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Abstract

Computer con trol is an in timate part of man y mo dern devices, and y et there exist few

formal metho ds for designing and analyzing the complex in teractions b et w een the discrete

realm of digital computers and the con tin uous dynamics that hold sw a y outside of it. Our

goal in the researc h describ ed here is v erifying the safet y of suc h h ybrid systems: systems

whic h in v olv e b oth discrete and con tin uous b eha viors. W e ha v e dev elop ed computational

metho ds that determine in what states a system migh t �nd itself, and ho w a system can

use its con trol authorit y to a v oid reac hing states that are kno wn to b e unsafe.

Our main to ol is the bac kw ards reac hable set. Giv en some system dynamics and a set of

target states, the bac kw ards reac hable set is the set of states whic h giv e rise to tra jectories

leading to the target set. If the target set is c hosen as the kno wn dangerous states of a

system, the reac hable set encompasses those states whic h lead to danger. Consequen tly ,

reac hable sets can b e used for safet y v eri�cation and for syn thesis of safe con trols.

W e describ e, pro v e the correctness of, and implemen t an algorithm|based on a time de-

p enden t Hamilton-Jacobi-Isaacs partial di�eren tial equation|for computing the bac kw ards

reac hable set of a con tin uous dynamic game. Unlik e its alternativ es, the metho d presen ted

here can dra w directly up on the accurate n umerical sc hemes dev elop ed in the lev el set lit-

erature to solv e suc h Hamilton-Jacobi equations. The di�eren tial game form ulation allo ws

us to handle not only traditional con trol inputs, but also conserv ativ ely treat noise, mo del

uncertain t y and the unkno wn actions of other agen ts as adv ersarial disturbance inputs.

While our tec hnique can b e applied to systems with nonlinear dynamics in an y n um b er

of state space dimensions, its computational cost scales p o orly with dimension. W e there-

fore describ e a metho d for o v erappro ximating reac hable sets using quic kly computed lo w er
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dimensional pro jections. F or safet y v eri�cation applications, o v erappro ximations are su�-

cien t.

Finally , w e sho w ho w an existing algorithm for computing reac hable sets of h ybrid sys-

tems can b e accurately implemen ted b y incorp orating our metho d for �nding con tin uous

reac hable sets. The con tin uous, pro jectiv e and h ybrid reac hable set algorithms are all

demonstrated on a n um b er of examples.
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Preface

I'm mo ving in sev en t y t w o hours, and v ery so on I'v e got to decide whether I should eat or

pac k the b o x of Millenios

�

that I purc hased bac k when w e though t the ligh ts w ould go out in

Jan uary 2000 (w e w ere only o� b y sixteen mon ths). That, com bined with a go o dly dose of

pro crastination, has got me thinking what I w ould ha v e done if I'd b een b orn one thousand

y ears ago. Since \p erp etual studen t" hadn't y et b een in v en ted, I'm guessing so othsa y er

w ould ha v e b een a prett y go o d gig for me.

I'm alw a ys happiest when I kno w what is going to happ en in adv ance.

y

I coun t m yself luc ky ,

therefore, to ha v e b een b orn in a time when I can prophesize with the to ols of mathematics

and computers rather than a dec k of T arot cards. I'm not alone in m y fascination with

prediction|the �elds of mathematics and computer science w ere b oth b orn from the quest

for accurate and consisten t foresigh t|and I hop e that this researc h is just the b eginning of

m y con tribution to this endea v or.

Sim ulation w as the original killer app, and its widespread a v ailabilit y has rev olutionized the

pro cess of design. In to da y's w orld, a ma jor part of creating an y new tec hnological pro duct

is extensiv e testing through virtual mo dels. One shortcoming of traditional sim ulation

metho ds, ho w ev er, is that they examine only one p ossible ev olution of a system's state at a

time. A t the heart of m y in v estigations is an alternativ e metho d of sim ulation that computes

all p ossible ev olutions at once, so that w e can b e more con�den t that w e understand all of

the b eha viors that a system migh t exhibit, and can design a w a y an y that migh t not b e safe.

�

F or those of y ou not familiar with them, Millenios

TM

w ere \once in a lifetime", \limited edition", \o�cial

cereal of the millennium" Cheerios

r

with not just the usual O's, but also extra sp ecial 2's. And I'v e had a

b o x of them in m y cupb oard for almost t w o y ears. No kidding.

y

Despite rumors to the con trary , I w ould not get in to the scrying business b ecause of its man y opp ortu-

nities for evil. That's not to sa y , ho w ev er, that I w ouldn't enjo y them as a p erk.
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The researc h describ ed in this thesis constitutes just a few steps along the paths of sim ulation

and v eri�cation, steps that are far from the �rst or the last. This thesis is not a tutorial on

con trol, v eri�cation, reac habilit y , h ybrid systems, or lev el set metho ds. On the other hand,

an undergraduate lev el bac kground in n umerical di�eren tial equations should b e su�cien t

to understand the con ten ts, and I hop e that I ha v e written clearly enough that the in terested

reader can pic k up necessary p ortions of the aforemen tioned researc h �elds on the 
y .

It's b een thirteen y ears since I started m y univ ersit y career, and I'v e had a lot of help getting

to where I am to da y . Kaaren, m y new wife but old 
ame, has b een b eside me through almost

all of it; the last three y ears here at Stanford with her ha v e b een the happiest of m y life. As

she �nally prepares to em bark on la w sc ho ol, I can just hop e that I ha v en't put an y ideas

in her head ab out sp ending the rest of her life there.

F rom one lo v e of m y life to the others. Science, mathematics, learning, teac hing and writing

are the reasons that I c hose graduate sc ho ol, and m y paren ts are the reason that I enjo y

them so m uc h. It w as m y father who �rst in tro duced me to computers and sim ulation man y

y ears ago

z

and thereb y set the path whic h I ha v e follo w ed since. I ha v e b een carried far

b y m y skills at writing, and they are the result of m y mother's zealous editing abilit y; I

lo ok bac k fondly no w at so man y grade sc ho ol essa y drafts that w ere more red ink than

blac k. If I had to pic k one inciden t that lead me to where I am to da y , it w ould b e m y

�rst high sc ho ol science pro ject. I raised some mold under a v ariet y of temp erature and

n utrien t conditions, measured its gro wth daily , and wrote a little computer sim ulation that

in terp olated gro wth patterns (in asci i graphics!) for other conditions. I w on a regional

a w ard for scien ti�c metho d, all thanks to m y mother and father, for it w as their idea,

explanations, and patience that allo w ed me to complete the pro ject.

I w ould also lik e to thank the rest of m y (newly enlarged) family: Eric & Johanna, Jean,

Leanor & Henry , Margie, Adi and Una. I don't see y ou as often as I w ould lik e, but I lo v e

y ou all just the same.

I ha v e had a fan tastic time in m y �v e y ears at Stanford, and that is b ecause of the p eople

with whom I'v e w ork ed. Professor Claire T omlin has b een a w onderful sup ervisor and

colleague. Her thesis researc h on h ybrid systems is one of the t w o pillars up on whic h mine

z

When he started in the �eld, he actually did predict the future with dec ks of (punc hed) cards. I coun t

m yself doubly luc ky to ha v e liv ed in the age of Matlab.
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is built, and the timing of her arriv al at Stanford could not ha v e b een b etter. My approac h

to researc h has a tendency to b e o v erly cautious, but her en th usiasm, optimism and fresh

ideas ha v e k ept me mo ving forw ard these past three y ears (and 
ying all o v er the place for

the last half of that).

Professor Ronald F edkiw has taugh t me lev el set metho ds, the other pillar up on whic h I

ha v e built m y researc h. He has sp en t p ortions of the last t w o y ears writing a b o ok on these

metho ds [109 ]. This pro cess has a�orded me t w o great b ene�ts: �rst, he has b een thinking

hard ab out ho w b est to explain the state of the art, and second, when writing he regularly

pro crastinates b y coming in to m y o�ce to c hat, th us giving me the opp ortunit y to ha v e m y

man y questions answ ered.

Muc h of the w ork in this thesis is collab orativ e in nature, and I w ould lik e to thank m y

coauthors profusely for their help. It has b een a great pleasure to w ork closely with Alexan-

dre Ba y en on sev eral pap ers, esp ecially the ones that in v olv ed trips to Europ e. Meek o Oishi

in tro duced me to the pleasure of b eing a coauthor without an y writing duties, a p osition I

fear I will not often get to hold. And then there is Doug Enrigh t. Cheer up Doug! Y ou're

�rst author on a JCP pap er and I, for one, think y our researc h is m uc h co oler than mine.

Professor Stephen Bo yd has pla y ed a ma jor role in shaping m y understanding of con trol

theory and optimization through his incredible teac hing and b y serving on m y reading

committee. With help from him and from Haitham Hindi I hop e to further in v estigate the

relativ e pros and cons of reac hable set determination using LMIs and SDPs for the t yp es

of nonlinear systems studied in this thesis. I w ould also lik e to thank Professors Da vid Dill

and An ton y Jameson for making m y oral defense suc h a painless a�air.

I'd lik e to thank Claire's lab|Alex, Meek o, Rono jo y Ghosh, Inseok Hw ang, Gokhan Inal-

han, Jung So on Jang, Ro dney T eo and Dusan Stipano vic|and Ron's lab|Doug, Rob ert

Bridson, Sergey Koltak o v, Neil Molino, Igor Nev ero v, Joseph T eran, Eran Guendelman,

F rederic Gib ou and Duc Nguy en|for putting up with m y often b oisterous presence at

group meetings. My studies at Stanford w ould not ha v e b een p ossible without Professors

Gene Golub, Andrew Stuart, W alter Murra y , Jim V arah and Mark Greenstreet, who eac h

help ed in their o wn w a y to get me in to and through the Scien ti�c Computing and Com-

putational Mathematics program. I ha v e also enjo y ed w orking alongside the studen ts in

SCCM, including Eric Boman, Kris Busc helman, Maureen Do yle, Chen Grief, Hallgeir Mel-

b o e, Nhat Nguy en, Will Smit, P aul T upp er, and man y others. Ev elyn Bough ton, Sherann
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Ellsw orth, Arden King and Dana P arga ha v e help ed me jump through all of the ho ops that

a do ctoral degree en tails.

On the tec hnical side, heart y ac kno wledgmen t is due to Professors Stanley Osher and Hong-

Kai Zhao for discussions ab out n umerical sc hemes for solving Hamilton-Jacobi equations,

Professors John Lygeros, L. C. Ev ans, Shank ar Sastry and Alexander Kurzhanski for discus-

sions ab out the previous and curren t time dep enden t Hamilton-Jacobi form ulations, and

Professors P atric k Sain t-Pierre and Jean-Pierre Aubin for discussions ab out the connec-

tions with viabilit y theory . The original idea for tac kling con tin uous reac habilit y in higher

dimensional systems using pro jections came out of w ork with Professor Mark Greenstreet.

The researc h describ ed here has b een supp orted b y the Defense Adv anced Researc h Pro jects

Agency under the Soft w are Enabled Con trol program (AFRL con tract F33615-99-C-3014) .

While at Stanford I ha v e also b een supp orted b y a Sc ho ol of Engineering fello wship from the

Groswith family and b y T exas Instrumen ts as part of the Digital Signal Pro cessor Univ ersit y

Researc h F und.

Finally , I w ould lik e to thank m y man y friends for k eeping me from disapp earing completely

in to m y studies. Without help from F raser & Katrina (and little Chlo e), Zek e, Stephanie,

Kevin & Allison (and little Amelie), Jo el, Brucek, Greg, Eric & Sara, the man y Chris,

Susannah & Jim, Nic ky , Holly , Prita, Ujv al, Igor, Florian and man y others, this time at

Stanford w ould ha v e b een a long �v e y ears, instead of just a w onderful 
ash gone b y .

Computational science ma y b e the preferred metho d of divination in this age, but for b etter

or w orse it w orks only for our mac hines and lea v es us just as m uc h in the dark as ev er ab out

our o wn future. What I can sa y , ho w ev er, is that I'v e had a w onderful time here on the

farm, I'v e married the b eautiful princess, and I'm ready to ride o� in to the sunrise.
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Ian M. Mitc hell

Stanford Univ ersit y

August 2002
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Chapter 1

In tro duction

Mathematical mo dels are widely used to design and analyze all t yp es of systems in adv ance

of their construction. The core of the researc h describ ed in this thesis is a computational to ol

that can b e used to determine whether suc h systems|for example, airplane autopilots|

ma y act in unexp ected w a ys whic h their users w ould consider incorrect or unsafe.

1.1 What's So In teresting?

Man y mo dern devices are comp osed of large n um b ers of subsystems, and while the b eha v-

ior of eac h subsystem is w ell understo o d in isolation, their in teraction ma y lead the whole

system in to states that are undesirable or unsafe. Consequen tly , v eri�cation and v alidation

ha v e receiv ed ma jor atten tion in man y �elds of engineering. The simplest form of computa-

tional v alidation is sim ulation. Pro vided with a reasonable mathematical mo del, sim ulation

can exp ose the 
a ws of a system m uc h more quic kly and c heaply than w ould construction of

a ph ysical protot yp e. Sim ulation has pro v en particularly useful during the iterativ e pro cess

of design, where engineers seek to rapidly mo dify and ev aluate new features and functions.

The ma jor dra wbac k of sim ulation is that it only c hec ks a single tra jectory of the system at

a time. F or systems with man y di�eren t state v alues and/or man y input signals, it w ould b e

prohibitiv ely exp ensiv e to c hec k the safet y of ev ery p ossible system tra jectory b y sim ulation

1
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Figure 1.1: Di�erence b et w een bac kw ards and forw ards reac hable sets.

alone. The concern is that sim ulation of a few thousand, or ev en a few million, individual

tra jectories migh t miss some isolated but imp ortan t unsafe case.

One a v en ue that researc hers ha v e follo w ed in their quest to catc h ev ery p oten tial failure

mo de is the computation of reac hable sets. Reac hable sets are a w a y of capturing the

b eha vior of en tire groups of tra jectories at once. There are t w o basic t yp es of reac hable

sets, dep ending on whether an initial or a �nal condition is sp eci�ed. F or a forwar d r e achable

set , w e sp ecify the initial conditions and seek to determine the set of all states that can b e

reac hed along tra jectories that start in that set. Con v ersely , for a b ackwar d r e achable set

w e sp ecify a �nal or target set of states, and seek to determine the set of states from whic h

tra jectories start that can reac h that target set. The di�erence is illustrated in �gure 1.1,

in whic h the arro ws represen t tra jectories of the system.

Computing the set of states from whic h tra jectories of a con tin uous dynamic game can reac h

a giv en target set has its ro ots in the w ork of Isaacs [75 ], who used his calculations to deriv e

capture regions for ev aders in pursuit-ev asion games, games that w ere motiv ated b y the

study of military jets and surface to air missiles. Our ma jor application for reac hable sets

will b e to v erify the correct b eha vior of systems. Figure 1.2 demonstrates ho w the bac kw ard

reac hable set can b e used to v erify a system's safet y . T o start with, w e collect all states that

are kno wn a priori to b e unsafe in to the target set. The target set's bac kw ard reac hable

set is the set of states whic h giv e rise to unsafe tra jectories. Therefore, if the initialization

conditions for the system o v erlap with the bac kw ards reac hable set, the system ma y b e

unsafe and should b e mo di�ed.
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Figure 1.2: Using the bac kw ard reac hable set to v erify safet y .

As an example, man y of the systems w e study in v olv e collision a v oidance proto cols for

aircraft. The target set in our analyses is the set of states considered a collision; for example,

at cruising altitude the F ederal Aviation Administration (F AA) mandates that commercial

aircraft main tain a �v e mile horizon tal separation. The bac kw ards reac hable set includes

those states whic h will lead to a collision. In this case, p ositions man y miles in fron t of

the aircraft will b e part of the bac kw ards reac hable set|far enough in fron t that the pilot

could resp ond to a danger b y c hanging heading or altitude|but not p ositions b ehind the

aircraft, since it will alw a ys b e mo ving forw ard. If another aircraft en ters this reac hable

set, there is cause for alarm.

The searc h for metho ds of computing the reac hable sets of purely discrete systems, suc h

as those mo deled b y �nite automata, has met with considerable success and has led to the

dev elopmen t of p o w erful to ols for automatic v eri�cation; for example, the binary decision

diagram [35 ]. Most engineering systems, ho w ev er, are not purely discrete. Con tin uous

dynamics are the norm in con trol engineering problems, and in man y mo dern systems

imp ortan t b eha viors arise from the in teraction b et w een discrete and con tin uous comp onen ts.

While w e ha v e w a ys of sim ulating these systems, v eri�cation and v alidation of their safet y

demands a more rigorous approac h.
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Figure 1.3: An example t w o dimensional set G (left), and one p ossible implicit surface

represen tation J ( x; y ) (righ t, dark er p ortion of mesh is J ( x; y ) � 0).

1.2 Scop e and Goals

The fo cus of this thesis is on computational metho ds for determining the reac hable sets of

con tin uous and h ybrid systems. A hybrid system is one in whic h the in teraction b et w een

discrete and con tin uous comp onen ts pla ys an imp ortan t role in determining the ev olution

of the system's state. As describ ed ab o v e, reac hable sets can b e used for safet y v eri�cation.

In addition, w e demonstrate ho w they can b e used to syn thesize con trollers whic h are

guaran teed to act safely .

The primary c hallenges faced b y attempts to compute these reac hable sets in v olv e the

uncoun table n um b er of distinct states in a con tin uous system. In a �nite discrete system,

w e can describ e the reac hable sets b y en umerating their mem b er states and w e can ev olv e

them b y follo wing individual tra jectories. This strategy cannot b e applied in a con tin uous

setting, and w e m ust lo ok for other w a ys of answ ering t w o questions: ho w do w e represen t

reac hable sets, and ho w do w e ev olv e them according to the system's dynamics?

One p opular w a y of describing sets of con tin uous states is called the implicit surface function

represen tation. Consider a closed set G � R

n

. An implicit surface represen tation of G w ould

de�ne a function � : R

n

! R suc h that � ( x ) � 0 if x 2 G and � ( x ) > 0 if x =2 G . Implicit
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surface represen tations are not unique. An example of a t w o dimensional set G is sho wn in

�gure 1.3, along with one p ossible implicit surface represen tation.

Lev el set metho ds [110 , 109 ] are a collection of n umerical tec hniques for ev olving implicit

surfaces according to underlying 
o w �elds. Their go v erning equations are Hamilton-Jacobi

(HJ) partial di�eren tial equations (PDEs), a class of nonlinear, �rst order h yp erb olic PDEs

whose solutions can exhibit sho c k and rarefaction ev en ts. Despite the c hallenges of w orking

with suc h a PDE, lev el set metho ds can in man y cases accurately compute the ev olution of

implicit surface functions under complex, nonlinear 
o w �elds.

The no v el theoretical con tribution of this researc h is the form ulation of and pro of that the

viscosit y solution of a Hamilton-Jacobi-Isaacs (HJI) PDE describ es the con tin uous bac k-

w ards reac hable set. The HJI PDE allo ws for system mo dels that con tain t w o adv ersarially

opp osed input signal v ectors. One input will try to k eep the systems a w a y from the tar-

get set, while the other will try to driv e it in to the target set. Since the target set is an

unsafe set in our examples, these t w o inputs can b e giv en the traditional names of con trol

and disturbance. The latter class of inputs is particularly useful as a w a y of conserv ativ ely

treating not just the actions of an adv ersary , but also mo del uncertain ties and noise.

Unlik e an y other form ulation of the reac hable set, our HJI PDE can b e solv ed with the v ery

accurate n umerical metho ds dra wn from the lev el set literature. The bulk of this thesis

describ es practical asp ects of implemen ting lev el set algorithms to calculate reac hable sets

for v arious con tin uous and h ybrid systems. Extensiv e examples demonstrate the accuracy

with whic h w e can determine the reac hable sets for systems with complex nonlinear dy-

namics and m ultiple inputs. W e also compare our metho d with comp eting algorithms for

computing forw ards and bac kw ards reac hable sets.

The ev en tual goal of this researc h is a to ol that could automatically analyze the safet y of

general nonlinear con tin uous and h ybrid systems with up to p erhaps �v e con tin uous state

space dimensions. The lev el set function basis on whic h w e build is conceptually w ell suited

to automatic analysis b ecause it can handle suc h general systems, but it scales p o orly with

dimension. One c hapter is dev oted to a pro jection based tec hnique that ma y allo w e�cien t

appro ximation of reac hable sets for higher dimensional systems.
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1.3 Outline

This thesis presen ts the theory and implemen tation of algorithms for computing the bac k-

w ards reac hable sets of con tin uous and h ybrid systems.

� Chapter 2 con tains the theory and implemen tation details b ehind our algorithm for

con tin uous systems, whic h w e will call our c ontinuous r e achable set algorithm . It

form ulates the bac kw ards reac hable set in terms of the solution of an HJI PDE, and

pro v es that the viscosit y solution of this PDE is an implicit surface represen tation

of the bac kw ards reac hable set. After comparing the prop erties of this form ulation

with those of its comp etitors, w e describ e ho w to implemen t a lev el set algorithm for

computing its viscosit y solution.

� Chapter 3 demonstrates our con tin uous reac hable set implemen tation on sev eral ex-

amples. The main example, the \game of t w o iden tical v ehicles" is a classical pursuit-

ev asion game. The c hapter concludes with an example of ho w the reac hable set can

b e used to study the autolanding pro cedure in a mo dern commercial airplane.

� Chapter 4 discusses a tec hnique that ma y allo w us to skirt Bellman's \curse of dimen-

sionalit y ." The cost of most metho ds for solving the HJI PDE from c hapter 2 gro ws

exp onen tially with the con tin uous dimension of the system. This c hapter examines a

tec hnique for o v erappro ximating the true reac hable set using a series of o v erlapping

pro jections in to lo w er dimensional subspaces; these pro jections w ould b e m uc h less

exp ensiv e to compute.

� Chapter 5 describ es h ybrid systems, and ho w the algorithm for computing con tin uous

reac hable sets can b e adapted to w ork on a general h ybrid system.

� Chapter 6 demonstrates the computation of h ybrid system reac hable sets on sev eral

collision a v oidance proto col examples and a m ultimo dal aircraft autolanding system.

Because the metho ds in the later c hapters dra w up on those in the previous ones, the reader

will notice that the �rst c hapters treat their sub jects with more rigor. Our early fo cus in

this researc h w as the implemen tation and demonstration of these metho ds, and w e are no w
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returning to formalize our results. While w e ha v e completed w ork on the con tin uous case,

formal treatmen t of the h ybrid case is still in progress.

