ; N )jK t � 1 = k) =

8
>><

>>:

( 1
2 ; 0; 0; 0; 1

2 ) if k = 0
( 1

4 ; 1
4 ; 1

4 ; 0; 1
4 ) if k = 1

(0; 1
3 ; 0; 1

3 ; 1
3 ) if k = K max

( 1
5 ; 1

5 ; 1
5 ; 1

5 ; 1
5 ) otherwise

P(K t = k0jK t � 1 = k; M t = m) =

8
<

:

� (k0; k + 1) if m = B or m = S
� (k0; k � 1) if m = D or m = M
� (k0; k) if m = N

P(� t j� t � 1; M t = m) =

8
>>>><

>>>>:

N (� t ; � t � 1; � � I ) if m = N
N (� t ; birth(� t � 1); �) if m = B
N (� t ; death(� t � 1); �) if m = D
N (� t ; split(� t � 1); �) if m = S
N (� t ; merge(� t � 1); �) if m = M

P(� t j� t � 1; M t = m) =

8
<

:

N (� t ; � t � 1; � � I ) if m = N
N (� t ; grow(� t � 1); �) if m = B or m = S
N (� t ; shrink(� t � 1); �) if m = D or m = M

P(log � t j log � t � 1) = N (log � t ; log � t � 1; � � I )

P(yt jx t ; � t ; � t ) = N (yt ; D (� t ; x t )� t ; � t )

Thefunctionbirth(� t � 1) takesin thevectorof RBFcentersandaddsanew oneto theend,accordingto someheuristic.
In principle, this heuristiccould dependon x t as well (not shown). Call the new center� birth. The con�dence
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associatedwith � birth is yetanotherfreeparameter;supposeit is Qbirth; thenthefull CPDwouldbe

P(� t j� t � 1; M t = B ) = N
�

� t ;
�
� 0

t � 1 � 0
birth

� 0
;
�

0 0
0 Qbirth

��

The0 termsin thecovariancematrix donotmeanwearecertainaboutthelocationsof theothercenters,only thatwe
havenot introducedany extranoise,i.e.,

Cov(� t jy1:t ; M t = B ) =
�

Cov(� t � 1jy1:t � 1) 0
0 Qbirth

�

Of course,we couldrelaxthis assumption.If we werefull-bloodedBayesians,we would now addpriorsto all of our
parameters(suchasQbirth, � � , etc.);thesepriorswouldin turnhavetheirown (hyper-)parameters;wewouldcontinue
in this way until the resultingmodelis insenstive to theparameterswe choose.This is calledhierarchicalBayesian
modelling.

Despitetheapparentcomplexity, it is actuallyquiteeasyto applyparticle�ltering to thismodel.[AdFD00] suggest
a morecomplex scheme,which combinesparticle�ltering with reversiblejump MCMC [Gre98]. (RegularMCMC
canonly beappliedif thestate-spacehasa �x edsize.)We canusethesimplermethodof particle�ltering becausewe
includedM t in thestate-space.

6 Approximate smoothing

Therearetwo mainkindsof approximatesmoothingalgorithms:thosethatmake a singleforwards-backwardspass
overthedata(two-�lter smoothers),andthosethatmakemultiplepasses.Exactinferencealgorithmsonlyneedto make
a singleforwards-backwardspass,but in general,approximateinferencecanachieve betterresultsif it is allowedto
makemultiplepasses.We will brie�y discussa varietyof algorithmsbelow.

6.1 Two-�lter smoothing

As for �ltering, we canclassifytwo-�lter smoothersbasedon which representationthey choosefor theforwardsand
backwardsmessages.By forwardsmessagewe mean� t = P(X t jy1:t ), the �ltered estimate;by backwardsmessage
we meaneither
 t = P(X t jy1:T ),thesmoothedestimate,or � t = P(yt +1: T jX t ), theconditionallikelihood. (If the
dynamicsareinvertible,wecande�ne amorenaturalbackwards�ltered estimate,P(X t jyt +1: T ). However, in general
we wish to avoid the invertibility assumption.Thebackwardsmessagescanbecomputedby modifying the forward
recursiveupdateequations.

6.1.1 Belief state= discretedistribution

We havealreadydiscussedhow to performanexactbackwardsstep,eitherin � or 
 form, for discrete-stateDBNs in
Section4. In Section5.1,we discussedsomeapproximate�ltering methodsif theexactonesaretoo slow. We now
discusshow to extendtheseto thesmoothingcase.

ADF/BK algorithm It is fairly easyto modify theinterfacealgorithmto usea factoredrepresentation,aswesaw in
Section5.1.1.Thesamemodi�cationscanbeusedin thebackwardspassin theobviousway.

Beamsearch Thestandardapproximationis to compute� only for thosestatesi whichwereconsideredat timet of
theforwardspass,i.e., for which �̂ t (i ) > 0, where�̂ t is theprunedversionof � t .

6.1.2 Belief state= Gaussiandistribution

Kalman smoother Wesaw the� and
 versionsof theKalmansmootherin Chapter??. For completness,werestate
theequationshere.First we computethe following predictedquantities(or we couldpassthemin from the �ltering
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stage):

x t +1 j t = A t +1 x t j t

Pt +1 j t = A t +1 Pt j t A
T
t +1 + Qt +1

Thenwe computethesmoothergainmatrix.

Jt = Pt j t A
T
t +1 P � 1

t +1 j t

Finally, we computeourestimatesof themean,variance,andcrossvariancePt;t � 1jT = Cov[X t � 1; X t jy1:T ].

x t jT = x t j t + Jt
�
x t +1 jT � x t +1 j t

�

Pt jT = Pt j t + Jt
�
Pt +1 jT � Pt +1 j t

�
J 0

t

Pt � 1;t jT = Jt � 1Pt jT

As for Kalman�ltering, We cangeneralizetheKalmansmootherequationsto applyto any linear-GaussianDBN
by usingthejunctiontreealgorithmdiscussedin Section4, but modifying thede�nition of summation,multiplication
anddivision,sothattheseoperationscanbeappliedto Gaussianpotentialsinsteadof discreteones.

ExtendedKalman smoother As we saw in Section5.2.2,theEKF linearizesthesystemandthenappliesthestan-
dardKF equations.Similarly, theextendedKalmansmootherjust appliestheabovesmoothingequationsto thesame
linearizedsystem.Notethat thesystemis linearizedaboutthe �ltered estimatêx t j t . Althoughit is possibleto relin-
earizeaboutthe backwardsestimates,this requiresthat the dynamicsbe invertible,which will not generallybe the
case.

UnscentedKalman smoother It is possibleto apply the unscentedtransformto either the � or 
 versionof the
backwardspass,to getanunscentedKalmansmoother. We leave thedetailsasanexercise.

ADF/Moment matching smoother We will discussthe momentmatchingsmootherin the context of switching
SSMsin Section6.1.3andin thecontext of expectationpropagationin Section6.2.

6.1.3 Belief state= mixtur eof Gaussians

TheGPB2�lter correspondsto a collectoperationin thefollowing junctiontree,wherewe useweakmarginalization
to marginalizeoutdiscretenodesfrom a mixtureof Gaussians:

(Z t � 1; Z t ) � [Z t ] � (Z t ; Z t +1 ) � [Z t +1 ] � � � �

whereZ t = (St ; X t ). (We ignoreobservednodesfor simplicity.) Thecliquesarein roundbracketsandtheseparators
arein thesquarebrackets.(Smallercliquesarepossible.)

Hencewe cancreatea GPB2smoothersimply by runningthe backwardspassin the sametree. No additional
assumptionsarenecessary.

6.1.4 Belief state= setof particles

Oneapproachto particlesmoothingis to samplecompletetrajectories,andthenreweightthemgivenall theevidence.
Anotheris to samplein both the forwardsandbackwardsdirection;unfortunately, this takesO(TN s

2) time, andis
thereforegenerallyconsideredintractable. A muchmorepopularsamplingtechniquefor the of�ine caseis Gibbs
sampling,discussedin Section6.4.
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6.2 Expectationpropagation(EP)

Expectationpropagationgeneralizesassumeddensity�ltering (Section5.2.4)to thebatchcontext. It is lesssensitive
to the order in which the Bayesianupdatesareperformedbecauseit cango backandre-optimizeeachterm of the
overall likelihoodin thecontext of theotherterms.We explain this in moredetailbelow.