This thesis is a compilation of results and examples from man y pap ers with man y coau-

thors [102 , 100 , 137 , 98 , 99 , 105 , 103 , 23 ]. The con tribution of this author lies in the

theory , algorithms and implemen tations that compute the reac hable sets. Where p ossible,

the presen tation in these pages has b een restricted to this author's con tribution; ho w ev er,

clarit y sometimes demands additional details b e included. In particular, the mo dels in all

of the examples w ere dev elop ed either b y coauthors (sections 3.3 and 6.2) or dra wn from

the literature (the remaining examples). The algorithm for h ybrid reac hable sets presen ted

in section 5.2 is dra wn from [138 ]; this author's con tribution lies in the implemen tation of

the reac h-a v oid op erator giv en in section 5.3. Resp onsibilit y for the remaining results and

text lies, for b etter or w orse, with this author.
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Chapter 2

Reac hable Sets for Con tin uous

Systems

This c hapter details our metho d for computing the reac hable sets of purely con tin uous

systems. The �rst section fo cuses on the theory , the second on practical implemen tation,

and the third on related w ork in con tin uous reac habilit y . The �nal section is a pro of of the

correctness of our time-dep enden t Hamilton-Jacobi-Isaacs form ulation, and ma y b e omitted

b y the casual reader. The bulk of this c hapter is tak en from [99 ].

2.1 Ho w to Compute the Reac hable Set

In this section w e formally de�ne the reac hable set for a con tin uous system, discuss a few

of its prop erties, and form ulate a terminal v alue HJI PDE whose solution describ es it.

2.1.1 The Reac hable Set

W e mo del our system with the ordinary di�eren tial equation

dx

dt

= _x = f ( x; a; b ) ; (2.1)

where x 2 R

n

is the state, a is the input for pla y er I and b is the input for pla y er I I.

9
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Assumption 1. The input signals are dra wn from the follo wing sets

a ( � ) 2 A ( t ) , f � : [ t; 0] ! Aj � ( � ) is measurable g

b ( � ) 2 B ( t ) , f � : [ t; 0] ! B j � ( � ) is measurable g

where A � R

n

a

and B � R

n

b

are compact and t 2 [ � T ; 0] for some T > 0. W e will consider

input signals whic h agree almost ev erywhere to b e iden tical.

Notice the notational di�erence b et w een the instan taneous v alue a 2 A of the input of

pla y er I and the input signal a ( � ) 2 A ( t ), and lik ewise b 2 B and b ( � ) 2 B ( t ) for pla y er I I.

Assumption 2. The 
o w �eld f : R

n

� A � B ! R

n

is uniformly con tin uous, b ounded,

and Lipsc hitz con tin uous in x for �xed a and b . Consequen tly , giv en a �xed a ( � ) 2 A ( t ),

b ( � ) 2 B ( t ) and initial p oin t, there exists a unique tra jectory solving (2.1).

Solutions of (2.1) are tra jectories of our system and will b e denoted b y

�

f

( s ; x; t; a ( � ) ; b ( � )) : [ t; 0] ! R

n

where

d

ds

�

f

( s ; x; t; a ( � ) ; b ( � )) = f ( �

f

( s ; x; t; a ( � ) ; b ( � )) ; a ( s ) ; b ( s )) almost ev erywhere ;

�

f

( t ; x; t; a ( � ) ; b ( � )) = x:

In w ords, �

f

( s ; x; t; a ( � ) ; b ( � )) is the state space lo cation at time s of a tra jectory whose 
o w

�eld is giv en b y function f and whose initial condition at time t � s w as the state space

lo cation x . Along this tra jectory pla y er I has b een using input signal a ( � ) and pla y er I I

has b een using input signal b ( � ). W e use �

f

( � ; x; t; a ( � ) ; b ( � )) to denote the en tire tra jectory

o v er all time greater than t . Note that w e emplo y a semi-colon to distinguish b et w een

the argumen t s of �

f

and the tra jectory parameters x , t , a ( � ) and b ( � ). This somewhat

complicated notation is necessary b ecause at v arious p oin ts in the remainder of this thesis

w e m ust di�eren tiate tra jectories based on some or all of these parameters.

Assumption 3. The tar get set G

0

� R

n

for our reac habilit y problem is closed and can

b e represen ted as the zero sublev el set of a b ounded and Lipsc hitz con tin uous function
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g : R

n

! R

G

0

= f x 2 R

n

j g ( x ) � 0 g : (2.2)

W e assume that pla y er I will try to steer the system a w a y from the target with her input

a ( � ), and pla y er I I will try to steer the system to w ards the target with her input b ( � ). F or

readers who prefer a more in tuitiv e understanding of the inputs, consider that in man y of

our examples the target set will represen t the capture set in a pursuit-ev asion game. Our

con trol will then b e pla y er I and the adv ersarial disturbance will b e pla y er I I.

In a di�eren tial game setting, it is imp ortan t to address what information the pla y ers kno w

ab out eac h other's decisions. T o sp ecify our information pattern, de�ne �rst a str ate gy for

the second pla y er as a map 
 : A ( t ) ! B ( t ) whic h sp eci�es an input signal for pla y er I I

as a function of the input signal that pla y er I c ho oses. W e will allo w pla y er I I to use only

nonanticip ative str ate gies ; that is strategies


 2 �( t ) , f � : A ( t ) ! B ( t ) j a ( r ) = ^a ( r ) 8 r 2 [ t; s ] = ) � [ a ]( r ) = � [ ^ a ]( r ) 8 r 2 [ t; s ] g :

Simply put, a nonan ticipativ e strategy ma y not mak e an input decision for b ( r ) based on

information ab out a ( s ) if s > r . It will turn out that allo wing pla y er I I to use nonan ticipativ e

strategies giv es an adv an tage to pla y er I I o v er pla y er I, but w e p ostp one further discussion

of information patterns and whether this is the correct one for our reac habilit y purp oses

un til section 2.1.5.

Note that in our form ulation of the problem, a tra jectory starts at some initial time t < 0

and w e w ould lik e to kno w if it has passed in to or through the target set b y time zero. W e

will sometimes w an t to discuss the length of time that a tra jectory has had to ev olv e; w e

adopt the di�eren tial game notation � = � t to denote this p ositiv e quan tit y . W e use the

free v ariables s and r to denote times in the range [ t; 0].

T o solv e the bac kw ards reac habilit y problem, w e w an t to determine the b ackwar ds r e achable

set G ( � ) for � 2 [0 ; T ]. Remem b ering that t = � � , w e de�ne this set as

G ( � ) , f x 2 R

n

j9 
 2 �( t ) ; 8 a ( � ) 2 A ( t ) ; 9 s 2 [ t; 0] ; �

f

( s ; x; t; a ( � ) ; 
 [ a ]( � )) 2 G

0

g : (2.3)

Informally , G ( � ) is the set of states from whic h there exists strategies for pla y er I I that for

all inputs of pla y er I will generate tra jectories whic h lead to the target set within time � .
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2.1.2 Prop erties of the Reac hable Set

In subsequen t sections w e will discuss a v ariet y of metho ds for determining the reac hable

set G ( � ), but �rst w e will state t w o of its imp ortan t prop erties. In the theorems that follo w

let B

n

( x; � ) b e the op en ball in R

n

around p oin t x of size � > 0, and B

n

( x; � ) b e its closure.

Theorem 1. If G

0

is close d, then G ( � ) is close d. Conversely, if G

0

is op en, then G ( � ) is

op en.

Pr o of. W e pro v e the �rst assertion, b ecause under Assumption 3 it applies to the case

studied in the remainder of this pap er. The pro of for the second assertion is similar.

If G

0

is closed, then G

{

0

= R

n

n G

0

is op en. In the pro of b elo w, w e sho w that G ( � )

{

is

op en; consequen tly , G ( � ) is closed. This pro of is an adaptation of an ODE uniqueness pro of

from [30 , section 2.12].

Recall that t = � � , consider a p oin t ^x

t

2 G ( � )

{

and c ho ose an y 
 2 �( t ). Complemen ting

the de�nition (2.3), w e see that there exists a ( � ) 2 A ( t ) suc h that

^x

s

= �

f

( s ; ^x

t

; t; a ( � ) ; 
 [ a ]( � )) 2 G

{

0

for all s 2 [ t; 0]. Since G

{

0

is op en, there exists � > 0 suc h that for an y s 2 [ t; 0], x

s

2 G

{

0

for

an y x

s

2 B

n

( ^ x

s

; � ).

No w consider a p oin t x

t

2 B

n

( ^ x

t

; � ) for some � > 0 whose v alue w e will �x later. De�ning

the shorthand

^

� ( r ) = �

f

( r ; ^x

t

; t; a ( � ) ; b ( � )) ;

� ( r ) = �

f

( r ; x

t

; t; a ( � ) ; b ( � )) ;

w e can write

^

� ( r ) = ^x

t

+

Z

r

t

f (

^

� ( � ) ; a ( � ) ; b ( � )) d�;

� ( r ) = x

t

+

Z

r

t

f ( � ( � ) ; a ( � ) ; b ( � )) d�;
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and hence

^

� ( r ) � � ( r ) = ^x

t

� x

t

+

Z

r

t

( f (

^

� ( � ) ; a ( � ) ; b ( � )) � f ( � ( � ) ; a ( � ) ; b ( � ))) d�;

k

^

� ( r ) � � ( r ) k � k ^x

t

� x

t

k +

Z

r

t

k f (

^

� ( � ) ; a ( � ) ; b ( � )) � f ( � ( � ) ; a ( � ) ; b ( � )) k d�;

k

^

� ( r ) � � ( r ) k � � + K

Z

r

t

k

^

� ( � ) � � ( � ) k d�;

(2.4)

where K is the Lipsc hitz constan t for the 
o w �eld f . Letting

 ( r ) =

�

K

+

Z

r

t

k

^

� ( � ) � � ( � ) k d�;

w e see that  ( t ) = � =K ,  ( r ) �  ( t ), and

_

 ( r ) = k

^

� ( r ) � � ( r ) k . Rewriting (2.4) in terms

of  yields the di�eren tial inequalit y

_

 ( r ) � K  ( r ) � 0 ; (2.5)

whic h w e can rewrite as

e

� K r

(

_

 ( r ) � K  ( r )) � 0 ;

d

dr

( e

� K r

 ( r )) � 0 ;

Z

r

t

d

d�

( e

� K �

 ( � )) d� � 0 ;

e

� K r

 ( r ) � e

� K t

 ( t ) � 0 ;

 ( r ) � e

K ( r � t )

� =K :

(2.6)

Cho ose an y s 2 [ t; 0] and let � = e

� K ( s � t )

K �= 2. F rom (2.5) and (2.6) w e can see

k

^

� ( s ) � � ( s ) k =

_

 ( s ) ;

� K  ( s ) ;

� e

K ( s � t )

� =K ;

� e

K ( s � t )

e

� K ( s � t )

K �= (2 K ) ;

� �= 2 :

Hence � ( s ) 2 B

n

( ^ x

s

; � ) � G

{

0

. Since 
 2 �( t ) and s 2 [ t; 0] w ere arbitrary , x

t

2 G ( � )

{

. Since
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x

t

2 B

n

( ^ x

t

; � ) w as arbitrary , B

n

( ^ x

t

; � ) � G ( � )

{

and therefore G ( � )

{

is op en.

Theorem 2. The r e achable set only gr ows as � incr e ases

G ( � ) � G ( ^ � )

for 0 � � � ^� � T .

The pro of of this theorem is a trivial consequence of Theorem 3, and so w e p ostp one it.

2.1.3 A Hamilton-Jacobi-Isaacs Equation for the Reac hable Set

In this section w e state the main theoretical result of this c hapter|that the reac hable set

can b e determined b y solving for the viscosit y solution of a time dep enden t HJI equation.

Theorem 3. L et � : R

n

� [ � T ; 0] ! R b e the visc osity solution of the terminal value HJI

PDE

D

t

� ( x; t ) + min [0 ; H ( x; D

x

� ( x; t ))] = 0 ; for t 2 [ � T ; 0] ; x 2 R

n

;

� ( x; 0) = g ( x ) ; for x 2 R

n

;

(2.7)

wher e

H ( x; p ) = max

a 2A

min

b 2B

p

T

f ( x; a; b ) : (2.8)

If the zer o sublevel set of g describ es the tar get set G

0

ac c or ding to (2.2), then the zer o

sublevel set of � describ es the b ackwar ds r e achable set G ( � )

G ( � ) = f x 2 R

n

j � ( x; t ) � 0 g : (2.9)

The signi�cance of this theorem is that w e can harness w ell dev elop ed n umerical sc hemes

from the lev el set literature to compute accurate appro ximations of � ( x; t ), and therefore

accurate appro ximations of G ( � ), for ev en complicated nonlinear dynamics. The pro of of

this theorem is presen ted in section 2.4, while section 2.2 describ es its implemen tation and

c hapter 3 demonstrates its application to sev eral example systems. A completely di�eren t

pro of of the single pla y er v ersion of this theorem w as dev elop ed indep enden tly in [90 ].
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Remark. Under Assumptions 1{3, it can b e sho wn that � ( x; t ) is b ounded and Lipsc hitz

con tin uous in b oth x and t [51 , Theorem 3.2].

In the past three y ears w e ha v e presen ted sev eral alternativ e HJI PDE form ulations for

computing the bac kw ards reac hable set. In [135 ], the Hamiltonian w as restricted to negativ e

v alues only within the target set; unfortunately , the resulting p oten tial for discon tin uities

in the solution mak es accurate n umerical implemen tation di�cult. In [102 ], minimization

w as p erformed as a separate, p ost-pro cessing step. While this form ulation is more e�cien t,

it is more di�cult to reason ab out formally and ma y pro duce incorrect results when the

Hamiltonian and/or target set are noncon v ex. Consequen tly , w e no w adv o cate using the

form ulation ab o v e for determining reac hable sets.

W e conclude this section with the p ostp oned pro of.

Pr o of of The or em 2. W e will sho w that x 2 G ( � ) implies x 2 G ( ^ � ) for 0 � � � ^� � T .

Recall that t = � � and let

^

t = � ^� . Assume x 2 G ( � ), whic h b y Theorem 3 implies

� ( x; t ) � 0. If � is the solution of (2.7), then

D

t

� ( x; t ) = � min [0 ; H ( x; D

x

� ( x; t ))] � 0 :

Th us, � ( x;

^

t ) � � ( x; t ) � 0, whic h implies x 2 G ( ^ � ).

2.1.4 Hamilton-Jacobi Equations and Viscosit y Solutions

The pro of of Theorem 3 in section 2.4 pro ceeds b y dra wing a connection b et w een the

bac kw ards reac hable set and a zero sum di�eren tial game, from whic h (2.7) arises. In this

section w e giv e a brief in tro duction to Hamilton-Jacobi equations, their connection with

optimal con trol and di�eren tial games, and the concept of viscosit y solutions. The purp ose

of this section is to pro vide the reader with enough con text to understand remarks made in

the remainder of the thesis. F or a comprehensiv e discussion of these topics, see [19 ].

W e b egin with the concept of v alue function and the Dynamic Programming Principle.

T o simplify the discussion, w e will restrict ourselv es to the single pla y er optimal con trol

case, although the de�nitions and results can b e extended to the t w o pla y er, zero sum
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di�eren tial game. Consider a single input system with dynamics _x = f ( x; b ) and tra jectories

�

f

( � ; x; t; b ( � )). De�ne the c ost or p ayo� of a tra jectory as

C ( x; t; b ( � )) =

Z

0

t

` ( �

f

( � ; x; t; b ( � ))) d� + g ( �

f

(0; x; t; b ( � ))) ;

and assume that the input will seek to minimize the cost. The comp onen ts of the cost are

the running c ost ` : R

n

! R and the terminal c ost g : R

n

! R . The value function for this

problem is a function V : R

n

� [ � T ; 0] ! R suc h that

V ( x; t ) = inf

b ( � ) 2 B ( t )

C ( x; t; b ( � )) :

In w ords, V ( x; t ) sp eci�es the cost of the optimal tra jectory whic h starts at p oin t x at time

t .

The Dynamic Pr o gr amming Principle (DPP) pro vides a w a y to compute the v alue function.

Assume that w e ha v e t w o v alid input signals b

1

( � ) 2 B ( t ) and b

2

( � ) 2 B ( t ) for some system.

De�ne t w o more signals

b

3

( s ) = b

1

( s � h ) for s 2 [ t + h; 0] ; h > 0

b

4

( s ) =

8

<

:

b

1

( s ) ; for s 2 [ t; r ];

b

2

( s ) ; for s 2 ] r ; 0];

for an y r 2 [ t; 0] ; s 2 [ t; 0] :

Informally , b

3

( � ) is a cop y of b

1

( � ) dela y ed b y time h and b

4

( � ) is a concatenation of b

1

( � )

and b

2

( � ). If b

3

( � ) 2 B ( t + h ) and b

4

( � ) 2 B ( t ), then the DPP holds for that system and its

corresp onding v alue function satis�es the equation

V ( x; t ) = min

b ( � ) 2 B ( t )

�

Z

t + h

t

` ( �

f

( � ; x; t; b ( � ))) d� + V ( �

f

( t + h ; x; t; b ( � )) ; t + h )

�

; (2.10)

for � T � t � t + h � 0 and V ( x; 0) = g ( x ). In w ords, (2.10) sa ys that the b est p ossible cost

at the presen t time and state is giv en b y c ho osing an input that minimizes the sum of the

cost of using that input for a short time h and the b est p ossible cost to go from the state

ac hiev ed after using that input for time h .

If w e assume that V is di�eren tiable, w e can arriv e at an HJ PDE b y rearranging (2.10)
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and dividing b y h to get

min

b ( � ) 2 B ( t )

"

V ( �

f

( t + h ; x; t; b ( � )) ; t + h ) � V ( x; t )

h

+

R

t + h

t

` ( �

f

( � ; x; t; b ( � ))) d�

h

#

= 0 ;

and then letting h ! 0

min

b 2B

�

d

dt

V ( x; t ) + ` ( x )

�

= 0 ;

D

t

V ( x; t ) + min

b 2B

D

x

V ( x; t ) � f ( x; b ) + ` ( x ) = 0 ;

D

t

V ( x; t ) + H ( x; D

x

V ( x; t )) = � ` ( x ) ; (2.11)

where the Hamiltonian H ( x; p ) = min

b 2B

p

T

f ( x; b ) is the single pla y er v ersion of (2.8). If

w e set the running cost ` ( x ) � 0, then (2.11) b ecomes the single pla y er v ersion of (2.7).

The DPP w as applied to optimal con trol problems b y Bellman in the late �fties and to

di�eren tial games b y Isaacs in the sixties (for references and more details, see [19 , sections I.9

and VI I I.4]). Consequen tly , w e will (somewhat inconsisten tly) call HJ PDEs in v olving a

single pla y er Hamilton-Jacobi-Bellman (HJB) equations, and those in v olving t w o pla y ers

Hamilton-Jacobi-Isaacs (HJI) equations.

While the deriv ation ab o v e is in tuitiv ely attractiv e, it w as recognized immediately that for

all but a few cases the v alue function V is not di�eren tiable. Consequen tly , the deriv ation

is not tec hnically correct and, ev en if it w ere, classical solutions to the HJ PDEs w ould

not exist. The lac k of a classical solution arises b ecause HJ PDEs can exhibit sho c ks and

rarefactions. T o de�ne these terms, w e need to lo ok �rst at the c haracteristics of the PDEs.

The char acteristics of HJB and HJI PDEs corresp ond to optimal tra jectories of the under-

lying system's dynamics. Because our PDE (2.7) con tains no running cost, the terminal

condition's v alues are transmitted without mo di�cation along c haracteristics|for example,

giv en some optimal tra jectory �

f

( � ; x; t; b ( � )) of the single input system, � ( x; t ) is equal to

� ( �

f

(0; x; t; b ( � )) ; 0), and �

f

( � ; x; t; b ( � )) is a c haracteristic of (2.11) with ` ( x ) � 0. A sho ck

o ccurs when c haracteristics collide; in other w ords, there exist m ultiple optimal input sig-

nals and hence tra jectories that lead to the same p oin t in the state space. A r ar efaction

is in some sense the opp osite, and o ccurs when m ultiple optimal input signals and hence
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tra jectories emanate from the same terminal p oin t in state space. Examples of sho c k p oin ts

can b e seen in �gure 3.3, and an example of a rarefaction in �gure 3.4.

If sho c ks and rarefactions are presen t, a classical solution to an HJ PDE ma y not exist.

Researc hers therefore sough t an appropriate de�nition of a non-classical or w eak solution

to the PDE. Viscosit y solutions|�rst de�ned in [44 ] but describ ed in their more useful

presen t form in [43 ]|w ere a signi�can t breakthrough in this pro cess. A b ounded, uniformly

con tin uous function � ( x; t ) is a visc osity solution to the HJ PDE

D

t

� ( x; t ) + H ( x; D

x

� ( x; t )) = 0 ;

pro vided that for eac h in�nitely di�eren tiable test function  ( x; t )

� if � ( x

0

; t

0

) �  ( x

0

; t

0

) is a lo cal maxim um of the function � �  , then

D

t

 ( x

0

; t

0

) + H ( x; D

x

 ( x

0

; t

0

)) � 0

� if � ( x

0

; t

0

) �  ( x

0

; t

0

) is a lo cal minim um of the function � �  , then

D

t

 ( x

0

; t

0

) + H ( x; D

x

 ( x

0

; t

0

)) � 0

While this de�nition is neither particularly enligh tening nor constructiv e, it turns out that

viscosit y solutions are of great practical v alue. F or an in tro duction to viscosit y solutions,

w e recommend [50 , c hapter 10], whic h con tains a reasonably understandable pro of of their

existence and uniqueness. The existence pro of includes the deriv ation of the HJB equation

from the DPP , and a demonstration that the viscosit y solution is the appropriate w eak

solution to describ e the v alue function of an optimal con trol problem. F or the t w o input

case [51 ] pro v es that the viscosit y solution of the HJI equation is the v alue function for a

t w o pla y er, zero sum di�eren tial game.

Note that viscosit y solutions are not the same as vanishing visc osity solutions . The latter

are the solutions �

( � )

( x; t ) in the limit � ! 0 of the linear second order PDE

D

t

�

( � )

+ H ( x; D

x

�

( � )

) = �D

2

x

�

( � )

: (2.12)
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F or � > 0, the Laplacian op erator on the righ t hand side (the \viscosit y") guaran tees

that �

( � )

is di�eren tiable, and hence that classical solutions to the PDE exist. As � ! 0,

this viscosit y term v anishes and a unique limit solution ma y not exist. Ho w ev er, if this

v anishing viscosit y solution do es exist, it is the same as the (Crandall & Lions) viscosit y

solution de�ned ab o v e.

The literature also con tains sev eral other w eak solutions to Hamilton-Jacobi and related

PDEs, including some m ultiv alued solutions that ha v e applications in w a v e propagation

and imaging problems, but w e will not discuss them further here.