Recallthatin ADF, theexactposterioris givenby

p̂(� ) =
l (� )qold (� )

Z

whereqold (� ) 2 F is theprior (a memberof thetractablefamily of distributionsF ), l (� ) is thelikelihood,andZ =R
� l (� )qold (� ). Wethenpick thebesttractableapproximationto thisbycomputingqnew (� ) = argq2F min D(p̂(� )jjq(� )) .

This canbeviewedasupdatingtheprior andthenprojectingtheposterior, asin Figure37. Anotherway to view it is
ascomputinganapproximationto thelikelihood,~l(� ), that is conjugateto theprior, suchthatwhen~l(� ) is combined
with qold (� ), theresultingposteriorwill bein F . Thisapproximatelikelihoodcanbeinferredfrom

~l(� ) =
p̂(� )Z
qold (� )

Thismakesit simpleto removetheold likelihoodfrom thejoint, andthenuseanewly approximatedlikelihood,to get
a betterapproximation.

A simpleexampleof this algorithmappliedto a switchingSSM is shown in Figure49. Here the ADF opera-
tionscorrespondto moment-matchingfor a mixtureof Gaussians,asdiscussedin Section5.3.1. The �rst forwards-
backwardspasscorrespondsexactly to the GPB2 smoother. In subsequentiterations,we recomputeeachclique
potentialP(Z t � 1; Z t jy1:T ) by absorbing� messagesfrom the left and � messagesfrom the right, andcombining
with the local potentials, t (zt � 1; zt ) = P(yt jzt )P(zt jzt � 1). From this, we cancomputethe separatorpotentials,
q(zt ) � P(X t ; St jy1:T ), usingweakmarginalization. From this, we caninfer theequivalenttractablemessagesby
division: � (zt ) / q(zt )=� (zt ) and� (zt ) / q(zt )=� (zt ), whichcanbepropagatedto future/pastslices.Typically 2-3
passesis enoughto improveperformance.

Anotherapplicationof EP is to iteratethe BK algorithm. This allows the algorithmto recover from incorrect
independenceassumptionsit madein earlierpasses.Typically 2-3passesis enoughto improveperformance.

6.3 Variational methods

Variationalmethodsarediscussedin Chapter??, andcanbe appliedto DBNs in a straightforward way. Someof
thesemethods,suchasstructuredvariationalapproximationsandvariationalEM, usetheexact inferenceroutinesin
Section4 assubroutines.

As an example,we discusshow to apply a structuredvariationalapproximationto the switchingSSM in Sec-
tion 2.11.1. In this model, the observation switchesbetweenoneof M chains,eachof which evolveslinearly and
independently. For simplicity, weassumetheobservationnoiseis tied,R i = R, andthat� i = 0.

Sinceexactinferenceis intractablein thismodel,we choosea tractableapproximationof thefollowing form:

Q(f St ; X t g) =
1

ZQ

"

 (S1)
TY

t =2

 (St � 1; St )

#
MY

m =1

 (X (m )
1 )

TY

t =2

 (X (m )
t � 1 ; X (m )

t )

wherethe areunnormalizedpotentialsandZQ is thenormalizingconstant.Thiscorrespondsto thegraphicalmodel
in Figure50.

Thepotentialsfor thediscreteswitchingprocessarede�ned asfollows.

 (S1 = m) = P(S1 = m)q(m )
1

 (St � 1; St = m) = P(St = mjSt � 1)q(m )
t

wheretheq(m )
t arevariationalparametersof theQ distribution (wewill discusshow to computethemshortly).These

parametersplay thesameroleastheobservationlikelihood,P(Yt jSt = m), doesin a regularHMM.
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for t = 1 : T
� t (zt ) = 1
� t (zt ) = 1
if t == 1

 1(z1) = P (y1 jz1)P (z1)
else

 t (zt � 1 ; zt ) = P (yt jzt )P (zt jzt � 1)
while not converged

for t = 1 : T
if t == 1

p̂(z1) =  1(z1)� 1(z1)
else

p̂(zt � 1 ; zt ) = � t � 1(zt � 1) t (zt � 1; zt )� t (zt )
q(zt ) = Collapses t � 1

R
x t � 1

p̂(zt � 1 ; zt )

� t (zt ) = q( z t )
� t ( z t )

for t = T : 1
p̂(zt � 1 ; zt ) = � t � 1(zt � 1) t (zt � 1 ; zt )� t (zt )
q(zt � 1) = Collapses t

R
x t

p̂(zt � 1 ; zt )

� t � 1(zt � 1) = q( z t � 1 )
� t � 1 ( z t � 1 )

Figure49: Pseudo-codefor EPappliedto a switchingSSM,basedon [HZ02]. Z t = (X t ; St ). Collapsemeansweak
marginalization(momentmatching).Notethatthemessagesareequivalentto theseparatorpotentials,

X 1
1 X 1

2 X 1
3

X 2
1 X 2

2 X 2
3

S1 S2 S3

Figure50: A structuredvariationalapproximationto theswitchingSSMin Figure23. Weremoveall theverticallinks,
replacingthemwith variationalparameters,but leave thehorizontal(temporal)links intact.

Thepotentialsfor eachchainarede�ned asfollows.

 (X 1 = m) = P(X 1)
h
P(Y1 jX (m )

1 ; S1 = m)
i h ( m )

1

 (X t � 1; X t ) = P(X (m )
t jX (m )

t � 1 )
h
P(Yt jX

(m )
t ; St = m)

i h ( m )
t

wheretheh(m )
t aremorevariationalparametersof Q, calledtheresponsibilities.Thevectorh(m )

t is likeasoft version
of theswitchvariableSt : if h(m )

t = 0, it meansP(St = m) = 0, soYt will not in�uence X (m )
t ; if h(m )

t = 1, it means
P(St = m) = 1, soYt will only in�uence X (m )

t ; for valuesin between,Yt will haveanintermediateeffectonX (m )
t .

We cancomputelocally optimalvariationalparametersby minimizing theKL divergencebetweenQ andP:

D(QjjP) =
X

f St g

Z

f X t g
Q(f St ; X t g) log

�
Q(f St ; X t g)

P(f St ; X t gjf Yt g)

�
= H (Q)� < P >

whereH (Q) is theentropy of Q and< P > is theexpectedvalueof P wrt Q. WewouldliketominimizeD(PjjQ), but
thatis intractableto compute,becausewewouldhaveto takeexpectationswrt P, whichis amixtureof M T Gaussians.
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ADF/EPperformsthis optimizationfor a singletime step.HencethedifferencebetweenEPandvariationalmethods
is thatEPlocally optimizesD(PjjQ), whereasvariationalmethods(try to) globallyoptimizeD(QjjP).

Takingderivativesof D(QjjP) wrt thevariationalparametersyieldsthefollowing setof coupledequations:

h(m )
t = Q(St = m)

q(m )
t = exp

n
� 1

2

D
(Yt � C(m ) X (m )0

t )R� 1(Yt � C(m ) X (m )
t )

Eo

= exp
n

� 1
2 Y 0

t R� 1Yt + Y 0
t R� 1C(m ) < X (m )

t > � 1
2 tr

h
C(m )0

R� 1C(m ) < X (m )
t X (m )0

t >
io

TheQ(St = m) termcanbecomputedusingthe forwardsbackwardsalgorithmon anHMM wheretheobservation

probabilitiesaregivenby q(m )
t . The< X (m )

t > and< X (m )
t X (m )0

t > terms,wheretheexpectationis wrt Q, canbe
computedby runningoneKalmansmootherperchain,weightingthedataby theresponsibilitiesh (m )

t . (Weightingthe
databy h(m )

t is equivalentto usingunweighteddataanda time-varyingobservationnoiseof R (m )
t = R=h(m )

t .) The
aboveequationscanbeiterateduntil convergence.

In practice,it is essentialto annealthe�x edpoint equations,to avoid gettingstuckin badlocal optima.This can
bedoneby minimizingT H (Q)� < P > , whereT representsa temperature,andgraduallyreducingthetemperature
to T = 1. This ensuresa certainlevel of entropy in thesystem,andis calleddeterministicannealing.

Somesimpleexperimentson this modelsuggestthat thevariationalapproximationwith deterministicannealing
performsaboutaswell astheADF algorithm(uniteratedEP);withoutannealing,it performsmuchworse.

6.4 Gibbssampling

MCMC methodsin general,andGibbssamplingparticular, arediscussedin Chapter??, andcanbeappliedto DBNs
in a straightforward way. Unfortunately, Gibbs samplingmixesvery slowly for time series,becausethe dataare
correlated.It is thereforecrucialto useRao-Blackwellisation.