2.1.5 Information P atterns for Di�eren tial Games

Throughout this thesis, w e ha v e c hosen to let pla y er I I select a nonan ticipativ e strategy that

can resp ond to the input c hoices of pla y er I. In this section w e discuss some p ossible alter-

nativ es to this information pattern. W e consider four basic t yp es of con trols for the game

pla y ers|op en lo op, state feedbac k, nonan ticipativ e strategies, and an ticipativ e strategies.

Because our reac hable sets generally represen t \unsafe" p ortions of the state space, w e

usually prefer to o v erappro ximate them rather than underappro ximate them. Therefore,

whenev er a c hoice m ust b e made b et w een giving pla y er I or pla y er I I an adv an tage, w e

c ho ose to giv e it to pla y er I I, who is trying to mak e the reac hable set larger. If in another

con text pla y er I should b e giv en the adv an tage, it is straigh tforw ard to mo dify the de�nition

of the reac hable set (2.3) and the Hamiltonian (2.8).

An op en lo op str ate gy requires that b oth pla y ers decide their en tire input signals a ( s ) and

b ( s ) for all s 2 [ t; 0] without an y kno wledge of the other pla y ers' decisions. State fe e db ack

allo ws pla y ers I and I I to c ho ose a ( s ) and b ( s ) resp ectiv ely based on the curren t v alue

of �

f

( s ; x; t; a ( � ) ; b ( � )). W e de�ned nonan ticipativ e strategies in section 2.1.1. Our system

dynamics are deterministic, so b y allo wing pla y er I I to mak e decisions ab out b ( s ) with full

kno wledge of a ( r ) for r 2 [ t; s ], a nonan ticipativ e strategy giv es pla y er I I all the information

of state feedbac k, plus pla y er I's curren t input a ( s ). While pla y er I is at a sligh t disadv an tage

under this information pattern, at a minim um she has access to su�cien t information to

use state feedbac k, b ecause pla y er I I m ust declare her strategy b efore pla y er I c ho oses a

sp eci�c input and th us pla y er I can determine the resp onse of pla y er I I to an y input signal.
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An anticip ative str ate gy w ould b e equiv alen t to allo wing pla y er I I to c ho ose b ( s ) based on

kno wledge of a ( r ) for all r 2 [ t; 0]; in other w ords, pla y er I w ould ha v e to rev eal her en tire

input signal in adv ance to pla y er I I.

The systems in whic h w e are in terested use state feedbac k con trollers. Clearly the op en

lo op pattern of information is unsuitable for v erifying suc h systems, and the an ticipativ e

strategy mo del is inappropriate as w ell b ecause it e�ectiv ely causes pla y er I to op erate

op en lo op. While state feedbac k migh t b e a more appropriate mo del of our systems than

nonan ticipativ e strategies, it is not so easily turned in to an HJ PDE. W e ha v e therefore

c hosen to use nonan ticipativ e strategies, and giv e whatev er adv an tage they confer to pla y er

I I. It can b e pro v en that the v alue of the di�eren tial game (2.30) under nonan ticipativ e

strategies is alw a ys less than the v alue under state feedbac k [18 ], and consequen tly w e will

only o v erappro ximate the reac hable set.

2.2 Implemen ting a Lev el Set Algorithm

Nonlinear PDEs suc h as (2.7) exhibit a n um b er of prop erties that mak e their solutions

di�cult to determine either analytically or n umerically; for example, ev en with smo oth

initial conditions g ( x ) and 
o w �eld f ( x; a; b ), the solution of (2.7) can dev elop kinks|

lo cations where the deriv ativ es b ecome discon tin uous|in �nite time. Ho w ev er, b ecause HJ

PDEs describ e a n um b er of imp ortan t ph ysical pro cesses, tec hniques ha v e b een dev elop ed

to �nd n umeric appro ximations of their solutions.

As describ ed section 2.1.4, w e seek the viscosit y solution of (2.7). A family of algorithms

called level set metho ds ha v e b een designed sp eci�cally to compute appro ximations to the

viscosit y solution for time dep enden t HJ PDEs with con tin uous initial conditions and Hamil-

tonians suc h as (2.7). In this section w e examine the details of adapting lev el set metho ds

to the appro ximation of reac hable sets.

W e assume throughout that the h uman mo deler pro vides a w a y of computing the opti-

mization o v er inputs a and b necessary to compute H ( x; p ) in (2.8), and concen trate on

n umerically determining the zero lev el set of the solution � to (2.7). Note that w e do not

require the mo deler to p erform a dynamic optimization o v er the en tire input signals a ( � )

and b ( � ). In almost all of the examples w e ha v e studied so far, the static optimization of a
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and b for a particular x and p is trivial|in most cases f ( x; a; b ) is a linear function of a and

b (although nonlinear in x ). F or an example where this optimization w as not so simple, see

sections 3.3 or 6.2.

2.2.1 The Numerical Sc heme

As discussed in section 2.3.3, the goal of our implemen tation is to compute with as m uc h

accuracy as p ossible a signed distance function for the b oundary of the reac hable set. The

accuracy of the deriv ativ e appro ximations describ ed b elo w is measured in terms of the

order of their lo cal truncation errors: on a grid with spacing h , an order p metho d for

appro ximating a function u with a n umerically computed ^u has error k u � ^u k = O ( h

p

). In

general, w e will call an y sc heme with order t w o or greater ( p � 2) a high or der sc heme.

Because our state space is R

n

, w e compute an appro ximation of the v alue of � ( x; t ) at

the no des of a �xed Cartesian grid in R

n

� [ T ; 0]. Within (2.7), there are three terms

that m ust b e ev aluated: the spatial deriv ativ e D

x

� ( x; t ), the Hamiltonian H ( x; p ) and the

time deriv ativ e D

t

� ( x; t ). One of the app ealing prop erties of lev el set metho ds is that w e

can separately c ho ose tec hniques for appro ximating eac h of these terms at eac h no de using

v alues of � at the no de and its neigh b ors.

Spatial Deriv ativ e

T raditional �nite di�erence appro ximations of order p for the spatial deriv ativ e of a function

represen ted on a grid assume that the function and at least its �rst p � 1 deriv ativ es are

con tin uous. Clearly this prop ert y will not hold in the presence of the kinks in � ( x; t ). Nev-

ertheless, con v ergen t n umerical appro ximations of D

x

� ( x; t ) w ere dev elop ed shortly after

viscosit y solutions w ere �rst prop osed [45 ]. In our co de, w e rely primarily on a w eigh ted,

essen tially non-oscillatory �fth order accurate appro ximation for our high �delit y compu-

tations [111 , 109 ], although w e ha v e implemen ted a basic �rst order accurate sc heme for

sp eed [110 , 125 ].

A k ey feature of all these sc hemes is their use of directional appro ximations. Consider

appro ximating D

x

� ( x; t ) for x 2 R (so n = 1). A t a grid p oin t x

i

, there exists a left
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appr oximation D

�

x

� and a right appr oximation D

+

x

� ; a �rst order accurate v ersion w ould

b e

D

�

x

� ( x

i

; t ) =

� ( x

i

; t ) � � ( x

i � 1

; t )

x

i

� x

i � 1

;

D

+

x

� ( x

i

; t ) =

� ( x

i +1

; t ) � � ( x

i

; t )

x

i +1

� x

i

:

Ac hieving higher order accuracy requires the use of v alues from more than a grid p oin t's

immediate neigh b ors and, as men tioned ab o v e, assumes con tin uit y of higher deriv ativ es.

The assumption will fail near kinks, and as a result the solution will b ecome oscillatory and

unstable. Essential ly non-oscil latory (ENO) sc hemes compute sev eral di�eren t appro xima-

tions to the left and righ t, and then c ho ose to use only the least oscillatory . A weighte d

essential ly non-oscil latory (WENO) sc heme tak es adv an tage of all the appro ximations in

smo oth regions of the solution to increase the order of accuracy , but rev erts to ENO near

kinks. Our �fth order accurate WENO sc heme uses three neigh b ors on eac h side to com-

pute a no de's left and righ t appro ximations to D

x

� ( x; t ). Extension to m ultidimensional

spaces ( n > 1) is conceptually trivial, since the appro ximation of D

x

� ( x; t ) can b e computed

separately for eac h dimension.

It should b e noted that none of these �nite di�erence sc hemes can ac hiev e b etter than �rst

order accuracy in the immediate vicinit y of a kink, b ecause the �rst deriv ativ e do es not

exist at suc h a p oin t. The added complexit y of the sc hemes adds accuracy only a w a y from

these p oin ts; a prop ert y whic h is sometimes called high r esolution to distinguish it from

true high order accuracy . Exp erimen tally , w e ha v e found that high resolution metho ds

lik e WENO are w orth the added complexit y b ecause the fully �rst order accurate sc hemes

cannot deliv er su�cien tly accurate reac hable sets.

Hamiltonian

W e ha v e c hosen to use the w ell studied L ax-F rie drichs (LF) appro ximation

^

H ( x; p

+

; p

�

) , H

�

x;

p

�

+ p

+

2

�

�

1

2

�

T

( p

+

� p

�

) ; (2.13)

where p

+

and p

�

are the righ t and left appro ximations of p resp ectiv ely and H ( x; p ) is

giv en b y (2.8). The second term in this appro ximation is a high order n umerical dissipation
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added to damp out spurious oscillations in the solution. The comp onen ts of the v ector �

dep end on the partial deriv ativ es of H with resp ect to its second argumen t

�

i

= max

p 2I

�

�

�

�

@ H

@ p

i

�

�

�

�

(2.14)

where I is a h yp ercub e con taining all the v alues that the v ector p tak es on o v er the com-

putational domain (see [111 ] for details). W e can understand this dissipativ e term as b eing

analogous to an � 6= 0 Laplacian term �D

2

x

� in the v anishing viscosit y v ersion (2.12) of the

HJ PDE. When p

+

6= p

�

and � 6= 0, w e add some dissipation to the equation in order

to a v oid a sharp kink that w ould lead to n umerical instabilit y . T o o m uc h dissipation will

excessiv ely smo oth the appro ximate solution (rounding o� what should b e sharp corners in

the reac hable set), while to o little will lead to n umerical instabilit y . The amoun t c hosen

b y (2.14) is su�cien t to guaran tee stabilit y and exp erimen tally app ears not to b e o v erly

dissipativ e.

A n um b er of other options for the n umerical Hamiltonian w ere considered [111 , 45 , 109 ].

A L o c al L ax-F rie drichs (LLF) sc heme reduces the size of the set I in (2.14) and therefore

adds less dissipation. Exp erimen tally , w e sa w little di�erence b et w een LF and LLF in

the examples w e ha v e studied th us far for t w o reasons: regular reinitialization of � (see

section 2.2.2) already tigh tly restricts the range of p ossible v alues of p , and the switc hing

nature of the optimal inputs a and b in (2.8) mean that the Hamiltonian's partials dep end

only sligh tly on the actual v alue of p . F or these same reasons w e did not use the R o e

with entr opy �x or Gudonov Hamiltonians describ ed in [111 ]. Both attempt to further

reduce dissipation b y c ho osing either the left or righ t appro ximation of the spatial deriv ativ e

according to whic h is the up wind appro ximation; ho w ev er, in our exp erience the sligh t

reduction in dissipation w as not w orth the e�ort required to determine the up wind direction.

Time Deriv ativ e

W e app eal to the metho d of lines to treat the time deriv ativ e of (2.7). F rom (2.13) w e see

ho w to compute

^

H at an y no de, and so w e can treat the v alue of � at that no de as the

solution to the ordinary di�eren tial equation (ODE) D

t

� + min [0 ;

^

H ] = 0. Among the man y

n umerical ODE solv ers that exist, the explicit Runge-Kutta (RK) sc hemes are particularly

easy to implemen t. Lik e an y explicit solv er for time dep enden t PDEs, the timestep � t



24 CHAPTER 2. REA CHABLE SETS F OR CONTINUOUS SYSTEMS

that can b e tak en b y our RK in tegrator is restricted b y the Couran t-F riedric hs-Lewy (CFL)

condition to b e some 
o w sp eed dep enden t m ultiple of the spatial grid size � x . In fact,

applying standard RK sc hemes to the solution of HJ PDEs will lead to instabilit y unless

� t is prop ortional to � x

2

, a restriction that w ould greatly increase computational cost

for a �xed time in terv al [ � T ; 0]. Therefore, w e use T otal V ariation Diminishing (TVD)

RK sc hemes [129 , 109 ], whic h will not in tro duce oscillations in to the solution when � t is

prop ortional to � x . W e ha v e implemen ted �rst (whic h is just forw ard Euler) and second

order accurate TVD RK sc hemes. Because of the CFL condition, the timestep is usually

m uc h smaller than the grid spacing; consequen tly , it is p ossible to use less accurate metho ds

in time than in space without a noticeable degradation in solution qualit y .

2.2.2 Practical Details

After the n umerical sc heme is c hosen, a n um b er of practical details m ust b e w ork ed out in

order to pro duce reasonable appro ximations to reac hable sets.

Initial Conditions

W e assume that the mo deler can pro vide a signed distance function represen tation for G

0

.

Constructing suc h a function man ually is straigh tforw ard for man y basic geometric sets

suc h as circles, p olygons, cylinders and prisms (see section 3.1.2 for an example in v olving a

cylinder). Using minim um, maxim um and negation op erators it is p ossible to form appro xi-

mate signed distance functions for unions, in tersections, complemen ts and set di�erences of

suc h basic sets. F or example, if sets G

1

and G

2

are represen ted b y signed distance functions

g

1

( x ) and g

2

( x ) then

G

1

[ G

2

is represen ted b y min [ g

1

( x ) ; g

2

( x )] ;

G

1

\ G

2

is represen ted b y max[ g

1

( x ) ; g

2

( x )] ;

G

{

1

is represen ted b y � g

1

( x ) ;

G

1

nG

2

is represen ted b y max[ g

1

( x ) ; � g

2

( x )] :

(2.15)

While the resulting functions are only appro ximately signed distance, they can b e turned

in to true signed distance functions b y applying reinitialization to them (see b elo w).
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Boundary Conditions

The HJ PDE (2.7) that w e are trying to solv e is de�ned o v er all of R

n

, and hence has no

ph ysical b oundary . Unfortunately , w e can n umerically appro ximate the solution only on a

�nite domain, so w e m ust in tro duce b oundaries and enforce some form of b oundary condi-

tions. F or p erio dic dimensions w e c ho ose our computational domain to include one complete

p erio d and enforce p erio dic b oundary conditions; for example, the relativ e heading  

r

in

section 3.1. F or the remaining dimensions, our options are more limited and none are ph ysi-

cally correct. W e ha v e c hosen to use an homogeneous Neumann b oundary condition, whic h

sets the directional deriv ativ e of � ( x; t ) normal to the b oundary to zero. This c hoice seems

the least lik ely to in tro duce instabilit y and thereb y destro y the solution globally , although

it will disturb the solution lo cally . Through regular reinitialization and b y w orking on a

computational domain large enough that the zero lev el set nev er approac hes the b oundary ,

ho w ev er, w e ensure that the b oundary condition do es not wrec k our reac habilit y results b y

disturbing the motion of the zero lev el set.

Reinitialization

As discussed in section 2.3.3, there are a n um b er of adv an tages to ha ving � in the form of a

signed distance function for the b oundary of the reac hable set. Ho w ev er, ev en if the mo deler

pro vides a signed distance function for the terminal conditions g ( x ), ev olution according

to (2.7) can quic kly distort � . Ph ysically incorrect b oundary conditions on the edges of the

computational domain can also cause problems. Therefore, w e p erio dically halt the regular

computation in our algorithm and reconstruct a prop er signed distance represen tation of

� . Since w e are only concerned with the lo cation of the zero lev el set of � for determining

reac habilit y , w e can mo dify its v alue a w a y from this lev el set as m uc h as necessary to ensure

that k D

x

� k = 1.

Because of its wide use in lev el set metho ds, sev eral di�eren t tec hniques for reinitialization

ha v e b een dev elop ed [39 , 132 , 53 , 125 ]. W e ha v e c hosen to execute a few discrete timesteps

of a solv er for the PDE

D

~

t

~

� ( x;

~

t ) = sign (

~

� ( x;

~

t ))(1 � k D

x

~

� ( x;

~

t ) k ) ;

~

� ( x; 0) = � ( x; t ) :

(2.16)



26 CHAPTER 2. REA CHABLE SETS F OR CONTINUOUS SYSTEMS

Note that this PDE is run in an auxiliary timeframe

~

t . If it w ere run to con v ergence, then

k D

x

~

� k = 1, but in practice w e run one to ten discrete timesteps to some

~

t

f

, and then reset

� ( x; t ) =

~

� ( x;

~

t

f

) to get k D

x

� k � 1. Analytically , sign(

~

� ) = 0 on the zero lev el set of � , and

so that lev el set should nev er mo v e. In practice, w e need to use a smo othed sign function,

suc h as

sign( � ) =

�

p

�

2

+ � x

2

;

to a v oid mo ving the zero lev el set to o m uc h.

W e ha v e c hosen this metho d for t w o reasons. First, its initial conditions do not require

explicit determination of the zero lev el set of � . It is di�cult to p erform suc h explicit

constructions at higher than �rst order accuracy or to extend them to higher dimensional

spaces. Second, w e can use the high resolution tec hniques from section 2.2.1 for computing

spatial and time deriv ativ es, and so our reinitialization will not cause a loss of accuracy

in our computation. It is also p ossible to implemen t a fast but accurate Gudono v solv er

for (2.16) [53 ], and so reinitialization will not in tro duce an y added dissipation. The ma jor

disadv an tage of this metho d is its sp eed when compared against comp etitors suc h as the

fast marc hing metho d with explicit fron t construction [139 , 125 ]. Appro ximately half of the

execution time of our curren t implemen tation is sp en t in reinitialization.

Lo calizing Computation

The HJ PDE (2.7) describ es the ev olution of � in all of R

n

; ho w ev er, w e are only in terested in

its zero lev el set. Consequen tly , w e can restrict our e�ort to grid no des near the b oundary

b et w een p ositiv e and negativ e v alues of � . In the lev el set literature this idea has b een

v ariously called lo c al level set [116 ] or narr owb anding [125 ]. W e ha v e implemen ted a new

v arian t of this metho d in our co de [101 ], and t ypically restrict our e�ort to within three to

six no des on eac h side of the in terface.

Because the b oundary of the reac hable set is of one dimension less than the state space,

considerable sa vings are a v ailable for t w o and three dimensional problems. If the n um b er of

no des in eac h dimension is n (prop ortional to � x

� 1

) and the dimension d , the total n um b er

of no des is O ( n

d

); the CFL condition on timestep means that total computational cost for a
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�xed time in terv al [ � T ; 0] is O ( n

d +1

). With lo cal lev el sets, w e reduce computational costs

bac k do wn to O ( n

d

), and w e ha v e seen this cost b eha vior exp erimen tally .

2.3 Alternativ e Algorithms

In this section w e review a v ariet y of alternativ e tec hniques for �nding reac hable sets. W e

break these sc hemes in to t w o classes. W e will call a sc heme c onver gent if there exists some

pro of that its appro ximation of the reac hable set con v erges to the true reac hable set as

the appro ximation is re�ned; for the con v ergen t sc hemes discussed b elo w an appro xima-

tion is re�ned b y using a �ner grid in computations. The other class of sc hemes is called

over appr oximative , b ecause they are generally designed to guaran tee that an y errors in the

appro ximation mak e the reac hable set larger. W e are not a w are of an y pro ofs of con v er-

gence for the o v erappro ximativ e sc hemes, but none w ere designed with that formal goal in

mind. Do not tak e these names to o seriously , b ecause man y o v erappro ximativ e tec hniques

can b e mo di�ed to pro duce guaran teed underappro ximations, and at least one con v ergen t

tec hnique can guaran tee o v erappro ximations as w ell.

Dra wing on the v o cabulary of PDEs, another w a y to di�eren tiate these t w o classes of

reac hable set metho ds is as Eulerian or Lagrangian appro ximations. An Eulerian approac h

appro ximates the solution's v alues at the no des of a �xed grid

�

using �nite di�erence, �nite

elemen t or �nite v olume tec hniques. In con trast, a L agr angian approac h follo ws the 
o w of

the solution b y computing along tra jectories of the dynamics; a pro cess that is equiv alen t

to solving a PDE b y the metho d of c haracteristics. All of the con v ergen t sc hemes fall in to

the Eulerian category , while most of the o v erappro ximativ e sc hemes are Lagrangian.

A �nal distinction b et w een the t w o classes of algorithms is whether they compute forw ards

or bac kw ards reac hable sets. All of the con v ergen t algorithms w ork bac kw ards, while all

of the o v erappro ximativ e tec hniques w ere designed to w ork forw ards. This division is di-

rectly link ed to the di�erence b et w een Eulerian and Lagrangian approac hes and ma y b e

�

By\�xed" w e mean that the mesh p oin ts do not mo v e during computation. These algorithms ma y add or

subtract mesh p oin ts; for example, via adaptiv e mesh re�nemen t strategies. The grids are usually Cartesian,

although there is no reason that the algorithms could not b e implemen ted on irregular meshes.
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Figure 2.1: Comparing Eulerian and Lagrangian bac kw ards reac hable sets.

fundamen tal. Consider the simple t w o dimensional system

_x

1

= 2 ;

_x

2

= a;

a 2 [ � 1 ; +1] ;

G

0

= [ � 1 ; +1] � [ � 1 ; +1] :

The left side of �gure 2.1 sho ws the (correct) bac kw ards reac hable set as computed b y our

Eulerian time-dep enden t HJI form ulation. Notice that for an y initial state with x

1

< � 3,

pla y er I ma y c ho ose her input a ( � ) so as to a v oid the target set G

0

en tirely . In the HJI

equation, this b eha vior manifests as a sho c k in the solution at x

1

= � 3. A Lagrangian

solution to this problem w ould trac k tra jectories lea ving the b oundary of the usable part of

G

0

(see [17 ]); those tra jectories are sho wn on the righ t side of �gure 2.1 and con tin ue b ey ond

the sho c k at x

1

= � 3. The c hallenge in the Lagrangian approac h is to detect and stop the

tra jectories at the sho c k. Suc h detection is relativ ely easy in t w o dimensions (where sho c ks

are p oin ts), but b ecomes almost imp ossible in three or more dimensions. There is a clear

parallel b et w een this di�cult y in computing bac kw ards reac hable sets and the failure of

c haracteristic based metho ds to correctly compute the solution of nonlinear PDEs b ey ond

sho c ks. Consequen tly , Lagrangian tec hniques are p o orly suited to bac kw ards reac hable set

computation in the presence of sho c ks. In a con v erse w a y , Eulerian tec hniques incorrectly

in tro duce sho c ks when computing the forw ards reac hable sets of certain systems; ho w ev er,

w e will not further discuss the issue here.
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2.3.1 Con v ergen t Metho ds

In this section w e examine t w o form ulations of the reac habilit y problem whic h can theo-

retically compute the exact reac hable set G ( � ). Analytically , their results are equiv alen t to

one another and to those pro duced b y our form ulation (see Theorem 5), but their practical

implemen tations di�er.