An exampleof wherethis is possibleis in switching SSMs. (The advantageof using Gibbs samplingin this
context, asopposedto EPor variationalmethods,is that thealgorithmwill provablyeventuallyconvergeto theright
answer.) Thebasicalgorithmis asfollows:

1. Randomlyinitialises0
1:T .

2. For i = 1; 2; : : : until convergence

(a) For t = 1; : : : ; T , samplesi
t � P(St jy1:T ; si

� t )

(b) Computex i
0:T = E

�
x0:T jyi

1:t ; si
1:T

�

wheresi
� t

def=
�
si

1; : : : ; si
t � 1; si � 1

t +1 ; : : : ; si � 1
T

�
containsnew valuesof St to the left of t, andold valuesto the right.

The �nal estimateis thenobtainedby averagingthe samplessi
1:T andx i

1:T , possiblydiscardingan initial segment
correspondingto theburn-inperiodof theMarkov chain.

Themainissueis how to ef�ciently computethesamplingdistribution,

P(st jy1:T ; s� t ) / P(st js� t )P(y1:T js1:T )

The�rst termis just
P(st js� t ) = P(st jst � 1)P(st +1 jst )

Thesecondtermis givenby

P(y1:T js1:T ) =
X

i

P(yt +1: T jy1:t ; s1:T ; X t = i )P(y1:t ; X t = i js1:T )

=
X

i

P(yt +1: T jst +1: T ; X t = i )P(y1:t ; X t = i js1:t )

= P(y1:t js1:t )
X

i

P(yt +1: T jst +1: T ; X t = i )P(X t = i jy1:t ; s1:t )

= P(y1:t � 1js1:t � 1)P(yt jy1:t � 1; s1:t )
X

i

P(yt +1: T jst +1: T ; X t = i )P(X t = i jy1:t ; s1:t )
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Hence,droppingtermsthatareindependentof st ,

P(st jy1:T ; s� t ) / P(st jst � 1)P(st +1 jst )P(yt jy1:t � 1; s1:t )
X

i

P(yt +1: T jst +1: T ; X t = i )P(X t = i jy1:t ; s1:t )

The key insight is that P(yt +1: T jst +1: T ; X t = i ) is independentof s1:t . Hencewe can �x s1:t and compute
P(yt +1: T jst +1: T ; X t = i ) in a backwardspassusing the � form of the backwardsKalman �lter (which doesnot
assumeinvertibledynamics).In theforwardspass,we cansamples1:t in order, computingP(X t = i jy1:t ; s1:t ) and
P(yt jy1:t � 1; s1:t ) termsaswe go.

Therelativeperformance(in termsof accuracy vs. time)of Rao-BlackwellisedGibbssampling,Rao-Blackwellised
particlesmoothing,expectationpropagation,andstructuredvariationalapproximations,all of whichcanbeappliedto
switchingSSMs,is unknown at this time.

7 Exercises

7.1 Buried Mark ov Models

Xt-1 = xt-1 Xt = xt Xt+1= xt+1

Y1

Xt-1 = x't-1
 Xt = x't Xt+1= x't+1

Y2

Y1

Y2

Figure51: A buriedMarkov model.Dependingon thevalueof thehiddenvariables,Q t , theeffectivegraphstructure
betweenthecomponentsof theobservedvariables(i.e., thenon-zeroelementsof theregressionmatrix), canchange.
Two differentinstantiationsareshown. Thanksto Jeff Bilmesfor this �gure.

“Buried” Markov modelsgeneralizeauto-regressive HMMs (Section2.2) by allowing non-lineardependencies
betweentheobservablenodes.Furthermore,thenatureof thedependenciescanchangedependingonthevalueof Q t :
seeFigure51for anexample.Suchamodelis calledadynamicBayesian“multi net”, sinceit is amixtureof different
networks.Discusswhatchanges(if any) needto bemadeto theforwards-backwardsalgorithmto do inferencein such
models.

7.2 2D HMMs

Considerde�ning a likelihoodfunctionfor 2D datasuchasscannedtext. It is naturalto modeleachrow of theimage
usingan HMM, andto modeltheconnectionbetweenthe rows usinganotherHMM. This is calleda pseudo-2Dor
embeddedHMM. Thebasicideais shown in Figure52,wherewe thereare2 rows,eachof length3.

1. Whatis therelationshipbetweenthismodelandthesegmentHMMs discussedin Section2.7?

2. Derive anef�cient message-passinginferencealgorithmfor pseudo2D HMMs. Hint: �rst computethe likeli-
hoodof eachrow, P(yi 1:iC jX i ), thenusethesein thetop-level HMM; in thebackwardspass,usethetop-down
informationto do full smoothingwithin eachrow-HMM.

3. Derivea true2D “HMM”, by modifying thecoupledHMM in Section2.5,soeachnodedependson its nearest
neighborsaboveandto its left. (Sucha modelis sometimescalleda “causal”MRF.)
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X 1 X 2

X 11 X 12 X 13 X 21 X 22 X 23

Y11 Y12 Y13 Y21 Y22 Y23

Figure52: An embeddedHMM. Herewe have2 sequencesof length3, bothof whicharemodelledby sub-HMMs.

4. Whatis thecomplexity of exactinferencein a true2D HMM?

5. Whataretheadvantagesanddisadvantagesof a causalMRF comparedto a traditionalundirectedMRF?

7.3 Hierar chical HMMs

Thisexerciseasksyou to de�ne theCPDsfor theDBN representationof anHHMM. We considerthebottom,middle
andtop layersof thehierarchyseparately(sincethey have differentlocal topology),aswell asthe �rst, middleand
lasttimeslices.

1. Give the de�nition for P(QD
t = j jQD

t � 1 = i; F D
t � 1 = f ; Q1:D � 1

t = k) for t � 2. D is the bottomlevel of
thehierarchy, soQ1:D � 1

t = k is anintegerencodingtheentirestackstate.(Not all possiblejoint valuesof this
vectormaybepossible,dependingonwhethertheautomatonstatetransitiondiagramis denseor sparse.)

2. Give thede�nition for P(F D
t = 1jQ1:D � 1

t = k; QD
t = i ) for t � 2. (Assumethateachsub-HMMhasaunique

end/exit state.)

3. Give thede�nition for P(Qd
t = j jQd

t � 1 = i; F d+1
t � 1 = b;F d

t � 1 = f ; Q1:d� 1
t = k) for t � 2 and2 � d < D.

(Thedifferencefrom thebottomlevel is theextra input F d+1
t � 1 representingthesignalfrom below.)

4. Give thede�nition for P(F d
t = 1jQd

t = i; Q1:d� 1
t = k; F d+1

t = b) for t � 2 and2 � d < D.

5. Give thede�nition for P(Qd
t = j jQd

t � 1 = i; F d+1
t � 1 = b;F d

t � 1 = f ) for t � 2 andd = 1 (thetop level).

6. Give thede�nition for P(F d
t = 1jQd

t = i; F d+1
t = b) for t � 2 andd = 1 (thetop level).

7. Give thede�nition for P(Q1
1 = j ) andP(Qd

1 = j jQ1:d� 1
1 = k) for d = 2; : : : ; D .

8. Unliketheautomatonrepresentation,theDBN neveractuallyentersanendstate(i.e.,Qd
t cannevertakenonthe

value“end”); if it did, whatshouldthecorrespondingobservationbe?(UnlikeanHMM, a DBN mustgenerate
anobservationat every time step.)Instead,Qd

t causesF d
t to turnon,andthenentersa new (non-terminal)state

at timet + 1, chosenfrom its initial statedistribution. ThismeansthattheDBN andHHMM transitionmatrices
arenot identical.Whatis therelationshipbetweenthem?

7.4 Fault diagnosis

Oneimportantapplicationof switchingSSMsis for diagnosingfaults. For example,considerthe“two tank” system
in Figure53, a benchmarkproblemin the fault diagnosiscommunity(althoughonetypically considersn tanks,for
n � 2). This is a nonlinearsystem,since�o w = pressure/ resistance(or �o w = pressure� conductance).More
problematically, thevaluesof theresistancescanslowly drift, or changediscontinuouslydueto burstpipes.Also, the
sensorscanfail intermittentlyandgiveerroneousresults.Show how to representthismodelasaDBN.
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Figure53: The two-tanksystem.Thegoal is to infer whenpipesareblockedor have burst,or sensorshave broken,
from (noisy)observationsof the�o w outof tank1, F 1o, outof tank2, F 2o, or betweentanks1 and2, F 12. R1o is a
hiddenvariablerepresentingtheresistanceof thepipeoutof tank1, P1 is a hiddenvariablerepresentingthepressure
in tank1, etc.FromFigure11of [KL01].