T o simplify the presen tation b elo w, w e restrict ourselv es to the optimal con trol case of a

single input attempting to driv e the system in to the target set. The dynamics in this case

are

_x = f ( x; b ) ; (2.17)

b ecause this restriction is equiv alen t to remo ving pla y er I from the game in section 2.1. As

a consequence, w e no longer need w orry ab out the strategy of pla y er I I and can de�ne the

reac hable set in the sligh tly simpler form

G ( � ) , f x 2 R

n

j9 b ( � ) 2 B ( t ) ; 9 s 2 [ t; 0] ; �

f

( s ; x; t; b ( � )) 2 G

0

g : (2.18)

A Static Hamilton-Jacobi F orm ulation

The �rst, and p erhaps most basic among all reac habilit y form ulations dra ws on the time to

r e ach function, whic h w e will de�ne as

t ( x; b ( � )) ,

8

<

:

min f � = � t j � (0; x; t; b ( � )) 2 G

0

g ; if f � j � (0; x; t; b ( � )) 2 G

0

g 6= ; ;

+ 1 otherwise :

(2.19)

Note that t ( x; b ( � )) � 0, b ecause our tra jectories alw a ys start from some t � 0. The

minimum time to r e ach function is then

T ( x ) , inf

b ( � ) 2 B ( �1 )

t ( x; b ( � )) : (2.20)

F or more details on this form ulation, see [18 , 19 ] (the de�nitions (2.19) and (2.20) are

resp ectiv ely equiv alen t to the functions t

x

( b ) and T ( x ) discussed in [18 , 19 ], although the

statemen t of (2.19) di�ers sligh tly due to the shifted time domain in our form ulation). Those
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references also discuss ho w to mo v e these de�nitions and most of the results describ ed b elo w

in to the di�eren tial game setting.

Based on (2.19) and (2.20), it is easy to deduce the follo wing fact.

F act 4. The r e achable set G ( � ) is the � sublevel set of the minimum time to r e ach function

G ( � ) = f x 2 R

n

j T ( x ) � � g : (2.21)

Although there exists a static Hamilton-Jacobi equation whose solution is T ( x ), it in v olv es

in�nite b oundary conditions applied along a b oundary whic h cannot alw a ys b e determined

a priori. Consequen tly , practical implemen tations w ork with the b ounded disc ounte d mini-

mum time to r e ach function TD ( x ), whic h is related to T ( x ) through the Kru � zkov tr ansform

TD ( x ) , 1 � e

� T ( x )

:

Using a single pla y er v ersion of the Hamiltonian (2.8)

H ( x; p ) = min

b 2B

p

T

f ( x; b ) ;

TD ( x ) is the solution to the follo wing static Hamilton-Jac obi e quation

TD + H ( x; D

x

TD ) + 1 = 0 for x 2 G

{

0

;

TD ( x ) = 0 for x 2 @ G

0

:

(2.22)

Since 0 � TD ( x ) � 1, w e do not need to represen t un b ounded v alues in 
oating p oin t

arithmetic. F or man y systems of in terest, ho w ev er, w e cannot guaran tee that con tin uous

solutions of (2.22) exist. A system is smal l time c ontr ol lable if at ev ery p oin t in the state

space the system's tra jectory can b e driv en in an y p ossible direction b y some c hoice of the

input. F or a small time con trollable system, the solution of (2.22) is con tin uous. Unfortu-

nately , man y imp ortan t examples are not small time con trollable; for example, our airplane

mo dels alw a ys ha v e a p ositiv e forw ard v elo cit y , so there do es not exist an y input whic h

will driv e the system instan taneously bac kw ard. The TD function whic h w ould arise while

studying suc h a system w ould in most cases b e discon tin uous. Con tin uit y is ev en less lik ely

for di�eren tial game mo dels, and without con tin uit y lev el set metho ds cannot b e applied.
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Using an appropriately constructed �nite di�erence appro ximation of the partial deriv ativ e

D

x

TD , ho w ev er, an iterativ e n umerical algorithm for �nding the viscosit y solution of (2.22)

has b een dev elop ed and implemen ted [52 , 20 ]. The resulting reac hable set is G ( � ) = f x 2

R

n

j TD ( x ) � 1 � e

� �

g . When the true solution TD ( x ) is con tin uous, it can b e pro v ed

that this algorithm's appro ximation con v erges to that true solution as the grid is re�ned.

The cost of the algorithm is prop ortional to the n um b er of grid p oin ts, whic h is usually

exp onen tial in the dimension of the state space.

Extracting the b oundary of the reac hable set from TD ( x ) ma y pro v e di�cult for t w o reasons.

F or cases in whic h TD ( x ) is discon tin uous, the solution's accuracy near the discon tin uit y|

whic h is frequen tly the b oundary of the reac hable set|is signi�can tly degraded. Ev en grid

lev el resolution of a discon tin uit y's lo cation ma y b e di�cult to ac hiev e. In regions where

TD ( x ) is smo oth, the exp onen tial mapping can cause problems as e

� �

gets v ery close to

zero. This e�ect will limit subgrid resolution of the b oundary ev en when using sc hemes

with higher order accuracy on problems with completely con tin uous solutions.

An alternativ e algorithm for computing reac hable sets from the minim um time to reac h

function is describ ed in [34 ]; it is based on Dijkstra's algorithm [48 ] for computing minim um

time paths o v er discrete grids. A v ery e�cien t sc heme for computing T ( x ) under certain

conditions on the 
o w �eld (2.17) has recen tly b een dev elop ed for the single pla y er case [126 ].

A F orm ulation from Viabilit y Theory

An alternativ e approac h to reac habilit y is based on viability the ory [12 ] and set value d

analysis [14 ]. The �rst step is to transform our ordinary di�eren tial equation with one

input (2.17) in to an input free di�er ential inclusion

dx

dt

= _x 2 F ( x ) , f f ( x; b ) 2 R

n

j b 2 B g : (2.23)

The righ t hand side F of this equation is a set value d map |for an y x , F ( x ) � R

n

. F or

reasons related to the existence and uniqueness of solutions to (2.23) [13 ], viabilit y theory

t ypically assumes that F ( x ) is con v ex and nonempt y for an y x 2 R

n

and that the graph of

F is closed with linear gro wth in x ; an F with these prop erties is called a Mar chaud map .

W e mak e the follo wing assumption in an y subsequen t discussion in v olving viabilit y theory .
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Assumption 4. The set v alued map F is a Marc haud map. If the 
o w �eld f satis�es

Assumptions 1 and 2, then the only additional constrain t w e need to put on F to guaran tee

that it is Marc haud is that its v alue F ( x ) is a con v ex set for an y x 2 R

n

.

A solution of (2.23) is a tra jectory �

F

( � ; x ) : [0 ; 1 ] ! R

n

suc h that

d

d�

�

F

( � ; x ) 2 F ( �

F

( � ; x )) almost ev erywhere ;

�

F

(0; x ) = x:

W e use the sym b ol ; for set v alued maps in the same w a y that ! is used for regular

functions. De�ne S

F

: R

n

; C ([0 ; + 1 ] ; R

n

) so that S

F

( x ) is the set of absolutely con tin uous

tra jectories leading from a p oin t x 2 R

n

. Th us �

F

( � ; x ) 2 S

F

( x ).

With these de�nitions in place, w e can de�ne the � �nite horizon c aptur e b asin of the target

set G

0

under di�eren tial inclusion F as

Capt

F

( G

0

; � ) , f x 2 R

n

j9 �

F

( � ; x ) 2 S

F

( x ) ; 9 ^� 2 [0 ; � ] ; �

F

( ^ � ; x ) 2 G

0

g : (2.24)

In w ords, the capture basin is the set of states from whic h emanate at least one tra jectory

leading to G

0

in time � or less. The equiv alence of the capture basin and reac hable set is

stated in Theorem 5. The concept of capture basin can also b e extended to the di�eren tial

game setting in the form of leadership and discriminating k ernels, see [13 ] for more details.

Based on earlier w ork [56 , 123 ] an algorithm has b een dev elop ed to compute Capt

F

( G

0

; � )

directly [38 ]. The sc heme divides the state space in to a �xed grid. Eac h p oin t on the grid is

lab eled b y a b o olean v ariable whic h is true if that mesh p oin t is within the capture basin|

initially , only p oin ts in G

0

will ha v e a true v alue. Giv en a �xed timestep � � , a discrete

appro ximation of F at eac h mesh p oin t is computed, from whic h one can determine what

other mesh p oin ts can b e reac hed in a single timestep. The pro cedure is iterativ e, where at

eac h step a mesh p oin t's v alue is set to true if it can b e reac hed from an y mesh p oin t that is

already true (this pro cedure is the forw ard Euler sc heme adapted to set v alued di�eren tial

inclusions). An y mesh p oin t whic h is true after � = � � timesteps is in Capt

F

( G

0

; � ). The

cost of the algorithm is doubly exp onen tial in the dimension of the state space, b ecause in

general F m ust b e discretized for eac h mesh p oin t separately . A sligh tly mo di�ed v ersion of
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this algorithm can b e used to compute underappro ximations of the viscosit y solution T ( x )

of the static Hamilton-Jacobi equation [38 , 22 ].

The appro ximation pro vided b y this algorithm can b e sho wn to con v erge to the true capture

basin as the grid is re�ned [38 ], although no explicit con v ergence rate is giv en. Unlik e

the metho ds based on PDEs, this algorithm can guaran tee an o v erappro ximation of the

reac hable set if the discretization of F is su�cien tly o v erappro ximated. Because of the

b o olean nature of the data on the grid, this algorithm has no problem treating systems

whose time to reac h function is discon tin uous. Con v ersely , absolutely no subgrid resolution

of the capture basin is p ossible b ecause ev ery grid p oin t is either completely inside or

completely outside of it. Adaptiv e mesh re�nemen t in the neigh b orho o d of the capture

basin's b oundary has b een used to dev elop more accurate appro ximations, but the cost

gro ws v ery quic kly as the grid is made �ner.

Con v ergen t F orm ulations Generate the Same Reac hable Set

Theorem 5 (Equiv alence of Con v ergen t F orm ulations). The fol lowing sets ar e e quiv-

alent

G ( � ) = Capt

F

( G

0

; � ) = f x 2 R

n

j T ( x ) � � g = f x 2 R

n

j � ( x; t ) � 0 g

W e k eep our pro of brief in order to main tain the fo cus of this section on the comparison of

v arious reac habilit y algorithms.

Pr o of. Because the set of tra jectories whic h solv e (2.17) is the same as the set of tra jectories

whic h solv e (2.23) [42 , section 0.4], the equiv alence of G ( � ) and Capt

F

( G

0

; � ) is a trivial

consequence of their de�nitions. In the viabilit y literature, the � sublev el set of T ( x ) is

giv en as an alternativ e de�nition for the capture basin [13 , de�nition 2.7.4], so clearly the

second and third sets are equiv alen t. Theorem 3 pro vides the equiv alence of G ( � ) and the

zero sublev el set of � ( x; t ); the pro of is dev elop ed in section 2.4.
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2.3.2 Ov erappro ximativ e Metho ds

As a group, these metho ds share the goal of e�cien tly computing an appro ximation of the

reac hable set whose error is of a guaran teed sign. All metho ds can pro duce an o v erappro x-

imation, and with mo di�ed parameters some can instead pro duce an underappro ximation.

W e will discuss the former, but note those cases where the latter can b e found as w ell.

All these metho ds ha v e used the same t w o part strategy to reac h this goal, although their

implemen tations of that strategy di�er signi�can tly . The �rst part of the strategy is to

c ho ose some �xed represen tation for the reac hable sets; for example, a p olyhedra. The

second is to restrict the class of con tin uous 
o w �eld, in most cases to linear dynamics.

In some cases the assumptions are strong enough that a closed form solution or o v erap-

pro ximation is p ossible. In others, the assumptions lead to an optimization problem whose

solution represen ts an o v erappro ximation. If that optimization problem is con v ex (a linear

program for example), then it can b e solv ed e�cien tly and reliably .

In the remainder of this section, w e describ e the particular assumptions made b y eac h of

these o v erappro ximativ e reac habilit y algorithms; ho w ev er, b ecause the fo cus of this thesis is

on an analytically con v ergen t tec hnique, w e will not discuss their implemen tations in detail.

Man y early reac habilit y to ols [89 , 142 ] op erated on time d automata , whic h are systems

with constan t dynamics ( _ x = c where c 2 R

n

is a constan t). Researc h on suc h systems is

still ongoing, see [24 ] for example. Another early to ol, HyT e ch [68 , 69 ] applied to systems

in whic h the dynamics la y in a b ounded, constan t in terv al _x 2 [ _x

min

; _x

max

] and the sets

w ere con v ex p olyhedra. A more recen t o�spring of HyT ec h is Hyp erT e ch [71 ]. It uses

in terv al arithmetic to b ound the dynamics lo cally in space and time, so it is m uc h more

appropriate for nonlinear systems than its predecessor. In terv al arithmetic also means that

its o v erappro ximation comes with a v ery strong guaran tee, but restricts the represen tation

of the reac hable set to (p ossibly noncon v ex) unions of h yp errectangles. These algorithms

are basically treating di�eren tial inclusions, so a single input can b e handled trivially , but

treating t w o adv ersarial inputs, as w ould arise in a di�eren tial game, is not p ossible.

T eaming p olyhedral represen tations with linear or a�ne dynamics has b een a p opular strat-

egy . Dynamics of the form _x = Ax where A 2 R

n � n

is a constan t matrix ha v e explicit

solutions, and a con v ex p olyhedron ev olving under suc h a 
o w �eld remains a con v ex p oly-

hedron, although the reac hable set is usually noncon v ex. The to ol d/dt [46 , 29, 9, 47 ] trac ks
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the motion of suc h con v ex p olyhedra under linear 
o ws, and collects their noncon v ex union

in to \orthogonal p olyhedra". This algorithm has also b een adapted to deriv e underap-

pro ximations, since suc h a computation is required to guaran tee their o v erappro ximations.

Che ckMate [40 , 41 ] uses an optimization based reac habilit y algorithm form ulated to handle

general dynamics, but only guaran teed to w ork for linear dynamics. Another optimization

based metho d for handling piecewise a�ne dynamics ( _ x = Ax + c , where c 2 R

n

is a con-

stan t) and p olyhedral reac hable sets is describ ed in [25 ]. The algorithm in Coho [63 , 64]

uses linear programming to tac kle nonlinear dynamics with b ounding a�ne in terv als, and

represen ts reac hable sets in dimensions higher than t w o as pro jections in to t w o dimensional

subspaces.

Represen tation size scales w ell with dimension for some restrictiv e classes of p olyhedra|for

example, con v ex p olyhedra sp eci�ed as the in tersection of a collection of halfspaces|but

in man y cases the true reac hable sets for systems will b e grossly o v erappro ximated b y

suc h p olyhedra. Practical implemen tations frequen tly resort to represen tations that scale

p o orly but can manage at least three to six dimensions; to our kno wledge none has b een

demonstrated on a system with higher dimension. Man y of these algorithms can treat single

input systems, and a few can b e extended to di�eren tial game settings.

Another set represen tation that scales v ery w ell to higher dimension is ellipsoids. Under

time v arying linear dynamics with a single input and starting with an ellipsoidal target

set, ellipsoids whic h tigh tly o v erappro ximate or underappro ximate the ev olv ed shap e of

the target set can b e computed via explicit form ulas [86 , 85 ]. The appro ximations can b e

re�ned b y taking in tersections or unions of additional ellipsoids. The V eriSHIFT to ol [28 ]

implemen ts these metho ds.

All of the metho ds describ ed previously in this section are similar in that they start with

an explicit represen tation of the target set, and compute an explicit represen tation of the

reac hable set. An alternativ e approac h w ould b e to divide the state space in to a �nite

n um b er of sets a priori, and then compute the reac hable set using a discrete algorithm.

In an early v ersion of suc h a sc heme [84 ], the state space w as divided in to a uniform grid;

this algorithm turns out to b e v ery similar to the capture basin algorithm describ ed in sec-

tion 2.3.1, but lac k ed an y formal con v ergence results. A more recen t algorithm [134 ] w orks

only with p olynomial dynamics and the zero sublev el sets of p olynomials. By partitioning
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the state space with a \cylindrical algebraic decomp osition" based on the system's p olyno-

mials, a discrete appro ximation of the dynamics can b e constructed whic h requires few er

states and less o v erappro ximation than do es the uniform grid partitioning. Another set of

analysis to ols [88 , 87 ] based on similar ideas for linear systems is under dev elopmen t.

In practical terms, man y nonlinear systems are studied as though they w ere linear with

v arying parameters. The reac hable sets generated b y sev eral linear parameter v arying ap-

pro ximations to one particular nonlinear system are compared in [128 ].

Finally , there are clear ties b et w een reac hable set computation and the h uge �eld of Ly a-

puno v theory (for more on Ly apuno v theory , see [124 , c hapter 5]). In its simplest form, a

Lyapunov function is a function of the system's state whic h decreases in v alue along ev ery

tra jectory of the system's dynamics. Among the man y uses of Ly apuno v functions is the

determination of invariant sets , whic h are sets of states from whic h tra jectories cannot es-

cap e. Because the function's v alue decreases along ev ery system tra jectory , the sublev el set

of a Ly apuno v function is an implicit surface represen tation of an in v arian t set. An example

of a Ly apuno v function is the minim um time to reac h function (2.20).

In man y applications, the reac hable set of in terest is also an in v arian t set. It should come

as no surprise that for general systems, Ly apuno v functions are di�cult to �nd. Ho w ev er,

algorithms are no w a v ailable to e�cien tly construct quadratic Ly apuno v functions (yielding

ellipsoidal in v arian t sets) for systems with linear dynamics and m ultiple inputs [31 ]. The

algorithms use linear matrix inequalities and semide�nite programming, so they can handle

some t yp es of nonlinearities in the dynamics, including sector b ounded nonlinearities [74 ,

73 ].

2.3.3 Comparing the V arious T ec hniques

They share the same general strategy , and so the o v erappro ximativ e metho ds generally

share the same strengths and w eaknesses when computing reac hable sets. Their represen ta-

tions of reac hable sets are usually c hosen to scale p olynomially with state space dimension

n , although the w orst case for a few can b e exp onen tial in n ; for example, orthogonal p oly-

hedra. If their represen tation's size exhibits p olynomial gro wth for practical applications,

these metho ds score a signi�can t win o v er the con v ergen t sc hemes, since execution time and
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memory requiremen ts generally scale linearly with the size of the reac hable set's represen ta-

tion. Despite this adv an tage, none of these sc hemes is appropriate to the nonlinear systems

that w e study . F ew of the o v erappro ximativ e metho ds can handle nonlinear dynamics, and

the appro ximations of those that do are to o coarse for practical application.

The algorithms for the three con v ergen t metho ds|our time dep enden t Hamilton-Jacobi,

the static Hamilton-Jacobi, and the capture basin approac h|all compute n umerical solu-

tions on Eulerian grids. As a consequence, these algorithms are less prone to n umerical

instabilit y than those implemen ted with mo ving represen tations (suc h as most o v erappro x-

imativ e sc hemes), but they will fail to resolv e an y features of the reac hable set smaller than

the spacing b et w een grid no des. Because the n um b er of grid no des usually gro ws exp onen-

tially with dimension, these metho ds all su�er from Bellman's curse of dimensionalit y and

are not immediately practical for dimension greater than four or �v e. On the other hand,

all three sc hemes can handle nonlinear dynamics in a di�eren tial game setting, and mak e no

assumptions ab out the shap e of the reac hable set. Their appro ximations of the reac hable

set are not only theoretically con v ergen t, but also accurate to ab out the grid resolution in

practice.

The di�erences b et w een the three algorithms are more subtle, but still w orth examining.

In our mind, the most imp ortan t is accuracy . In practice, neither the static HJ nor the

capture basin algorithm can deliv er subgrid resolution of the reac hable set. As sho wn in

section 3.1.4, our algorithm resolv es the b oundary of the reac hable set to less than one

ten th of a grid cell in most of the state space. This accuracy is signi�can t b ecause of the

high cost of re�ning the grid|doubling the resolution of the static HJ or capture basin

algorithms requires eigh t times as m uc h w ork in three dimensions or sixteen in four. Our

implemen tation generates a signe d distanc e function represen tation of the reac hable set: at

an y p oin t x in state space, j � ( x; t ) j is the distance to the nearest p oin t on the b oundary of

the reac hable set, and sign ( � ( x; t )) determines whether x is inside or outside. Consequen tly ,

for an y x w e can extract not only the distance to the b oundary , but also the direction of

the nearest p oin t on the b oundary .

y

Ho w ev er, the other t w o algorithms do ha v e strengths.

Both naturally handle state constrain ts, while our time dep enden t form ulation cannot in its

curren t form. On a grid of �xed size, b oth are lik ely to b e faster than our time dep enden t

y

The direction is giv en b y � D

x

� ( x; t ) = k D

x

� ( x; t ) k , and can pro v e useful for syn thesizing safe con trol

inputs (see section 3.1.5).



38 CHAPTER 2. REA CHABLE SETS F OR CONTINUOUS SYSTEMS

form ulation, although it has b een di�cult to come b y comparable execution times. The

capture basin algorithm can guaran tee an o v erappro ximation of the reac hable set. On the

other hand, if w e wish to use the reac hable set to syn thesize optimal con trol inputs, it will

b e easier to determine those con trols from the minim um time to reac h function generated

b y the static HJ form ulation.

2.4 Direct Pro of of the Time Dep enden t F orm ulation

A t the end of this section w e pro v e Theorem 3. The pro of dep ends on some results from

the literature of viscosit y solutions and di�eren tial games, and on the de�nition of a new

system whic h has an augmen ted set of inputs for pla y er I I.

2.4.1 Augmen ting the Dynamics

In the pro of, w e will use a mo di�ed set of system dynamics in whic h w e augmen t pla y er I I's

inputs with the scalar

b ( � ) 2 B ( t ) , f � : [ t; 0] ! [0 ; 1] j � ( � ) is measurable g :

De�ne the augmen ted input for pla y er I I as

~

b =

h

b b

i

2 B � [0 ; 1] ;

and similarly de�ne

~

B ,

~

B ( t ) and

~

�( t ). The di�eren tial game referred to in the remainder of

this section will b e pla y ed with dynamics

~

f ( x; a;

~

b ) , b f ( x; a; b ) ; (2.25)

and its tra jectories will b e denoted b y �

~

f

( s ; x; t; a ( � ) ;

~

b ( � )).

F rom (2.25), w e see that pla y er I I ma y c ho ose to pla y the game with normal dynamics b y

taking b = 1, ma y c ho ose slo w ed dynamics with b 2 ]0 ; 1[, or ma y c ho ose to freeze the

dynamics en tirely b y taking b = 0. Because the latter case pro v es imp ortan t, w e will call

this additional scalar b the fr e ezing input . W e need to add the freezing input to the system
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b ecause the HJI PDE whic h w e in tro duce in the next section is only able to determine

whether a tra jectory is in the target set at exactly time zero. If w e used this PDE on the

original system, pla y er I could \a v oid" the target b y driving a tra jectory in to the target

and then out the other side b efore time zero. But with the freezing input a v ailable, pla y er

I I can stop a tra jectory's ev olution if it ev er en ters the target set.

Clearly , there is a close connection b et w een tra jectories of the augmen ted system (2.25)

and tra jectories of the original system (2.1). W e can formalize the connection through the

pseudo-time v ariable � : [ t; 0] ! [ t; 0], whic h for an y b ( � ) 2 B ( t ) is giv en b y

� ( s ) , t +

Z

s

t

b ( � ) d� (2.26)

Note that � ( s ) is con tin uous and monotonically increasing. W e will also need the (p ossibly

discon tin uous) in v erse function �

� 1

: [ t; � (0)] ! [ t; 0], whic h w e de�ne b y

�

� 1

( � ) , inf f � 2 [ t; 0] j � ( � ) � � g (2.27)

Lemma 6 (Equiv alence of T ra jectories). F or any a ( � ) 2 A ( t ) and

~

b ( � ) =

h

b ( � ) b ( � )

i

2

~

B ( t ) , de�ne � as in (2.26) and �

� 1

as in (2.27). Then for every tr aje ctory of the origi-

nal system, ther e is a tr aje ctory of the augmente d system r elate d thr ough the pseudo-time

variable �

�

f

( � ( s ); x; t; a ( �

� 1

( � )) ; b ( �

� 1

( � ))) = �

~

f

( s ; x; t; a ( � ) ;

~

b ( � ))

for any s 2 [ t; 0] .

Pr o of. De�ne the shorthand

�

f

( s ) , �

f

( s ; x; t; a ( �

� 1

( � )) ; b ( �

� 1

( � ))) ;

�

~

f

( s ) , �

~

f

( s ; x; t; a ( � ) ;

~

b ( � )) :

(2.28)

Then w e can write

�

~

f

( s ) = �

~

f

( t ) +

Z

s

t

d�

~

f

( � )

d�

d�;

= x +

Z

s

t

f ( �

~

f

( � ) ; a ( � ) ; b ( � )) b ( � ) d�;
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and

�

f

( � ( s )) = �

f

( t ) +

Z

� ( s )

t

d�

f

( � )

d�

d�;

= x +

Z

� ( s )

t

f ( �

f

( � ) ; a ( �

� 1

( � )) ; b ( �

� 1

( � ))) d�;

= x +

Z

s

t

f ( �

f

( � ( � )) ; a ( � ) ; b ( � )) b ( � ) d�;

where w e ha v e used a c hange of v ariables � = � ( � ) after the second step. F rom these t w o

equations and the fact that b ( � ) 2 [0 ; 1],

�

f

( � ( s )) � �

~

f

( s ) =

Z

s

t

( f ( �

f

( � ( � )) ; a ( � ) ; b ( � )) � f ( �

~

f

( � ) ; a ( � ) ; b ( � ))) b ( � ) d�;

k �

f

( � ( s )) � �

~

f

( s ) k �

Z

s

t

k ( f ( �

f

( � ( � )) ; a ( � ) ; b ( � )) � f ( �

~

f

( � ) ; a ( � ) ; b ( � ))) b ( � ) k d�;

�

Z

s

t

k f ( �

f

( � ( � )) ; a ( � ) ; b ( � )) � f ( �

~

f

( � ) ; a ( � ) ; b ( � )) k d�;

� K

Z

s

t

k �

f

( � ( � )) � �

~

f

( � ) k d�;

(2.29)

where K is the Lipsc hitz constan t for the 
o w �eld f . Letting

 ( s ) =

Z

s

t

k �

f

( � ( � )) � �

~

f

( � ) k d�;

w e see that  ( t ) = 0,  ( s ) � 0, and

_

 ( s ) = k �

f

( � ( s )) � �

~

f

( s ) k . Rewriting (2.29) in terms

of  w e get the di�eren tial inequalit y

_

 ( s ) � K  ( s ) � 0 ;

whose only solution is  ( s ) � 0 (the steps needed to sho w this fact are the same as those

giv en in the pro of of Theorem 1 in section 2.1.2). Therefore �

f

( � ( s )) = �

~

f

( s ).

2.4.2 The Di�eren tial Game and its Solution

W e will w ork with a �nite horizon di�eren tial game [17 ] pla y ed o v er time horizon [ � T ; 0]

whose dynamics are go v erned b y the 
o w �eld (2.25). A tra jectory in this game has a
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terminal cost

C ( x; t; a ( � ) ;

~

b ( � )) = g ( �

~

f

(0; x; t; a ( � ) ;

~

b ( � ))) :

and no running cost. The goal of pla y er I will b e to maximize this cost, while pla y er I I will

try to minimize it. Consequen tly , the v alue of our di�eren tial game will b e

� ( x; t ) = inf

~
 2

~

�( t )

sup

a ( � ) 2 A ( t )

C ( x; t; a ( � ) ; ~
 [ a ]( � ))

= inf

~
 2

~

�( t )

sup

a ( � ) 2 A ( t )

g ( �

~

f

(0; x; t; a ( � ) ; ~
 [ a ]( � )))

(2.30)

Lemma 7. The value function � ( x; t ) of our game is the visc osity solution of the Hamilton-

Jac obi-Isaacs terminal value PDE

D

t

� ( x; t ) +

~

H ( x; D

x

� ( x; t )) = 0 ; for t 2 [ T ; 0] ; x 2 R

n

;

� ( x; 0) = g ( x ) ; for x 2 R

n

;

(2.31)

wher e

~

H ( x; p ) = max

a 2A

min

~

b 2

~

B

p

T

~

f ( x; a;

~

b ) : (2.32)

Pr o of. This lemma is just a sp ecial case of Theorem 4.1 in [51 ].

2.4.3 The Pro of of Theorem 3

W e need one more in termediate result b efore pro ving Theorem 3.

Lemma 8. F or t 2 [ T ; 0] , the value function � ( x; t ) given by (2.30) describ es the r e achable

set G ( � )

f x 2 R

n

j � ( x; t ) < 0 g � G ( � ) � f x 2 R

n

j � ( x; t ) � 0 g : (2.33)

Pr o of. W e pro v e the relations in (2.33) b y sho wing that

x 2 G ( � ) = ) � ( x; t ) � 0 ; (2.34)

� ( x; t ) < 0 = ) x 2 G ( � ) : (2.35)
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Case 1: W e will assume that x 2 G ( � ) and � ( x; t ) > 0 and deriv e a con tradiction. Consider

�rst the implications of (2.30).

� ( x; t ) = inf

~
 2

~

�( t )

sup

a ( � ) 2 A ( t )

C ( x; t; a ( � ) ; ~
 [ a ]( � )) > 0 ;

= ) 9 � > 0 ; 8 ~
 2

~

�( t ) ; sup

a ( � ) 2 A ( t )

C ( x; t; a ( � ) ; ~
 [ a ]( � )) > 2 � > 0 ;

= ) 9 � > 0 ; 8 ~
 2

~

�( t ) ; 9 ^a ( � ) 2 A ( t ) ; C ( x; t; ^a ( � ) ; ~
 [ ^ a ]( � )) > � > 0 :

(2.36)

No w consider the implications of x 2 G ( � ). By (2.3) there is a 
 2 �( t ) suc h that for the

^a ( � ) from (2.36) and b ( � ) = 
 [ ^ a ]( � ) there exists s 2 [ t; 0] suc h that �

f

( s ; x; t; ^a ( � ) ; b ( � )) 2 G

0

.

By (2.2), g ( �

f

( s ; x; t; ^a ( � ) ; b ( � ))) < 0. Cho ose freezing input signal

b ( r ) =

8

<

:

1 ; for r 2 [ t; s [;

0 ; for r 2 [ s; 0] :

Com bine this b ( � ) with the b ( � ) c hosen ab o v e to get

~

b ( � ), an input whic h will generate a

tra jectory

�

~

f

( r ; x; t; ^a ( � ) ;

~

b ( � )) =

8

<

:

�

f

( r ; x; t; ^a ( � ) ; b ( � )) ; for r 2 [ t; s ];

�

f

( s ; x; t; ^a ( � ) ; b ( � )) ; for r 2 [ s; 0] :

In particular, �

~

f

(0; x; t; ^a ( � ) ;

~

b ( � )) = �

f

( s ; x; t; ^a ( � ) ; b ( � )), and so g ( �

~

f

(0; x; t; ^a ( � ) ;

~

b ( � ))) < 0.

Since b ( � ) = 
 [ ^ a ]( � ) and b ( � ) is clearly nonan ticipativ e,

~

b ( � ) is also nonan ticipativ e and w e

ha v e a con tradiction of (2.36). Therefore w e ha v e pro v ed (2.34).

Case 2: Assume � ( x; t ) < 0. Fix � > 0 suc h that

� ( x; t ) < � 2 � < 0 :

By (2.30) there exists ~
 2

~

�( t ) suc h that

sup

a ( � ) 2 A ( t )

C ( x; t; a ( � ) ;

~

b ( � )) = sup

a ( � ) 2 A ( t )

g ( �

~

f

(0; x; t; a ( � ) ;

~

b ( � ))) < � �;
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where

~

b ( � ) = ~
 [ a ]( � ). Therefore, for all a ( � ) 2 A ( t ),

g ( �

~

f

(0; x; t; a ( � ) ;

~

b ( � ))) < � � < 0 ;

or equiv alen tly ,

�

~

f

(0; x; t; a ( � ) ;

~

b ( � )) 2 G

0

:

So c ho ose an arbitrary a ( � ) 2 A ( t ). Let

~
 [ a ]( r ) =

~

b ( r ) =

h

b ( r ) b ( r )

i

;

for r 2 [ t; 0] and note that since

~

b ( � ) is nonan ticipativ e, b ( � ) m ust b e nonan ticipativ e. De�ne

� as in (2.26). Then b y Lemma 6,

�

f

( � (0); x; t; a ( �

� 1

( � )) ; b ( �

� 1

( � ))) = �

~

f

(0; x; t; a ( � ) ;

~

b ( � )) 2 G

0

:

W e ha v e therefore sho wn for arbitrary a ( � ) 2 A ( t ) that there exists a nonan ticipativ e b ( � ) 2

B ( t ) and s = � (0) 2 [ t; 0] suc h that

�

f

( s ; x; t; a ( � ) ; b ( � )) 2 G

0

:

By (2.3), x 2 G ( � ) and w e ha v e pro v ed (2.35).

The pro of of Theorem 3 is no w straigh tforw ard.

Pr o of of The or em 3. F rom Lemma 7 w e kno w that the v alue function � for the di�eren tial

game is the viscosit y solution to (2.31). If � do es not dev elop plateaus|regions of constan t

v alue|at its zero lev el set, then the fact that G ( � ) is closed from Theorem 1 and the

b ounds (2.33) from Lemma 8 imply

G ( � ) = f x 2 R

n

j � ( x; t ) � 0 g :

A su�cien t but not necessary condition to a v oid plateaus is that whenev er D

x

� exists,

k D

x

� k 6= 0; this condition is enforced b y the lev el set algorithms in our implemen tation via

reinitialization (see section 2.2.2).
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F or the �nal step of the pro of, start with

~

H from (2.32) and H from (2.8). Then w e see

that

~

H ( x; p ) = max

a 2A

min

~

b 2

~

B

p

T

~

f ( x; a;

~

b ) ;

= max

a 2A

min

b 2B

min

b 2 [0 ; 1]

p

T

( b f ( x; a; b )) ;

= max

a 2A

min

b 2B

min

b 2 [0 ; 1]

b p

T

f ( x; a; b ) ;

= min

b 2 [0 ; 1]

b

�

max

a 2A

min

b 2B

p

T

f ( x; a; b )

�

;

= min

�

0 ; max

a 2A

min

b 2B

p

T

f ( x; a; b )

�

;

= min [0 ; H ( x; p )] :

Consequen tly , the t w o HJI PDEs (2.7) and (2.31) are equiv alen t, and so � is also the solution

of (2.7).



Chapter 3

Examples of Con tin uous Reac hable

Sets

The classical \game of t w o iden tical v ehicles" [75 ] is our primary example, and in the �rst

section of this c hapter w e use it to demonstrate and n umerically v alidate our implemen-

tation. The acoustic capture example is dra wn from the literature on computing viabilit y

k ernels and capture basins [38 ]. The �nal example sho ws ho w w e can use reac hable sets

to analyze the autolanding proto col follo w ed b y pilots of a complex mo dern commercial

jetliner, so as to detect p oten tially confusing displa ys or pro cedures.

3.1 The Game of Tw o Iden tical V ehicles

In this section w e use the algorithms from section 2.2 to compute reac habilit y for a three

dimensional kinematic mo del of t w o adv ersarial v ehicles: the pursuer wishes to get within

a certain distance of the evader . In the dynamic game literature this problem is called the

game of two identic al c ars [95 ], and the reac hable set corresp onds to the set within whic h

the pursuer can capture the ev ader. Our previous publications [135 , 102 , 100 ] ha v e called

this problem the thr e e dimensional air cr aft c ol lision avoidanc e example .

45
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(Player II)
Evader Pursuer

(Player I)

PSfrag replacemen ts

a

b

d

v

a

v

b

x

r

y

r

 

r

Figure 3.1: Co ordinate system for the game of t w o iden tical v ehicles.

3.1.1 The Mo del

W e mo del our t w o v ehicles with a commonly used, v ery simple kinematic system. The state

of eac h v ehicle is represen ted b y a lo cation in the x � y plane and a heading  relativ e to

the x -axis. The ev olution of these states is go v erned b y the v ehicle's forw ard v elo cit y v and

rotational v elo cit y !

d

dt

2

6

6

4

x

y

 

3

7

7

5

=

2

6

6

4

v cos  

v sin  

!

3

7

7

5

:

F or the purp oses of this example, w e �x the linear v elo cities of the v ehicles and use the

angular v elo cities as the inputs, so v will b e a constan t while a and b will corresp ond to ! .

W e sa y that a c ol lision has o ccurred if the t w o v ehicles come within distance d of one

another. Our goal is to determine the set of states from whic h the pursuer can cause a

collision to o ccur. T ranslating in to reac habilit y terms, G

0

is the set of all states where the

t w o v ehicles are within d units of one another, the ev ader is pla y er I (input a ), the pursuer

is pla y er I I (input b ), and the set in whic h the pursuer can cause a collision despite the

b est e�orts of the ev ader is G ( � ). Because G

0

dep ends only on the relativ e p ositions of the
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v ariable meaning

x

r

relativ e p osition in 
igh t direction of ev ader

y

r

relativ e p osition p erp endicular to 
igh t direction of ev ader

 

r

relativ e heading (0 �  

r

< 2 � )

z state v ector ( z =

�

x

r

y

r

 

r

�

T

)

a angular v elo cit y and input of ev ader ( j a j � 1)

b angular v elo cit y and input of pursuer ( j b j � 1)

v

a

sp eed of ev ader ( v

a

= 5)

v

b

sp eed of pursuer ( v

b

= 5)

d minim um safe separation distance ( d = 5)

G

0

collision set ( G

0

= B

2

(0 ; d ) � [0 ; 2 � ] � R

3

)

T able 3.1: V ariable de�nitions for the game of t w o iden tical v ehicles.

v ehicles, w e can simplify the system do wn to three dimensions b y w orking in relativ e co or-

dinates. F urthermore, b ecause the v ariable x has sp ecial meaning in the plane, throughout

this section w e will denote the state v ector as z 2 R

3

. W e �x the ev ader at the origin and

facing along the p ositiv e x

r

axis (see �gure 3.1 and table 3.1). Then the pursuer's relativ e

lo cation and heading are describ ed b y the 
o w �eld

_z =

d

dt

2

6

6

4

x

r

y

r

 

r

3

7

7

5

=

2

6

6

4

� v

a

+ v

b

cos  

r

+ ay

r

v

a

sin  

r

� ax

r

b � a

3

7

7

5

= f ( z ; a; b ) : (3.1)

The reac habilit y algorithm w e ha v e presen ted can solv e this problem for an y c hoices of

parameters. Ho w ev er, b ecause it can b e solv ed almost analytically (see section 3.1.3), w e

will fo cus on a particular instance in whic h the t w o v ehicles' con trol authorit y and sp eed

are iden tical

d = 5 ;

v

a

= v

b

= 5 ;

A = B = [ � 1 ; +1] :

Using the analytic solution, w e can v alidate our n umerical results.
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3.1.2 The Hamilton-Jacobi F orm ulation

Since a collision can o ccur at an y relativ e heading, the target set G

0

dep ends only on x

r

and y

r

and includes an y state within distance d of the planar origin

G

0

= f z 2 R

3

j x

2

r

+ y

2

r

� d

2

g ;

whic h can b e con v erted in to a signed distance function

g ( z ) =

p

x

2

r

+ y

2

r

� d; (3.2)

for our HJ PDE's terminal conditions.

F rom (2.8) w e see that our Hamiltonian is

H ( z ; p ) = max

a 2A

min

b 2B

�

p

T

f ( z ; a; b )

�

;

= max

a 2 [ � 1 ; +1]

min

b 2 [ � 1 ; +1]

2

4

� p

1

v

a

+ p

1

v

b

cos  

r

+ p

2

v

a

sin  

r

+ a ( p

1

y

r

� p

2

x

r

� p

3

) + bp

3

3

5

;

= � p

1

v

a

+ p

1

v

b

cos  

r

+ p

2

v

a

sin  

r

+ j p

1

y

r

� p

2

x

r

� p

3

j � j p

3

j ;

(3.3)

once w e ha v e plugged in the b ounds on the inputs a and b .

W e wish to determine the in�nite horizon r e achable set

G , lim

� !1

G ( � ) :

F or this example, w e �nd that H ( z ; D

z

� ( z ; t )) � 0 for � > 2 : 6, and so w e tak e

� ( z ) = lim

t !�1

� ( z ; t ) = � ( z ; � 2 : 6) :

Note that taking this limit t ! �1 is not appropriate for all systems. Based on the results

in the next section, w e kno w for this example that the reac hable set has ceased to gro w

for � > 2 : 6, and consequen tly that the Hamiltonian is non-negativ e for t < � 2 : 6. W e

can lik ewise tak e the limit in other examples where w e can sho w that the Hamiltonian is

guaran teed to b e non-negativ e for all t �

^

t for some b ounded

^

t . But a problem arises if the

Hamiltonian merely approac hes zero asymptotically from b elo w as t ! �1 . In that case,

Theorem 1 and hence Theorem 3 ma y not apply to the in�nite horizon reac hable set.
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Figure 3.2: Tw o slices at constan t  

r

through the reac hable set, as determined b y Merz's

metho d.

3.1.3 An \Almost Analytic" Solution

Using di�eren tial game theory , it is p ossible to determine optimal inputs for b oth pursuer

and ev ader and thereb y �nd p oin ts lying on the surface of the reac hable set. In [95 ],

A. W. Merz solv ed for the game with the pursuer at the origin; w e ha v e recen tly recreated

these results, and then mo di�ed them to solv e the game with the ev ader at the origin [98 ]

(the t w o cases are not quite symmetric).

All p oin ts on the b oundary of the reac hable set are the endp oin ts of bac kw ards time tra-

jectories whose input signals (b oth ev ader and pursuer) are selected from a limited set of

piecewise constan t functions whic h w ere sho wn in [95 ] to co v er the optimal solutions p os-

sible o v er all v alid (not necessarily piecewise con tin uous) input signals. The ev ader's input

is alw a ys extremal ( � 1), but the pursuer will sometimes c ho ose a zero input instead of an

extrem um. Note that m ultiple input histories ma y exist leading to an y particular p oin t

on the b oundary , but w e need follo w only one of those histories to �nd eac h p oin t. Using

Merz's tec hnique, w e can determine the state of these sp ecially c hosen tra jectories as an

explicit (although complex) function of time.
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Figure 3.3: T ra jectories leading to the crosso v er p oin t for t w o slices of the reac hable set, as

determined b y Merz's metho d. Because there is more than one distinct tra jectory leading

to these p oin ts, they are examples of sho c k p oin ts of the corresp onding HJI PDE.

Tw o slices at constan t  

r

through the reac hable set are sho wn in �gure 3.2. The dotted

circle is the collision set G

0

, and the solid line is the slice of G . The \crosso v er p oin ts" lab eled

in the �gure can b e reac hed b y t w o separate tra jectories whose input signals are radically

di�eren t. Those tra jectories are sho wn in �gure 3.3 for the same t w o slices through the

reac hable set. Since tra jectories corresp ond to c haracteristics of the related HJI equation,

the fact that t w o radically di�eren t c haracteristics meet indicates the presence of a sho c k

in the underlying optimal 
o w �eld.

Computationally , the crosso v er p oin t for a slice is the solution of an implicit trigonometric

equation. Without a closed form explicit solution, these p oin ts m ust b e determined b y

n umerical ro ot �nding algorithms; ho w ev er, suc h algorithms easily �nd ro ots to a relativ e

precision signi�can tly higher than that p ossible in an iterativ e PDE solv er. All other p oin ts

on the b oundary can b e determined to within roundo� error from the explicit tra jectory

functions. W e call Merz's solution \almost analytic" b ecause w e can compute most p oin ts

on the b oundary explicitly and the remaining few to v ery high relativ e precision.

Figure 3.4 sho ws some of the tra jectories leading to p oin ts on the upp er surface of the

b oundary for one of the slices. Notice that man y p oin ts on the b oundary arise from tra jec-

tories that start at a single p oin t z =

h

� 5 0 2 �

i

T

on the target set. As men tioned b efore,
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Figure 3.4: A sampling of tra jectories leading to p oin ts on the b oundary of the reac hable

set, as determined b y Merz's metho d. Because man y of these bac kw ards time tra jectories

emanate from a single p oin t in state space (lying in the upp er left p ortion of the �gure, on

the collision circle), this p oin t is the start of a rarefaction in the corresp onding HJI PDE.

tra jectories corresp ond to c haracteristics of the HJI equation, so this b eha vior demonstrates

a rarefaction in the underlying optimal 
o w �eld.

3.1.4 Computational Results

Figure 3.5 sho ws the reac hable set for this example, as computed b y our algorithm on

a 100

3

grid using a �fth order WENO spatial appro ximation of D

z

, the Lax-F riedric hs

appro ximation of the Hamiltonian (3.3), and a second order TVD RK appro ximation of

D

t

. Ov erlaid on the surface are appro ximately 2600 b oundary p oin ts as determined b y the

almost analytic solution. Notice the sharp lo oking ridge that runs along the top side of

the top righ t half of the helical bulge, and then drops to the b ottom side on the b ottom

left half of the bulge. This ridge corresp onds to the crosso v er p oin ts that app eared on the

slices of the reac hable set in the previous section. The sho c k in the optimal 
o w �eld at

these p oin ts generates a kink in the lev el set function, whic h app ears as a sharp ridge in

the visualization.