7.5 Generalized� � � algorithm

Deriveageneralized� � � algorithmbasedonthegeneralized� � 
 algorithmin Section4.4.Theforwardspasswill
beidentical,but thebackwardspassshouldcomputetheanalogof theequation(12.44)for HMMs:

� (qt � 1; qt ) =
� (qt � 1)P(yt jqt )A(qt � 1; qt )� (qt )

P(y)

Discusstherelativemeritsof thetwo algorithms.

7.6 Log-spacesmoothing

Thisexercisedevelopsaversionof theforwards-backwardsalgorithmthatcomputesP(X t jy1:T ) in O(S logT) work-
ing spaceinsteadof O(ST) space(ignoring the spacerequiredto representthe input andoutput to the algorithm).
This is usefulfor learningmodelsfrom long sequence,sincethesuf�cient statistics,

P
t P(X t jy1:T ), canbestoredin

constantspace.

1. Suppose,for simplicity, thatT is odd,andlet thehalfway point beh = (T + 1)=2. Show thatP(X t jy1:T ) can
becomputefor t = 1 : h givenjust � 1, � h+1 andy1:h .

2. Show a similar resultfor thesecondhalf of thesequence.

3. Giventheresultsabove,a divide-and-conqueralgorithmcanbeconstructedby �rst runningforwardalongthe
sequenceandthenbackwardsfrom theend,storingjust therequiredmessagesat themiddleandtheends.Then
thealgorithmis calledrecursively on theleft andright halfs.Write out thealgorithmin detail.

4. Show that the spacecomplexity is O(S logT), whereS is the sizeof the � or � message.What is the time
complexity?

5. How doesthecomplexity changeif wedivideinto k > 2 pieces?Whatk yieldstheminimalspaceusage?What
k shouldoneuseif oneis willing to wait at mosttwiceaslong asthestandardalgorithm?

7.7 Constant-spacesmoothing

1. GivenanO(T 2) algorithmthatcomputesP(X t jy1:T ) for all t in constantspace(ignoringthespacerequiredto
representtheinputandoutput).
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2. Supposewe could invert the forwardsoperator, so that � t = Fwd� 1)( � t +1 ; yt +1 ). Show how we could use
this to computeP(X t jy1:T ) for all t in O(1) spaceandO(T) time. Hint: Express� t � l +1 j t asa productof
matricestimes� t +1 j t = 1; similarly express� t � l +2 j t +1 asa productof matricestimes� t +2 j t +1 = 1; then�nd
arelationshipbetweenthem.

3. Explainwhy in generaltheforwards(andbackwards)operatorsarenot invertible.Givea counterexample.

7.8 BK algorithm

Modify theforwardsoperatorfrom Figure34soit takesasinputa factoredprior � t � 1, andreturnsasoutputa factored
posterior� t .

8 Historical remarksand bibliography

Theterm“DBN” was�rst coinedin [DK89]. HMMs with semi-tiedmixturesof Gaussiansarediscussedin [Gal99].
Mixed-memoryMarkov modelsarediscussedin [SJ99]. ngrammodelsfor languagearedescribedin [Jel97, Goo01];
variablelengthMarkov modelsaredescribedin [RST96, McC95]. For continuousdata,ngrammodelscorrespondto
standardregressionmodels,eitherlinearor nonlinear. For a recenttree-basedapproachto regression,see[MCH02].
FactorialHMMs arediscussedin [GJ97]. CoupledHMMs arediscussedin [SJ95, Bra96]; theAVSR applicationis
describedin [NLP+ 02] (seealso[NY00]), andthe traf�c applicationin [KCB00]. Variable-durationHMMs arede-
scribedin [Rab89]. Segmentmodelsaredescribedin [ODK96]. HierarchicalHMMs wereintroducedin [FST98],
wherethey proposedanO(T 3) inferencealgorithm. TheO(T) inferencealgorithmwasintroducedin [MP01]. Ap-
plicationsof HHMMs to robot navigationappearin [TRM01]. HHMMs arevery closelyrelatedto abstractHMMs
[BVW01] andcascaded�nite automata[Moh96, PR97].