Figure 3.6 sho ws the gro wth of the reac hable set. On the left is the initial cylinder repre-

sen ted b y g ( z ) in (3.2). Figure 3.7 sho ws the con v erged set from sev eral di�eren t angles.

The rendering soft w are for �gures 3.6 and 3.7 w as written b y Professor Ronald F edkiw.

Animated v ersions of these sequences are a v ailable at [96 ].
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Figure 3.5: Reac hable set for the game of t w o iden tical v ehicles (as computed b y the lev el

set algorithm) and p oin ts on its b oundary (as computed b y Merz's metho d). P oin ts are

only sho wn on the top half, since the b ottom is symmetric. The sharp ridge on the bulge

of the set (visible as a whiter curv e due to ligh ting) corresp onds to the crosso v er p oin ts of

the analytic solution and lies on a sho c k of the underlying optimal 
o w �eld. The analytic

solution to the HJI PDE w ould ha v e a discon tin uous deriv ativ e along this curv e, although

dissipation in our n umerical metho d has sligh tly smo othed our appro ximate solution.

W e can build some in tuition for the shap e of the reac hable set b y considering a few horizon tal

slices through it. The relativ e heading co ordinate  

r

is the v ertical co ordinate in these

�gures, so a horizon tal slice represen ts all p ossible relativ e planar co ordinates of the t w o

v ehicles at a �xed relativ e heading. No w consider a horizon tal slice at the v ertical midp oin t

of the reac hable set sho wn in �gure 3.7|the slice through the most extended part of the

helical bulge. The relativ e heading for this slice is  

r

= � ; the case in whic h the t w o aircraft

ha v e exactly opp osite headings, so it is not surprising that the reac hable set is largest at

this p oin t. If w e lo ok instead at a horizon tal slice at the top or b ottom of the reac hable

set (  

r

= 0 or  

r

= 2 � , whic h are equiv alen t), then the slice is no more than the initial
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Figure 3.6: Gro wth of the reac hable set (animation at [96 ]).

Figure 3.7: Other views of the reac hable set (animation at [96 ]).

collision set|the aircraft start facing the same direction and ha v e iden tical dynamics, so

the ev ader can alw a ys a v oid a collision unless the system starts in a collision state.

The goal of our algorithms is to pro duce a signed distance function represen tation of the

reac hable set. Using the almost analytic solution, w e can determine a large collection of

p oin ts z

i

that lie exactly on the b oundary , so if our PDE solv er w ere exact w e should ha v e

� ( z

i

) = 0 for all i . Since � is a signed distance function, j � ( z

i

) j measures ho w far z

i

lies

from the appro ximated b oundary and therefore our error. If z

i

is not a grid p oin t, w e use

in terp olation to determine the v alue of � ( z

i

). Figure 3.8 demonstrates con v ergence of our

algorithm in b oth maxim um and a v erage error for a set of appro ximately 60000 analytic

surface p oin ts z

i

as the grid resolution is increased. The grid spacing � x for eac h grid size

is sho wn for comparison. Our algorithm manages to k eep the maxim um error (ev en near

the kink) to appro ximately one grid cell, and the a v erage error m uc h smaller than one ten th

of a grid cell.

The 
o w �eld in this example is fully three dimensional and includes curving rarefaction

and sho c k fron ts. W e kno w of no other three dimensional Hamilton-Jacobi problem with

similarly complex b eha vior for whic h an analytic represen tation of the solution is a v ail-

able. Consequen tly , w e b eliev e this example presen ts an excellen t v alidation to ol for other

n umerical Hamilton-Jacobi and lev el set implemen tations. W e ha v e made Matlab scripts

a v ailable for generating the b oundary p oin t sets used in this section for v alidation of our

implemen tation [97 ] and more details on the v alidation pro cedure can b e found in [98 ].
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Figure 3.8: Maxim um and a v erage error in the appro ximation of the b oundary decrease

linearly as the grid is re�ned. Error is measured b y the absolute v alue of the signed distance

function j � ( z

i

) j at eac h of appro ximately 60000 p oin ts z

i

lying on the b oundary of the

analytically determined reac hable set. The \(5,2) Sc heme" refers to the use of a �fth order

WENO appro ximation of D

x

and a second order TVD-RK appro ximation of D

t

.

3.1.5 Syn thesizing a Safe Con troller from the Reac hable Set

It is straigh tforw ard to use the results from the previous section to ev aluate the safet y of a

particular con�guration in the game of t w o iden tical v ehicles. F or some relativ e co ordinate

state z and using their resp ectiv e optimal input signals, the pursuer can cause a collision

with the ev ader if � ( z ) � 0, but the ev ader can escap e if � ( z ) > 0.

A more in teresting application, for whic h w e ha v e only preliminary results, is the �ltering of

p oten tially unsafe inputs suc h that they guaran tee safet y in a minimally in trusiv e manner.

The idea is to tak e some p oten tially unsafe input for the ev ader v ehicle|for example, one

c hosen to minimize tra v el time or fuel consumption, or one generated b y an inatten tiv e

h uman pilot|and mo dify it as little as p ossible to guaran tee that no collision will o ccur. If

the pursuer is far a w a y , no �ltering is necessary . The same is true if the v ehicles are close

together but ha v e the same heading. If the v ehicles are tra v eling in opp osite directions on

a collision course, ho w ev er, the �lter ma y ha v e to tak e o v er complete con trol.

Our preliminary implemen tation tak es as input the curren t relativ e co ordinates of the v ehi-

cles z and the desired but p oten tially unsafe input a

u

. The instan taneous dynamics of the



3.1. THE GAME OF TW O IDENTICAL VEHICLES 55

Figure 3.9: Annotated frame from the collision a v oidance example animation.

Figure 3.10: Ev ader k eeps pursuer from en tering the reac hable set, and hence a v oids collision

(animation at [96 ]). Note that the shap e of the slice of the reac hable set dep ends on the

relativ e heading of the t w o v ehicles.

system are computed _z = f ( z ; a

u

; b ), conserv ativ ely assuming the w orst p ossible pursuer

input b . The pro jection of _z on to the gradien t D

z

� ( z ) is the comp onen t of the dynamics

whic h is allo wing the pursuer to come closer to the reac hable set. By in v erting the dynam-

ics, w e can determine what mo di�cation a

f

m ust b e made to a

u

in order to remo v e this

comp onen t. F rom � ( z ) w e can determine whether the pursuer is close to the reac hable set's

b oundary . In theory , w e should only ha v e to apply a

f

if the pursuer is righ t on the b oundary

of the reac hable set, thereb y generating an input a

s

= a

u

+ a

f

whic h is guaran teed to k eep

the pursuer from en tering the reac hable set, and hence from causing a collision. In practice,

w e linearly increase the fraction of a

f

applied as the pursuer approac hes the reac hable set

in order to k eep the system from stuttering along the b oundary . The range at whic h w e

b egin �ltering dep ends on the coarseness of the grid used to compute � ( z ).

Figure 3.9 sho ws an annotated frame from an animation of the collision system, and a

series of frames from that animation are sho wn in �gure 3.10. The ev ader starts on the left

surrounded b y the solid collision circle, while the pursuer starts on the righ t. The dotted

shap e surrounding the ev ader is the slice of the reac hable set for the curren t relativ e heading

of the t w o v ehicles; for example, in the leftmost �gure the v ehicles ha v e relativ e heading
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Figure 3.11: Pursuer starts within the reac hable set, and can th us cause a collision despite

the ev ader's e�orts (animation at [96 ]).

 

r

� � and so the horizon tal midplane slice of the reac hable set is sho wn. The dashed

arro w extending from the ev ader's nose is a

u

, the dotted arro w a

f

and the solid arro w a

s

;

the solid arro w extending from the pursuer sho ws its input c hoice b . By implemen ting the

�lter describ ed ab o v e, the ev ader k eeps the pursuer from en tering the reac hable set and

th us from causing a collision as time progresses from left to righ t.

Figure 3.11 sho ws a sequence in whic h the pursuer starts within the reac hable set and causes

a collision (denoted b y the solid collision circle). Although the pursuer starts w ell within

the reac hable set at the b eginning of the sequence, it lies m uc h closer to the edge of the

collision circle at the end. This drift o ccurs in part b ecause the pursuer in this sim ulation is

not implemen ting an optimal strategy , but merely steering itself lik e a heat seeking missile

to w ard the curren t p osition of the ev ader. Although not implemen ted at presen t, it is

p ossible to create an optimal pursuit strategy based on state feedbac k and the reac hable

set represen tation � ( z ); w ere this strategy implemen ted then the pursuer could come closer

to the ev ader b y the end of the sequence.

These results are only preliminary , so it should come as no surprise that the algorithm

outlined ab o v e has some de�ciencies. In v ersion of the mo del dynamics to determine the

appropriate �ltering input a

f

is prone to instabilit y . Despite the gradual in tro duction of a

f

as the pursuer approac hes the reac hable set's b oundary , the system still sho ws c hattering

b eha vior under certain circumstances. W e are curren tly in v estigating impro v emen ts to this

application.

3.2 Acoustic Capture

This example is a v ariation of the classical homicidal c hau�eur problem. As in that problem,

the ev ader is free to tra v el in an y direction, while the pursuer has a limited turn radius.
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v ariable meaning

x relativ e p osition along pursuer's broad dimension

y relativ e p osition along pursuer's narro w dimension

z state v ector ( z =

�

x y

�

T

)

a v elo cit y v ector and input of ev ader ( a 2 B

2

(0 ; 1) � R

2

)

b angular v elo cit y and input of pursuer ( j b j � 1)

W

e

sp eed of ev ader ( W

e

= 1 : 3)

W

p

sp eed of pursuer ( W

p

= 1 : 0)

R turn radius of pursuer ( R = 0 : 8)

S radius b ey ond whic h ev ader can safet y use maxim um sp eed ( S = 0 : 5)

G

0

pursuer's capture region ( G

0

= [ � 3 : 5 ; +3 : 5] � [ � 0 : 2 ; 0] � R

2

)

T able 3.2: V ariable de�nitions for the acoustic capture example.

The di�erence in this case is that the ev ader's limited sp eed is further reduced if she gets

to o close to the pursuer. This restriction migh t app ear in situations where the ev ader m ust

reduce sp eed as the pursuer approac hes in order to k eep her acoustic signal from b eing

detected.

Our v ersion of the problem is tak en from [38 ], although w e rotate their co ordinate frame

90

�

coun terclo c kwise to mak e x horizon tal and increasing to the righ t. The game can b e

analyzed in t w o dimensional relativ e co ordinates with the pursuer �xed at the origin. The

relativ e dynamics are

d

dt

"

x

y

#

= W

p

"

0

� 1

#

+

W

p

R

"

y

� x

#

b + 2 W

e

min

�

p

x

2

+ y

2

; S

�

a = f ( z ; a; b ) ; (3.4)

where the v ariables are de�ned in table 3.2. F rom (3.4) w e see that the ev ader can go in

an y direction, but her sp eed decreases with pro ximit y to the pursuer if the pursuer is within

distance S . The pursuer's capture region is a wide but shallo w rectangle near the origin.

F rom (2.8) and (3.4) w e �nd the optimal Hamiltonian

H ( z ; p ) = max

a 2A

min

b 2B

�

p

T

f ( z ; a; b )

�

;

= max

a 2 B

2

(0 ; 1)

min

b 2 [ � 1 ; +1]

2

4

� p

2

W

p

+ b

W

p

R

( p

1

y � p

2

x )

+ ( p

T

a )(2 W

e

) min

�

p

x

2

+ y

2

; S

�

3

5

;

= � p

2

W

p

�

W

p

R

j p

1

y � p

2

x j + k p k (2 W

e

) min

�

p

x

2

+ y

2

; S

�

;



58 CHAPTER 3. EXAMPLES OF CONTINUOUS REA CHABLE SETS

where w e c ho ose inputs

a =

p

k p k

2 B

2

(0 ; 1) ;

b = � sign ( p

1

y � p

2

x ) 2 [ � 1 ; +1] :

The gro wth of the reac hable set is sho wn in �gure 3.12. The grey region is G ( � ) for the

sp eci�ed � v alues, and the dashed rectangle is the pursuer's capture region G

0

. The un usual

b eha vior in this example is the dev elopmen t of a hole in G ( � ) for � � 2, a hole whic h is

en tirely detac hed from G

0

. Because the hole do es not touc h G

0

, an y attempt to compute its

b oundary b y straigh tforw ard Lagrangian metho ds|for example, b y follo wing tra jectories

bac kw ards from G

0

in the hop e that they w ould iden tify the hole|could not succeed.

The solution of this problem is computed in [38 ] b y an algorithm for �nding discriminating

k ernels, whic h are di�eren tial game relativ es of the optimal con trol based capture basin men-

tioned in section 2.3.1. An alternativ e approac h dra ws on Isaacs' ideas and determines the

v alue function of this game b y constructing appropriate semi-p ermeable surfaces [114 , 115 ].

Ho w ev er, it seems unlik ely that the geometrical tec hniques used in this latter construction

could b e extended to problems with dimension higher than t w o.

3.3 T ak e O� / Go Around Pro cedure Analysis

This section describ es the reac hable set analysis p erformed as part of a study of the pilot's

proto col for automated landing in a mo dern commercial passenger jet. W e fo cus here on

the p ortions of the analysis whic h in v olv e reac hable set calculation; for the full proto col

v eri�cation metho dology , see [105 ].

3.3.1 Mo del of a Landing Aircraft

The p oin t mass mo del of longitudinal dynamics that w e use is tak en from [100 ] and adapted

b y mo difying lift and drag parameters to suit the aircraft under consideration.

d

dt

2

6

6

4

V




z

3

7

7

5

=

2

6

6

4

1

m

[ T cos � � D ( �; V ) � mg sin 
 ]

1

mV

[ T sin � + L ( �; V ) � mg cos 
 ]

V sin 


3

7

7

5

(3.5)
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Figure 3.12: Gro wth of the reac hable set for the acoustic capture example.
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Figure 3.13: Notation for the landing aircraft example.

v ariable meaning

V sp eed of aircraft


 
igh tpath angle of aircraft

z altitude of aircraft

x state v ector ( x =

�

V 
 z

�

T

)

T engine thrust and con trol input

� angle of attac k and con trol input

� pitc h angle ( � = � + 
 )

m aircraft mass ( m = 190000 kg )

g gra vit y ( g = 9 : 81 m = s

2

)

L ( �; V ) aircraft lift

D ( �; V ) aircraft drag

T able 3.3: V ariable de�nitions for the mo del of a landing aircraft.
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mo de 
aps gear C

L

0

C

L

�

C

D

0

K


are 30 do wn 0.8212 5.105 0.025455 0.04831

TOGA-max 20 do wn 0.4225 5.105 0.024847 0.04831

TOGA-up 20 up 0.4225 5.105 0.019704 0.04589

T able 3.4: Aero dynamic constan ts for v arious aircraft geometries.

The state v ariables are sp eed V , 
igh tpath angle 
 and altitude z . W e assume a su�cien tly

long run w a y and th us do not mo del horizon tal distance tra v eled. The con trol inputs (pla y er

I, denoted b y input a in previous sections) are engine thrust T and angle of attac k � . The

mo del do es not include an y disturbance inputs (pla y er I I, previously denoted b y input b ).

The notation w e use is illustrated in �gure 3.13, while the v ariables and parameters of (3.5)

are summarized in table 3.3.

The lift L ( �; V ) and drag D ( �; V ) functions are mo deled based on empirical data [83 ] and

Prandtl's lifting line theory [4 , 118 ]:

L ( �; V ) =

1

2

�S V

2

C

L

( � ) ;

D ( �; V ) =

1

2

�S V

2

C

D

( � ) ;

(3.6)

where � = 1 : 225 kg = m

3

is the densit y of air and S = 427 : 80 m

2

is the wing surface area.

The dimensionless lift C

L

( � ) and drag C

D

( � ) co e�cien ts dep end on the geometry and 
igh t

con�guration of the aircraft. W e mo del t w o geometry c hanges that o ccur during the �nal

stages of landing: extension of the wing 
aps and deplo ymen t of the landing gear. The 
aps

increase lift and lo w er the sp eed at whic h the aircraft will stall, while b oth 
aps and landing

gear increase the drag. The e�ects of geometry c hanges are incorp orated b y c hanging the

co e�cien ts in

C

L

( � ) = C

L

0

+ C

L

�

�;

C

D

( � ) = C

D

0

+ K C

2

L

( � ) :

(3.7)

W e estimated these v alues, whic h are t ypical for large civil aircraft, from data in [21 , 122 ,

54 , 121 , 77 ]. T able 3.4 summarizes the co e�cien t v alues for sev eral di�eren t geometries.
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3.3.2 The Problem

Our goal is a safet y study of the pro cedures that a pilot follo ws when attempting an au-

tomated landing. W e w ould lik e to examine ho w the aircraft's automatic systems in teract

with the pilot through the co c kpit in terface|including visual displa ys, audible w arnings

and tactile feedbac k from the con trol column|as w ell as the proto cols that the pilot learns

during training and from the man uals written b y the aircraft man ufacturer. W e are lo ok-

ing for instances of mo de c onfusion , whic h o ccurs when the aircraft automation do es not

resp ond as a pilot exp ects. Mo de confusion is a leading cause of incidents , whic h are small

problems or irregularities that do not b y themselv es cause acciden ts, but whic h pilots rep ort

after they land. Since they can b e precursors to acciden ts, the study of inciden ts forms an

imp ortan t part of acciden t prev en tion researc h.

T o study the automated landing system, w e deduced from 
igh t man uals and the commen ts

of pilots a t ypical landing proto col. During the �nal stage of approac h (called 
ar e ) the

engines are at idle, the 
aps are fully extended, and the landing gear are do wn. Under

normal circumstances touc hdo wn will o ccur, follo w ed b y deceleration to a taxi sp eed (called

r ol lout ). If the pilot detects some danger, suc h as debris on the run w a y , she can initiate

a take o� / go ar ound (TOGA) b y pressing a button on the con trol column. If TOGA

o ccurs, the engines are increased to maxim um thrust and the 
aps are retracted in order

to a v oid a landing ( TOGA-max ). Once the aircraft has b egun to clim b, the landing gear

are retracted and the engine thrust is allo w ed to v ary again ( TOGA-up ). The aircraft will

then clim b to a prede�ned missed approac h altitude and a w ait instructions from the con trol

to w er. Note that during this sequence the autoland system has direct con trol of the T

and � inputs, while the pilot man ually adjusts the 
aps and landing gear according to the

pro cedure outlined ab o v e.

�

W e study the safet y of this proto col b y considering whether it allo ws the autoland system

to k eep the aircraft within its safe 
ight envelop e . The en v elop e is a range of state v ariables

and inputs whic h the aircraft man ufacturer and F ederal Aviation Administration (F AA)

ha v e declared to b e safe; for example, the aircraft m ust alw a ys sta y ab o v e its stall sp eed to

a v oid loss of con trol. T able 3.5 summarizes the b ounds on the state v ariables and inputs

�

In fact, the pilot's 
ap and gear con trols are not direct mec hanical links but rather computer mediated

h ydraulic or electric actuators; ho w ev er, the autoland system cannot directly con trol these actuators and

m ust dep end on the pilot to do so.
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V (m/s) 
 (degrees) z (m) � (degrees) T (N)

mo de min max min max min min max range


are 55. 57 87. 46 -6. 0 0. 0 0 -9 +15 T

idle

TOGA-max 63. 79 97. 74 -6. 0 0. 0 0 -8 +12 T

max

TOGA-up 63. 79 97. 74 0. 0 +13. 3 0 -8 +12 [ T

idle

, T

max

]

T able 3.5: Safe 
igh t en v elop e b ounds for v arious 
igh t mo des.

Figure 3.14: Safe 
igh t en v elop es of 
are and TOGA mo des compared.

for the v arious mo des. A t touc hdo wn ( z = 0) the en v elop e also requires � 2 [0

�

; 12 : 9

�

] to

prev en t the aircraft's tail from hitting the run w a y , and _z � � 1 : 829 m/s to a v oid damaging

the landing gear. W e do not mo del the dynamics after touc hdo wn.

T o analyze the aircraft's b eha vior, w e compute the maximal ly c ontr ol lable subset of the

safe 
igh t en v elop e; in other w ords, the largest set of states within the en v elop e for whic h

the autolander can use its input authorit y o v er T and � to k eep the aircraft within the

en v elop e. W e also call this subset the con trollable en v elop e. W e compute t w o con trollable

en v elop es, one for the 
are and one for the com bination of the t w o TOGA mo des. W e

com bine the t w o TOGA mo des b ecause the switc h b et w een them is automatic and o ccurs

when _z = 0 ( ) 
 = 0. Consequen tly , when computing the reac hable set for the com bined

TOGA mo de w e use the dynamics for TOGA-max when 
 � 0 and those for TOGA-up

when 
 > 0. Figure 3.14 sho ws the 
are and com bined TOGA en v elop es as de�ned b y the
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parameters in table 3.5. The 
are mo de is m uc h narro w er in the 
 direction b ecause 
are

do es not allo w the aircraft to clim b ( 
 > 0), while TOGA-up do es. On the other hand, the


are mo de do es allo w for lo w er sp eeds b ecause the 
aps are extended and hence the stall

sp eed is lo w er in 
are than in either of the TOGA mo des.

Determining the maximally con trollable subset of an en v elop e with a reac hable set requires

the same calculation but a di�eren t visualization than those used in the previous t w o ex-

amples. In this case, the unsafe set G

0

is ev erything outside the safe 
igh t en v elop e (so the

exteriors of the sets in �gure 3.14). As the calculation pro ceeds, G ( � ) gro ws and hence the

con trollable en v elop e shrinks.

The optimal Hamiltonian, as determined from (2.8) and (3.5), is complicated and w e will

not include all the details here. The pro cess is the same as that presen ted in previous

sections, except that �nding the optimal v alue of the inputs T and � is complicated b y the

fact that they en ter nonlinearly in to the dynamics|a quadratic in � term in D ( �; V ) and

the trigonometric terms T sin � and T cos � . It can b e sho wn that the optimal v alues alw a ys

o ccur at endp oin ts in the range of T and almost alw a ys at endp oin ts in the range of � . F or

those few cases where the optimal o ccurs at an in termediate v alue of � , w e use a quadratic

appro ximation of the true transcenden tal equation for the optimal � ; exp erimen tally w e ha v e

determined that the quadratic is accurate to within 1%. F or details on this optimization,

see [23 ]

3.3.3 The Reac hable Set Analysis

The con v erged con trollable en v elop es for the 
are and TOGA mo des are sho wn in �gure 3.15.