State-spacemodelsdateback to the '60s. Seee.g., [DK01] for a recentaccountof applicationsof SSMsto
time-seriesanalysis,and[WH97] for a moreBayesianapproach.Dynamicchaingraphsaredescribedin [DE00].
The exampleof sequentialnonlinearregressionis from [AdFD00]. SwitchingSSMsdatebackto the '60s, andare
commonlyusedin econometricsandcontrol.Dataassociationis describedin many places,e.g.,[BSF88].

Exact inferencefor DBNs usingunrolled junction treeswas �rst describedin [Kja92]; see[Kja95] for a more
detailedaccount.Someof thecomplexity resultsarefrom [Dar01]. Thefrontieralgorithmis from [Zwe96]; aspecial
caseis describedin AppendixB of [GJ97]. The interfacealgorithmis from [Mur02]. Theexampleof conditionally
tractablesubstructureis from [TDW02]. The ideaof samplingthe root nodesto geta factoredbelief statewas�rst
proposedin [Mur00] in thecontext of maplearning,andwasextendedin [MTKW02].

The ideaof classifying�ltering algorithmsbasedon the typeof belief staterepresentationis from [Min02]. The
Boyen-Koller algorithmis describedin [BK98b]; thesmoothingextensionis in [BK98a]. A methodfor computingthe
topN mostprobablepathsin anHMM is describedin [NG01]; thegeneralizationto any Bayesnetis in [Nil98]. The
KF andEKF algorithmsdatebackto the'60s: seee.g.,[AM79]. (For a derivationof theKF equationsfrom a Bayes
netperspective,see[NT92, Mur98a].) TheunscentedKalman�lter was�rst describedin [JU97]; thepresentationin
Section5.2.3is closelybasedon[WdM01]. ADF is aclassicaltechnique;thepresentationin Section5.2.4is basedon
[Min01]. Variousapproachesto �ltering in switchingSSMsarediscussedin [SM80, TSM85]. TheGPB2andIMM
�lters aredescribedin [BSL93]; thesmoothingstepis discussedin [Kim94, Mur98b]. Exactinferencein conditionally
Gaussianmodels(eventree-structuredones)is NP-hard,asprovedin [LP01].

See[AMGC02, LC98, Dou98] for goodtutorialson particle �ltering, and[DdFG01] for a collectionof recent
papers. Rao-Blackwellisationin generalis discussedin [CR96]. The applicationto switchingSSMsis discussed
in [AK77, CL00, DGK99]. The unscentedparticle �lter is describedin [vdMDdFW00]. Likelihoodweighting is
describedin [FC89, SP89], arcreversalin [Sha86], andtheideaof combiningthemin [FC89, KKR95, CB97]. Using
a junctiontreefor samplingis describedin [Daw92]. Combiningparticle�ltering andBK is describedin [NPP02].

Multi-object trackingis discussedin [BSF88, BS90,CH96]. SLAM is discussedin e.g.,[DNCDW01]. Theonline
modelselectionexampleis basedon [AdFD00].

Particle smoothingis discussedin [GDW00, IB98]. Expectationpropagationwas introducedin [Min01]. The
applicationto switchingSSMsis from [HZ02]; theiteratedBK algorithm(anotherinstanceof expectationpropagation)
is discussedin [MW01]. The structuredvariationalapproximationfor switchingSSMsis from [GH98]; [PRM00]
discussa similar approximationfor thecasewherethedynamicsswitch. TheRao-BlackwellisedGibbssamplerfor
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switchingSSMsis from [CK96]. [KN98] is awholebookdevotedto deterministicandMCMC methodsfor switching
SSMs.

BuriedMarkov modelsarediscussedin [Bil00]. Pseudo-2DHMMs arediscussedin [KA94, NI00, Hoe01], and
real 2D HMMs arediscussedin [LNG00]. The representationof an HHMM asa DBN wasintroducedin [MP01].
Thefault diagnosisexampleis from [KL01]. Thegeneralized� � � � 
 algorithmis from [Mur02]. The log-space
smoothingalgorithmwasintroducedin in [BMR97] andappliedto a speechrecognitiontaskin [ZP00]. TheO(1)-
space,O(T 2)-time smoothingalgorithmis classical,but canalsobefoundin [Dar01]. Thediscussionof O(1)-space,
O(T)-timesmoothingis basedin parton [RN02].
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