Notice that the 
are en v elop e extends b ey ond the TOGA en v elop e at lo w sp eeds, indicating

a p oten tial problem with the standard pro cedure outlined in the aircraft man uals. W e tested

this scenario in a commercial 
igh t sim ulator b y initiating a TOGA from a v ery lo w sp eed;

the result w as a stall w arning. When he w as ask ed to p erform the maneuv er, the pilot

an ticipated that 
ap retraction migh t lead to suc h b eha vior; ho w ev er, there is cause for

concern when an y aircraft b eha vior during suc h a high temp o, lo w altitude p erio d of 
igh t

is not w ell sp eci�ed in adv ance. More details of ho w these results can b e applied to formal

metho ds in in terface and pro cedure design can b e found in [105 , 106 ].



3.3. T AKE OFF / GO AR OUND PR OCEDURE ANAL YSIS 65

Figure 3.15: Maximally con trollable en v elop es of 
are and TOGA mo des compared
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Chapter 4

Pro jectiv e Ov erappro ximation of

Reac hable Sets

The primary shortcoming of our form ulation of reac hable sets|or, in fact, of an y of the

con v ergen t form ulations discussed in section 2.3|is the exp onen tial gro wth of computa-

tional cost with resp ect to the dimension of the system b eing analyzed. In this c hapter w e

discuss a metho d that migh t reduce this computational burden. The bulk of this c hapter

is tak en from [103 ]. It w as inspired b y the pro jection based ideas of [63 , 64 ] for con tin uous

spaces, and that of [59 , 62 , 61 , 60 ] for discrete state spaces, as w ell as researc h whic h uses

in tersections and pro jections of lev el set functions to treat curv es [36 ] and geometric op-

tics [108 ]. W e b eliev e this metho d could b e equally w ell applied (and indeed sp ecialized) to

other metho ds for determining reac hable sets, including d/dt, Chec kmate, and the metho ds

from viabilit y theory men tioned in section 2.3.1. In addition, this tec hnique ma y b e applied

to reduce computational complexit y in o v erappro ximation of b oundary propagation in other

disciplines.

4.1 Computing the Reac hable Set in a Pro jection

The Hamilton-Jacobi-Isaacs form ulation and lev el set solution describ ed in c hapter 2 pro-

vides a computationally elegan t metho d to determine the set of reac hable states of a con-

tin uous dynamic game. T reating uncertain ties in the system as the adv ersarial disturbance

67
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inputs, this game form ulation allo ws one to compute reac hable sets conserv ativ ely: in sec-

tion 3.1 the computed set represen ts the set of states for whic h there exists a disturbance

action whic h, ev en if the b est p ossible con trol action is pla y ed, the system state ma y b e

pushed in to the target set.

The main problem with this pro cedure is the exp ense of computing the full reac hable set.

Instead, w e wish to represen t a high dimensional reac hable set as the in tersection of a

collection of reac hable sets computed in some lo w er dimensional subspaces. If w e can

form ulate some w a y to ev olv e the lo w er dimensional reac hable sets|called the pro jections|

suc h that they are eac h an o v erappro ximation of the full reac hable set, then their in tersection

will also b e an o v erappro ximation. The k ey is to ev olv e the pro jections without referring

explicitly to the full dimensional reac hable set. It turns out that the HJI form ulation

pro vides this for free: in an y pro jection, w e simply augmen t the space of disturbance inputs

with the unmo deled dimensions and form a new HJI PDE in a lo w er dimensional space.

Throughout the remainder of this c hapter, w e consider for clarit y the sp eci�c case in whic h

the true reac hable set is of dimension three, and w ork with a set of pro jections in t w o

dimensional spaces spanned b y subsets of the co ordinate axes. The generalization b oth

to higher dimension, as w ell as to pro jections of di�eren t dimension, is not theoretically

di�cult, y et issues regarding the selection of pro jectiv e subspaces are imp ortan t, and will

b e discussed follo wing the presen tation of some examples.

4.1.1 Subspaces and Pro jections

W e consider the state space R

3

spanned b y its co ordinate axes e

1

, e

2

and e

3

. Let Y

i

b e the

subspace spanned b y co ordinate axis e

i

, and Y

ij

the subspace spanned b y co ordinate axes

e

i

and e

j

. Note that Y

123

= R

3

.

De�ne the pr oje ction op er ators :

� p

i

[ x ] , whic h pro jects a p oin t x 2 R

3

in to the subspace Y

i

, de�ned as:

p

i

[ x ] = x

i

:
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� p

ij

[ x ] , whic h pro jects a p oin t x 2 R

3

in to the subspace Y

ij

, de�ned as:

p

ij

[ x ] =

"

x

i

x

j

#

:

W e sometimes write the pair

h

x

i

x

j

i

T

as x

ij

.

� p

� 1

ij

[ y

ij

] , whic h represen ts the bac k pro jection of the p oin t y

ij

2 Y

ij

in to R

3

, de�ned

as:

p

� 1

ij

[ y

ij

] = f x 2 R

3

j p

ij

[ x ] = y

ij

g :

Note that p

� 1

ij

[ y

ij

] is a subset of R

3

.

W e sometimes abuse notation b y applying these op erators to sets instead of p oin ts. F or

example, if X � R

3

, then the pro jection of X in to Y

ij

is represen ted as

p

ij

[ X ] = f y

ij

2 Y

ij

j9 x 2 X with p

ij

[ x ] = y

ij

g :

As de�ned in (2.9), w e represen t the true, full dimensional reac hable set G ( � ) as the zero

sublev el set of the scalar function � ( x; t ) (remem b ering that usually � = � t ). In subsequen t

discussions w e will ha v e reason to refer to sublev el sets other than the zero sublev el set.

In those cases w e use a sup erscript to denote the particular sublev el set in whic h w e are

in terested. F or some set M represen ted b y the signed distance function �

M

: R

3

! R , and

some constan t d 2 R ,

M

d

=

�

x 2 R

3

j �

M

( x ) � d

	

:

The pro jections' reac hable sets are represen ted b y implicit surface functions de�ned in their

resp ectiv e subspaces

Y

ij

( � ) = f y

ij

2 Y

ij

j �

ij

( y

ij

; t ) � 0 g ;
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where �

ij

: Y

ij

� R ! R . The in tersection of the pro jections is giv en b y

X ( � ) =

3

\

i =1

3

\

j = i +1

p

� 1

ij

[ Y

ij

( � )]

= f x 2 X j p

ij

[ x ] 2 Y

ij

( � ) for i; j 2 f 1 ; 2 ; 3 g ; j > i g ;

= f x 2 X j �

ij

( p

ij

[ x ] ; t ) � 0 for i; j 2 f 1 ; 2 ; 3 g ; j > i g :

(4.1)

Notice that p

� 1

ij

[ Y

ij

( � )] will b e a prism in R

3

whose cross section is Y

ij

( � ); for example,

p

� 1

12

[ Y

12

( � )] is a prism aligned with the e

3

axis whose cross section in the e

1

- e

2

plane is

Y

12

( � ). Therefore, X ( � ) from (4.1) is simply the in tersection of three orthogonal prisms.

W e o v erload the pro jection op erators to apply them to implicit surface functions. First,

de�ne the depth of a p oin t y

ij

2 Y

ij

as

D ( y

ij

; t ) = min

x 2 p

� 1

ij

[ y

ij

]

� ( x; t ) :

There are a n um b er of p ossible w a ys to de�ne a pro jection of the full dimensional function

� , but w e will use the depth op erator:

p

ij

[ � ] : Y

ij

� R ! R ; p

ij

[ � ] ( y

ij

; t ) = D ( y

ij

; t ) : (4.2)

With this de�nition,

G ( � ) =

�

x 2 R

3

j � ( x; t ) � 0

	

= ) p

ij

[ G ( � )] = f y

ij

2 Y

ij

j p

ij

[ � ] ( y

ij

; t ) � 0 g :

The in v erse pro jection for the implicit surface function of a subspace is easier to de�ne

p

� 1

ij

[ �

ij

] : R

3

� R ! R ; p

� 1

ij

[ �

ij

] ( x; t ) = �

ij

( p

ij

[ x ] ; t ) : (4.3)

Under this de�nition, p

� 1

ij

[ �

ij

] ( x; t ) is an implicit surface function in R

3

for the prism

p

� 1

ij

[ Y

ij

] aligned normal to the e

i

- e

j

plane whose cross section is Y

ij

( � ).

Finally , de�ne the set evolution op er ator S

�

( � ), whic h computes the bac kw ards reac hable

set o v er time � of its set v alued argumen t. F or example, G ( � ) = S

�

( G (0)) = S

�

( G

0

). This

op erator is normally implemen ted b y the HJI PDE (2.7).
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4.1.2 The Linear Rotation Example

T o illustrate these de�nitions and the pro jection ev olution pro cedure, w e use a simple

example in v olving purely rotational dynamics (ab out the e

3

axis) and no inputs. The

dynamics are giv en b y the linear rigid b o dy rotation

_x = Ax = f ( x ) ; (4.4)

with x 2 R

3

and A 2 R

3 � 3

A = �

2

6

6

4

0 � 1 0

1 0 0

0 0 0

3

7

7

5

F or this example, w e will compute the forw ard ev olution of the initial set under the rotation

rather than a forw ard or bac kw ard reac hable set, b ecause it is easier to visualize the progress

of this ev olution and its pro jections. The en tire region sw ept out b y this ev olution w ould

b e the forw ard reac hable set. If the initial set is represen ted implicitly b y some �

0

( x ), w e

can compute the ev olution of this initial set b y solving a regular HJ PDE forw ard in time

(note that t � 0 in this case)

D

t

� ( x; t ) + H ( x; D

x

� ( x; t )) = 0 ;

� ( x; 0) = �

0

( x ) ;

H ( x; p ) = p � f ( x ) :

(4.5)

W e can safely use an HJ PDE for this forw ard ev olution b ecause the dynamics f ( x ) do es

not con tain sho c ks, or ev en 
o w that migh t b e mistak en for a sho c k when sampled on

a Cartesian grid. The pro jection based o v erappro ximation metho d outlined b elo w will

assume that S

t

( � ) set ev olution is accomplished with the forw ard time PDE (4.5). The

metho d can b e directly adapted to the computation of regular bac kw ard reac hable sets b y

instead using (2.7) for S

�

( � ) set ev olution.

Because w e are w orking in forw ard time on a system with no inputs, tra jectories of the
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system will b e denoted b y �

f

( � ; x; 0) where

d

dt

�

f

( t ; x; 0) = A�

f

( t ; x; 0) almost ev erywhere ;

�

f

(0; x; 0) = x:

This notation is an input free v ersion of the tra jectory notation used in previous c hapters,

with the tra jectories starting at time zero. When w e return to bac kw ards reac hable sets,

w e will return to tra jectories starting at negativ e times.

F or the purp oses of this example, let G

0

b e our initial set and G ( � ) b e the same set rotated

under (4.4) for time t = � (in the future w e will call G ( � ) a reac hable set, ev en though it

is only a forw ard time ev olution in this particular example). The dynamics are scaled suc h

that G (2) = G (0) = G

0

. Ideally , w e w ould lik e G

0

to b e a sphere of radius r = 0 : 30 cen tered

at the p oin t c =

h

0 : 00 0 : 55 0 : 00

i

T

. Solving for the viscosit y solution � ( x; t ) of (4.5) with

f ( x ) from (4.4) and

�

0

( x ) =

p

( x

1

� c

1

)

2

+ ( x

2

� c

2

)

2

+ ( x

3

� c

3

)

2

� r (4.6)

w ould generate an implicit surface represen tation of G ( � ), but w ould require solving (4.5)

o v er three spatial dimensions. T o reduce computational costs, w e will instead seek a metho d

of o v erappro ximating G

0

and G ( � ) that requires solving PDEs in only t w o spatial dimensions.

W e w ork on three separate t w o dimensional pro jections in to the subspaces Y

12

, Y

13

, and

Y

23

. The corresp onding reac hable sets are Y

12

( � ), Y

13

( � ), and Y

23

( � ). The initial sets

Y

ij

(0) for eac h of these subspace reac habilit y problems are constructed b y pro jecting the

full dimensional initial sphere G

0

do wn in to the subspace as Y

ij

(0) = p

ij

[ G

0

]. These Y

ij

(0)

and their in tersection X (0) are sho wn in �gure 4.1. Since X (0) is restricted b y our pro-

jectiv e geometry to b e the in tersection of three axis aligned prisms, it is una v oidably an

o v erappro ximation of the initial sphere G

0

.

4.1.3 Ev olving a Pro jection

Our goal in this section is to dev elop an HJI PDE whic h can b e applied in a lo w er dimen-

sional subspace to ev olv e an o v erappro ximativ e pro jection of the true reac hable set, th us
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PSfrag replacemen ts

Y

12

(0)

Y

12

(0)

Y

13

(0)

Y

13

(0)

Y

23

(0)

Y

23

(0)

Y

12

Y

13

Y

23

X (0)

Figure 4.1: Initial pro jection sets for the linear rotation example.

a v oiding the need to solv e an exp ensiv e full dimensional PDE. First, ho w ev er, w e lo ok at

ho w to ev olv e an o v erappro ximativ e pro jection using a full dimensional PDE.

F o cus on a single pro jection whose index is ij , and denote the index of the unmo deled di-

mension as k . If Y

ij

( � ) is an o v erappro ximativ e pro jection of G ( � ), then G ( � ) � p

� 1

ij

[ Y

ij

( � )] .

Conceptually , Y

ij

( � ) could b e ev olv ed b y an in v erse pro jection in to R

3

, ev olution b y � � and

pro jection bac k do wn in to Y

ij

, written as

Y

ij

( � + � � ) = p

ij

h

S

� �

�

p

� 1

ij

[ Y

ij

( � )]

� i

(4.7)

Then

G ( � ) � p

� 1

ij

[ Y

ij

( � )] = ) S

� �

( G ( � )) � S

� �

�

p

� 1

ij

[ Y

ij

( � )]

�

;

= ) p

ij

[ G ( � + � � )] � Y

ij

( � + � � ) :

Consequen tly , w e can ensure that Y

ij

( � ) remains an o v erappro ximativ e pro jection of G ( � )

pro vided that w e can p erform the three steps of (4.7) on our implicit surface function

represen tation �

ij

( x; t ) of Y

ij

( � ). Pro jection is accomplished b y (4.2) and in v erse pro jection

b y (4.3). F or this example S

� �

( � ) is accomplished in R

3

b y solving (4.5). Let p ( x ) =
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D

x

p

� 1

ij

[ �

ij

] ( x; t ). Since p

� 1

ij

[ Y

ij

( � )] is a prism in R

3

, p

k

[ p ( x )] = p

k

( x ) = 0 for all x 2 R

3

;

furthermore, p

i

( x ) and p

j

( x ) are indep enden t of x

k

. Examining the Hamiltonian of (4.5)

more closely

H ( x; p ( x )) = p ( x ) � f ( x ) ;

= p

i

( x

i

; x

j

; x

k

) f

i

( x

i

; x

j

; x

k

) + p

j

( x

i

; x

j

; x

k

) f

j

( x

i

; x

j

; x

k

)

+ p

k

( x

i

; x

j

; x

k

) f

k

( x

i

; x

j

; x

k

) ;

= p

i

( x

i

; x

j

) f

i

( x

i

; x

j

; x

k

) + p

j

( x

i

; x

j

) f

j

( x

i

; x

j

; x

k

) :

So the only dep endence of the Hamiltonian (and th us the time ev olution in general) on

dimension k is through the x

k

dep endence in f

i

and f

j

. Geometrically , this dep endence

will manifest as a rotation of the prism p

� 1

ij

[ Y

ij

( � )] so that it is no longer parallel to e

k

.

When this rotated prism is pro jected bac k do wn in to Y

ij

, the pro jection's b oundary will b e

determined b y those parts of the prism that rotated the most. Maxim um rotation o ccurs

where the 
o w �eld is most closely aligned with the out w ard normal of the initial prism|

precisely those states x where p ( x ) � f ( x ) is minimized (the gradien t p ( x ) p oin ts in the

direction of the in w ard normal).

F rom this argumen t, w e deduce that using the mo di�ed Hamiltonian

H

0

( x; p ( x )) = min

x

k

p

i

( x

i

; x

j

) f

i

( x

i

; x

j

; x

k

) + p

j

( x

i

; x

j

) f

j

( x

i

; x

j

; x

k

) (4.8)

in (4.5) for all x 2 R

3

w ould not mo dify the pro jection in to Y

ij

of the time ev olv ed prism.

Although the time ev olv ed prism itself w ould not b e the same, in the end w e are only

concerned with its pro jection.

The only reason w e had for w orking with the pro jectiv e o v erappro ximation in R

3

w as the

dep endence of the time ev olution op erator S

� �

( � ) on the missing dimension x

k

. After

substituting the Hamiltonian (4.8) in to the ev olution PDE (4.5), S

� �

( � ) no longer has an y

dep endence on x

k

, and w e can therefore w ork en tirely in the lo w er dimensional Y

ij

.

The �nal concern is ho w to b ound the range of x

k

when minimizing in (4.8). W e kno w that

x

k

2 Y

k

, but minimizing o v er suc h an un b ounded range could lead to a negativ e v alue of

arbitrarily large magnitude for (4.8). F ortunately , w e ha v e access to some sets within whic h

all feasible reac hable states should lie. If it w ere a v ailable, G ( � ) w ould pro vide a tigh t b ound

on p ossible v alues of x

k

. In practice, w e will ha v e to settle for the o v erappro ximation X ( � );
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ho w ev er, expanding the in terv al of feasible x

k

b y using X ( � ) instead of G ( � ) can only cause

the Hamiltonian (4.8) to b e more negativ e and hence Y

ij

( � ) to gro w more than necessary

during the time ev olution step. Since Y

ij

( � ) w as an o v erappro ximativ e pro jection of G ( � )

to b egin with, further excess gro wth cannot cause the o v erappro ximation to fail.

T o formalize the b ounds on x

k

, de�ne the set v alued slic e function for some M � R

3

and

y

ij

2 Y

ij

as

F

k

( M ; y

ij

) = f y

k

2 Y

k

j9 x 2 M with p

ij

[ x ] = y

ij

and p

k

[ x ] = y

k

g ;

= f p

k

[ x ] 2 Y

k

j x 2 p

� 1

ij

[ y

ij

] \ Mg :

(4.9)

In w ords, F

k

( M ; y

ij

) is a slice through M along the subspace Y

k

at the p oin t y

ij

; its v alue

will therefore b e an in terv al in Y

k

. If M is describ ed b y the zero sublev el set of function

�

M

: R

3

! R , then w e can write a mathematical description of F

k

F

k

( M ; y

ij

) = f y

k

2 Y

k

j �

M

( y

i

; y

j

; y

k

) � 0 g : (4.10)

Giv en this de�nition, w e can form ulate a time ev olution HJI PDE op erating en tirely in

Y

ij

for the implicit surface function �

ij

( y

ij

; t ) of the o v erappro ximativ e pro jection Y

ij

( � ).

Instead of (4.5), use

D

t

�

ij

( y

ij

; t ) + H ( y

ij

; D

x

�

ij

( y

ij

; t )) = 0 ;

�

ij

( y

ij

; 0) = p

ij

[ �

0

] ( y

ij

) ;

(4.11)

for those y

ij

2 p

ij

[ X ( � )] , with Hamiltonian

H ( y

ij

; p ) = min

y

k

2F

k

( M ;y

ij

)

p

i

f

i

( y

i

; y

j

; y

k

) + p

j

f

j

( y

i

; y

j

; y

k

) ; (4.12)

where M is either G ( � ) or X ( � ).

The deriv ation ab o v e is v ery informal, but its conclusion has a fascinating implication.

Comparing (4.12) with (2.8), w e see that the unmo deled dimension is in e�ect a disturbance

input to the lo w er dimensional subspace's dynamics.

This observ ation leads to an alternativ e in terpretation of (4.11) and (4.12). F or the linear

rotation example, G ( � ) is the set of tra jectory p oin ts �

f

( t ; x; 0) for those tra jectories with
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initial p oin ts �

f

(0; x; 0) 2 G

0

. If Y

ij

( � ) is to b e a pro jectiv e o v erappro ximation of G ( � ), then

Y

ij

( � ) m ust con tain p

ij

[ �

f

( t ; x; 0)] for all these tra jectories (since it is an o v erappro ximation,

it ma y also con tain other p oin ts). Consider an y time s 2 [0 ; t ] and the p oin t �

f

( s ; x; 0)

along the full dimensional tra jectory . By c ho osing the unmo deled dimension y

k

from the

set F

k

( G ( s ) ; y

ij

), w e allo w y

k

= p

k

[ �

f

( s ; x; 0)] . Therefore

p

ij

h

_

�

f

( s ; x; 0)

i

= p

ij

[ f ( p

i

[ �

f

( s ; x; 0)] ; p

j

[ �

f

( s ; x; 0)] ; p

k

[ �

f

( s ; x; 0)] )]

will b e among the p ossible 
o w �elds for the subspace's dynamics. Since s w as arbitrary ,

p

ij

[ � ( � ; x; 0)] is a feasible tra jectory of the subspace's dynamic system, and so

p

ij

[ �

f

( t ; x; 0)] 2 Y

ij

( � ) :

Conjecture 9. L et G ( � ) b e time evolve d by some HJI PDE in R

3

and Y

ij

( � ) by some HJI

PDE in Y

ij

. If the unmo dele d dimension x

k

2 Y

k

of the ful l dimensional system dynamics

_x = f ( x ) is tr e ate d as a disturb anc e input to the subsp ac e's dynamics, then

p

ij

[ G ( � )] � Y

ij

( � ) ;

wher e that input x

k

is dr awn fr om a slic e F

k

( M ; y

ij

) of an appr opriate M for p oints y

ij

2

Y

ij

.

W e initially form ulated this conjecture based on our n umerical success in computing o v er-

appro ximating pro jections. Sections 4.1.4 and 4.2 sho w case some of those results. In the

remainder of this section w e outline what migh t b e required to pro v e the conjecture, and

then discuss some implemen tation details.

If M = G ( � ), pro ving the conjecture requires sho wing that F

k

( G ( � ) ; y

ij

) is a v alid set from

whic h to dra w disturbance inputs suc h that the viscosit y solution of the appropriate HJI

PDE (either (4.11){(4.12) or (2.7)) will still solv e for the reac hable set in whic h w e are

in terested. The problem is that the input constrain t set F

k

( G ( � ) ; y

ij

) dep ends on b oth time

t and state y

ij

. In c hapter 2 w e turned the computation of a bac kw ards reac hable set in to a

terminal pa y o� di�eren tial game and used results in [51 ] to sho w that the di�eren tial game

could b e solv ed with an HJI PDE; ho w ev er, those results assumed that the con trol and

disturbance input constrain t sets w ere constan t. State dep enden t input constrain ts w ere
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in v estigated in [27 ], but only for the optimal con trol case (no disturbance inputs). It is not

clear whether a di�eren tial game with time and state dep enden t input constrain ts w ould

satisfy a dynamic programming principle. Without satisfying suc h a principle, it is unlik ely

that the viscosit y solution of an HJI PDE w ould solv e the di�eren tial game.

In practical terms, w e do not ha v e access to G ( � ) and m ust use M = X ( � ). T o pro v e the

conjecture in this case w ould require the additional step of sho wing that

G ( � ) � X ( � ) = ) S

� �

( G ( � )) � S

� �

( X ( � )) :

While w e are in v estigating metho ds of pro ving or dispro ving the conjecture, w e ha v e decided

to concen trate our e�ort on implemen tation of the pro jection tec hnique rather than its

theoretical asp ects, in order to determine whether it can b e applied to real problems. A

n um b er of implemen tation details arise when solving (4.11) and (4.12), of whic h w e brie
y

describ e the three most imp ortan t.

� In practice, the unmo deled dimension should b e c hosen from a sligh tly bloated v ersion

of X ( � ) to a v oid the c hance that F

k

( X ( � ) ; y

ij

) = ; for some y

ij

on the b oundary of

Y

ij

( � ). Cho osing d as some small m ultiple of the grid spacing, w e use F

k

( X

d

( � ) ; y

ij

)

instead.

� The computational domain in Y

ij

is alw a ys larger than Y

ij

( � ). Assuming that w e k eep

d relativ ely small (to a v oid excessiv e o v erappro ximation), for those y

ij

=2 p

ij

�

X

d

( � )

�

,

w e will still get F

k

( X

d

( � ) ; y

ij

) = ; . One w a y of solving (4.11) and (4.12) in those

cases is to use v elo cit y extension [1] to extend the 
o w �eld arti�cially in to Y

ij

( � )

{

.

� Some pro jections appro ximate the reac hable set b etter than others; ho w ev er, eac h

pro jection is individually an o v erappro ximation of the reac hable set, so if p

i

[ Y

ij

( � )] �

p

i

[ Y

ik

( � )] , then w e kno w that the extra range in p

i

[ Y

ik

( � )] is not actually feasible.

Th us, w e can clip Y

ik

( � ) along dimension x

i

un til p

i

[ Y

ij

( � )] = p

i

[ Y

ik

( � )] . More

generally , w e can safely clip an y p ortions of Y

ij

( � ) whic h lie outside of p

ij

[ X ( � )] .

Without this clipping pro cess, p o orly b eha v ed pro jections can quic kly gro w larger

than practical computational domains.
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4.1.4 Ev olving the Linear Rotation Example's Pro jections

The presen tation in the previous section w as somewhat abstract, so in this section w e will

apply the algorithm to the example from section 4.1.2. Consider ho w to ev olv e the initial

pro jectiv e o v erappro ximation Y

13

(0). F rom (4.2) and (4.6)

�

13

( x

1

; x

3

; 0) =

p

( x

1

� c

1

)

2

+ ( x

3

� c

3

)

2

� r ;

whic h is a circle in Y

13

. W e can ev olv e Y

13

( � ) b y solving the HJI PDE

D

t

�

13

( x

1

; x

3

; t ) + H ( x

1

; x

3

; D

x

1

�

13

( x

1

; x

3

; t ) D

x

3

�

13

( x

1

; x

3

; t )) = 0 ; (4.13)

with Hamiltonian (using the dynamics (4.4))

H ( x

1

; x

3

; p

1

; p

3

) = min

x

2

2F

2

( X ( � ) ;x

1

;x

3

)

� ( � p

1

x

2

+ p

3

0) : (4.14)

While F

2

( X ( � ) ; x

1

; x

3

) is a set v alued function of x

1

and x

3

, for illustration w e can describ e

its v alue (an in terv al of Y

2

) at a few p oin ts for t = 0 based up on (4.2) and (4.6)

F

2

( X (0) ; 0 ; 0) = [ c

2

� r ; c

2

+ r ] ;

F

2

( X (0) ; r ; 0) = [ c

2

; c

2

] :

PDEs similar to (4.13){(4.14) are used for Y

12

( � ) and Y

23

( � ).

Figure 4.2 sho ws the results of applying the pro jectiv e ev olution algorithm to the linear

rotation example. The upp er left �gure sho ws the initial conditions and is the same as

�gure 4.1. The remaining subplots sho w the progress of the o v erappro ximation through a

half rotation of the dynamics. By t = 1, the pro jection Y

13

( � ) has gro wn from its initial

circle to a square. This gro wth o ccurs b ecause of the freedom in c ho osing x

2

in (4.14).

Similar gro wth o ccurs in Y

23

( � ) b ecause there is freedom in c ho osing x

1

for the dynamics

in Y

23

. In con trast, Y

12

( � ) remains a circle, b ecause the free dimension x

3

in Y

12

has no

e�ect on the dynamics (4.4). In fact, Y

13

( � ) and Y

23

( � ) w ould gro w larger than the squares

sho wn w ere it not for the clipping pro cedure men tioned in the previous section. Figure 4.3

compares X ( � ) with the true reac hable set G ( � ) at a v ariet y of times in a closer view. As

adv ertised, G ( � ) � X ( � ).
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Figure 4.2: Ev olution of the linear rotation example's pro jectiv e o v erappro ximations Y

ij

( � )

(con tours on the w alls) and X ( � ) (solid ob ject).

4.2 Solving the Game of Tw o Iden tical V ehicles Pro jectiv ely

The linear rotation w as a to y example; in this section w e examine the pro jectiv e o v erap-

pro ximation algorithm's application to the real reac hable set problem from section 3.1. W e

use the indexed state v ector notation from this c hapter in the analysis, so

z =

2

6

6

4

x

r

y

r

 

r

3

7

7

5

b ecomes x =

2

6

6

4

x

1

x

2

x

3

3

7

7

5

:

W e use a single pro jection in to the relativ e lo cation plane Y

12

. Because the unmo deled

dimension|the relativ e heading x

3

|is already restricted to Y

3

= [0 ; 2 � ], there is no need
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Figure 4.3: Comparing the pro jection based appro ximation X ( � ) (mesh) to the true reac h-

able set G ( � ) (solid) at sev eral times.

to k eep trac k of an y other pro jections. W e simply solv e

D

t

�

12

( x

1

; x

2

; t ) + min [0 ; H ( x

1

; x

2

; D

x

1

�

12

( x

1

; x

2

; t ) ; D

x

2

�

12

( x

1

; x

2

; t ))] = 0 ;

with Hamiltonian

H ( x

1

; x

2

; p

1

; p

2

) = max

a 2A

min

b 2B

min

x

3

2 [0 ; 2 � ]

p

1

f

1

( x

1

; x

2

; x

3

; a; b ) + p

2

f

2

( x

1

; x

2

; x

3

; a; b )

(where f ( x; a; b ) is giv en b y (3.1)) and terminal conditions

� ( x

1

; x

2

; 0) =

q

x

2

1

+ x

2

2

� d:

The leftmost subplot of �gure 4.4 sho ws the initial collision circle Y

12

(0), while the remaining

subplots sho w the gro wth of Y

12

( � ) un til it con v erges to a �xed p oin t Y

12

in the righ tmost

for t & 2 : 6. Figure 4.5 compares the o v erappro ximation of the reac hable set p

� 1

12

[ Y

12

] to

the true reac hable set G from t w o angles. Although p

� 1

12

[ Y

12

] is signi�can tly larger than

G , in the left hand view it can b e seen that to within grid resolution, Y

12

= p

12

[ G ], whic h
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Figure 4.4: Gro wth of the pro jectiv e reac hable set Y

12

( � ) for the game of t w o iden tical

v ehicles.

Figure 4.5: Tw o views comparing the true reac hable set G (solid) with the bac k pro jection

p

� 1

12

[ Y

12

] of the pro jectiv e reac hable set (mesh) for the game of t w o iden tical v ehicles.

is the b est that an y pro jectiv e represen tation could hop e to ac hiev e. The real pa y o� is

computational time. While the full dimensional reac hable set G tak es ab out 20 min utes to

compute on a three dimensional grid, the pro jectiv e o v erappro ximation Y

12

tak es less than

one min ute on a higher resolution t w o dimensional grid.

Figure 4.6 sho ws a series of frames from an animation of the collision a v oidance scenario of

section 3.1.5 when the ev ader uses the pro jectiv e o v erappro ximation Y

12

of the bac kw ards

Figure 4.6: Ev ader k eeps pursuer from en tering the pro jectiv e o v erappro ximation Y

12

of the

reac hable set, and hence conserv ativ ely a v oids collision.
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reac hable set. When comparing �gure 4.6 to �gure 3.10, notice that the slice of reac hable set

in the frames of �gure 4.6 do es not dep end on relativ e heading, since that is the unmo deled

dimension in the pro jection. By construction, the ev ader can k eep the pursuer from en tering

Y

12

, and as long as the pursuer do es not en ter, a collision is imp ossible. Using Y

12

is

a conserv ativ e strategy|it is an o v erappro ximation of the true reac hable set|but it is

guaran teed to b e safe and can b e recomputed m uc h more quic kly than the true reac hable

set should mo del parameters c hange.

4.3 Discussion

While the outline of the pro jectiv e o v erappro ximation algorithm ab o v e w as sp eci�c to pro-

jecting a three dimensional space in to co ordinate aligned t w o dimensional subspaces, the

p o w er of this HJI based approac h is that it can b e generalized so easily . Both the full space

and the pro jection subspaces can b e higher dimensional. The pro jection subspaces need

not b e aligned with the co ordinate axes, nor need all subspaces b e of the same dimension;

in fact, there are systems in whic h it migh t b e useful to allo w the pro jection subspaces to

c hange smo othly with time. In a pro jection with m ultiple unmo deled dimensions, all the

unmo deled dimensions are just treated as a disturbance input v ector constrained b y the

appropriate pro jection of X ( � ) in to the subspace spanned b y the unmo deled dimensions.

There is no theoretical reason to constrain the n um b er of pro jections|for example, w e

could add to the linear rotation problem a pro jection in to the subspace whose co ordinate

axes are e

1

+ e

3

and e

1

� e

3

, if w e though t that suc h a pro jection w ould help restrict exces-

siv e o v erappro ximation in X ( � ). The only constrain ts are implemen tation complexit y and

computational resources.

All of this 
exibilit y in the c hoice of pro jections leads to the question of ho w to c ho ose

appropriate pro jections for a particular system. F or the linear rotation example, the natural

co ordinate axis pro jections turned out to b e v ery e�ectiv e (see section 4.1.4). In particular,

the Y

12

pro jection captured the relev an t system dynamics and th us constrained the other

t w o less e�ectiv e pro jections through the clipping pro cedure. W e can sim ulate the e�ect

of p o orly c hosen pro jections b y using the same three co ordinate axis aligned pro jections,
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Figure 4.7: Ev olution of the linear rotation example with p o orly c hosen pro jections.

but rotating the system dynamics coun terclo c kwise b y 45

�

around the e

1

axis. T o do that,

replace the matrix A in (4.4) b y

A

0

= GAG

T

;

where

G =

2

6

6

4

cos � 0 � sin �

0 1 0

sin � 0 cos �

3

7

7

5

;

and � = � = 4. Figure 4.7 sho ws the gro wth of the pro jectiv e reac hable set X ( � ) for this

v ersion of the linear rotation example. Comparing it with �gure 4.2 w e can see ho w m uc h

greater the o v erappro ximation b ecomes when none of the pro jections capture the system's

dynamics. W e are still in v estigating tec hniques for iden tifying appropriate pro jections for
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Figure 4.8: One a v en ue to w ard pro jectiv e underappro ximations: a square o v erappro ximat-

ing the unit circle in z space b ecomes a clo v er leaf underappro ximating the same circle in

x space.

more general systems.

The idea of subspace pro jections w orks w ell when w e are trying to o v erappro ximate reac h-

able sets, b ecause in v erting these pro jections bac k up in to the full dimensional space gen-

erates a prism o v erappro ximating the true reac hable set. There are problems in whic h w e

wish to underappro ximate a set; for example, in aircraft en v elop e protection (sections 3.3

and 6.2), safet y requires that w e sta y within the 
igh t en v elop e. If w e are going to appro x-

imate that en v elop e w e need an underappro ximation, since an o v erappro ximation w ould

incorrectly mark as safe some states outside the true en v elop e. Safe 
igh t en v elop es are just

one example of c ontr ol le d invariant sets , and to compute these sets w e need underappro xi-

mations of the true reac hable set.

The pro jection sc heme outlined ab o v e cannot directly compute underappro ximations, since

the bac k pro jected prisms are un b ounded in the pro jection's unmo deled dimensions; th us,

those prisms could nev er represen t underappro ximations of the true reac hable set. W e

are instead in v estigating a co ordinate in v ersion that could turn o v erappro ximations in to

underappro ximations. Consider underappro ximating a circle cen tered at the origin in R

2

b y a pair of one dimensional pro jections (in terv als of R ) . Map x 2 R

2

to z 2 R

2

through

the transformation

z

i

=

x

i

k x k

2

2

: (4.15)
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While the circle sta ys a circle, this transformation could b e applied to more general shap es

b y transformation of their implicit surface function represen tation, pro vided that the co or-

dinate origin did not lie on the b oundary of the shap e (w e could shift the origin if it did).

System dynamics can lik ewise b e mapp ed through this nonlinear transformation, so that

reac habilit y could b e calculated in the transformed co ordinates. No w build a pro jectiv e

o v erappro ximation of the circle in z space, using pro jections on to the co ordinate axes. The

left side of �gure 4.8 sho ws the slabs that are the in v erse pro jections of the t w o o v erappro x-

imating in terv als. The in tersection of these t w o slabs is a square o v erappro ximating the

circle. The k ey observ ation is that w e can in v ert (4.15) bac k in to the original co ordinate

frame, and in the pro cess the o v erappro ximation in z space b ecomes an underappro ximation

in x space|the square that w as an in tersection of slabs b ecomes a clo v er leaf made from

a union of circles. The righ t side of �gure 4.8 sho ws this underappro ximation of the circle.

The gra y p oin ts on the left side map to the gra y p oin ts on the righ t, and lie in the region

of eac h state space that w ould b e considered unsafe in an en v elop e protection problem. If

the circle represen ts the true safe 
igh t en v elop e, notice that the pro jectiv e safe region (no

gra y p oin ts) on the left is an underappro ximation of the true safe region.

Pro jectiv e sc hemes based on Hamilton-Jacobi-Isaacs equations are a p o w erful w a y to tac kle

Bellman's \curse of dimensionalit y" and calculate appro ximations to reac hable sets for

systems larger than dimension t w o or three. In this c hapter w e ha v e presen ted the basic ideas

b ehind pro jectiv e appro ximation algorithms. W e con tin ue to w ork on the man y remaining

theoretical and implemen tation details.
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Chapter 5

Reac hable Sets for Hybrid Systems

In a h ybrid system, the in teraction b et w een con tin uous and discrete b eha viors pla ys an

imp ortan t role in the ev olution of the system's state. In the small time scale limit, there

are few macroscopic systems whic h could not b e mo deled en tirely b y con tin uous di�eren tial

equations; ho w ev er, w e frequen tly do not w an t to in v est the e�ort to do so. The ev olution of

man y systems' states o ccur on di�eren t timescales|some states switc h b et w een equilibria

quic kly while others c hange m uc h more gradually .

As an example, consider an autonomous rob ot approac hing a w all. Once the obstacle is

detected, the rob ot's micro con troller ma y decide to turn left after only a few milliseconds,

but the resp onse time of the motors whic h mo v e the rob ot will b e h undreds of times longer.

It w ould b e o v erkill to mo del the con tin uous dynamics of the transistors within the micro-

con troller; on the other hand, mo deling the rob ot's p osition discretely as either \free" or

\collided" w ould mak e path planning di�cult. Consequen tly , w e w ould lik e to mo del the

rob ot's command state as discrete (either \mo v e straigh t" or \turn left") but its planar

lo cation and heading as con tin uous v ariables. The result is a h ybrid system.

In previous c hapters w e ha v e demonstrated ho w reac hable sets can b e used for safet y v eri�-

cation and the syn thesis of safe con trollers for purely con tin uous systems. It should come as

no surprise that reac hable sets can b e put to the same uses in h ybrid systems. In addition,

b ecause the b eha vior of these systems can b e quite complex, w e frequen tly w ould lik e to

summarize it in a qualitativ e discrete form. A reac hable set analysis can divide the state

space in to subsets whic h facilitate suc h a summary .

87
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In this c hapter w e sho w ho w an algorithm for con tin uous reac hable sets can b e extended

to the h ybrid domain. The next c hapter demonstrates the h ybrid reac hable set algorithm

on sev eral examples. The presen tation in this c hapter is v ery informal, although w ork is

under w a y on bringing these results up to the lev el of rigor demonstrated in c hapter 2. Our

fo cus here is on reac hable set determination, but there are man y other asp ects to the �eld

of h ybrid systems. W e refer the in terested reader to the sp ecial issue [7] or the w orkshop

pro ceedings [136 , 26 , 82 , 140 , 72 , 5, 6, 3, 8, 65 ].

5.1 Related W ork

Hybrid systems are clearly widespread throughout engineering|an y system sub ject to com-

puter con trol and in teracting with the external w orld could b e classi�ed as h ybrid. The

in terest in creating a formal framew ork for suc h systems has brough t together researc hers

in b oth the traditional con trol engineering comm unit y and the computer science v eri�ca-

tion comm unit y . In a quest for metho ds to pro v e that h ybrid systems op erate correctly ,

the latter comm unit y has generated a n um b er of to ols for examining the reac hable sets of

h ybrid systems.

The classi�cation of h ybrid systems is usually based on the t yp es of con tin uous ev olution

allo w ed, and to a lesser exten t the t yp es of ev en ts that can generate discrete transitions.

The simplest h ybrid systems are the time d automata , whic h basically add con tin uous timer

v ariables to a �nite automata mo del. In line ar hybrid automata the con tin uous v ariables

ma y ev olv e according to p olyhedral di�eren tial inclusions, whic h translates in to allo wing

timers of di�eren t rates. The next step up in complexit y allo ws for linear dynamics in the

traditional con trols sense; t ypically _x = Ax + B a for some matrices A and B and some

input a , but sometimes including a constan t term and/or a second, adv ersarial input. The

most general mo dels allo w for fully nonlinear dynamics, in some cases with one or ev en t w o

adv ersarial input signals.

F or all but certain restrictiv e classes of h ybrid systems, �nding the reac hable set exactly is

formally undecidable (for example, see [127 ]). As a result, all a v ailable to ols use appro xima-

tion metho ds of v arious t yp es. The algorithm discussed b elo w w as motiv ated b y the w ork

of [94 , 11 ] for reac habilit y computation and con troller syn thesis on timed automata, and
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that of [141 ] for con troller syn thesis on linear h ybrid automata. Early to ols for analyzing

reac hable sets include Upp aal [89 ] and Kr onos [142 ] for timed automata and HyT ec h [69 , 70]

for linear h ybrid automata.

F or more general h ybrid automata, the most complicated part of the h ybrid reac hable

set determination is the con tin uous reac hable sets; consequen tly , new er to ols for h ybrid

systems ha v e dev elop ed around related con tin uous reac hable set solv ers. An o v erview of

the most mature implemen tations|those b eing used b y p eople other than their authors|is

giv en in [130 ]. In addition to Uppaal and HyT ec h, the pap er discusses d/dt [10 , 47 ], and

Chec kMate [41 , 131 ], whic h b oth use p olyhedral represen tations. Other implemen tations

include [25 ], whic h studies piecewise a�ne systems, mo di�cations of the HyT ec h metho ds

in [71 ] and [119 ], and the V eriSHIFT to ol [28 ], whic h uses ellipsoidal represen tations. These

algorithms are all of the o v erappro ximativ e, forw ard reac hable set v ariet y . Some can b e

used for general nonlinear dynamics b y emplo ying nonlinear optimization in the con tin uous

reac hable set computation.

So far, no to ols ha v e emerged for computing h ybrid reac hable sets using con v ergen t con-

tin uous reac hable set metho ds, but researc h has b een undertak en. This thesis describ es a

pro cedure that uses the time-dep enden t Hamilton-Jacobi-Isaacs form ulation and lev el set

metho ds. Theoretical and exp erimen tal w ork has also extended concepts from viabilit y

theory to h ybrid systems [15 , 16 ].

Finally , Ly apuno v theory has inspired some algorithms for linear or piecewise (switc hed)

linear h ybrid systems, including [67 , 66 , 32 , 80 ]. T o our kno wledge, these ha v e not y et b een

implemen ted in generally a v ailable to ols.

5.2 A Reac hable Set Algorithm for Hybrid Systems

A h ybrid reac hable set algorithm w as dev elop ed in [135 , 93 , 138 , 92 ], and w e brie
y describ e

the algorithm in this section for bac kground purp oses (with a few notational mo di�cations

for consistency with the rest of the thesis). A k ey comp onen t of the algorithm is the

reac h-a v oid op erator. Section 5.3 describ es the accurate n umerical implemen tation of the

reac h-a v oid op erator, whic h constitutes the no v el con tribution of this thesis to the h ybrid

algorithm.
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5.2.1 Hybrid Automata

A hybrid automaton H is de�ned as

H , (( Q � X ) ; ( A � B ) ; (�

A

� �

B

) ; f ; � ; In v ) (5.1)

where

� Q is a �nite set of discrete mo des,

� X = R

n

is the con tin uous state space,

� A � R

n

a

is the set of con tin uous inputs for pla y er I,

� B � R

n

b

is the set of con tin uous inputs for pla y er I I,

� �

A

is the �nite set of discrete inputs for pla y er I,

� �

B

is the �nite set of discrete inputs for pla y er I I,

� f : Q � X � A � B ! R

n

de�nes the 
o w of con tin uous tra jectories,

� � : Q � X � �

A

� �

B

! 2

Q � X

is the discrete transition function, whic h enco des

b oth the guard conditions that enable discrete transitions as w ell as an y resets of the

con tin uous state that tak e place up on a discrete transition,

� In v � Q � X is the in v arian t asso ciated to eac h discrete state.

In order to distinguish b et w een con tin uous and discrete, w e use the term mo de to refer to

a discrete state and switch or tr ansition to refer to a discrete c hange of state. W e apply

Assumption 1 to our con tin uous input signals a ( � ) and b ( � ) and Assumption 2 to the 
o w

�eld f ( q ; � ; � ; � ) in eac h mo de q 2 Q .

Our target set G

0

� Q � X ma y no w include a (p ossibly di�eren t) subset of the state space

for eac h discrete mo de. In general, its lev el set function represen tation g : Q � X ! R will

lik ewise dep end on mo de as w ell:

G

0

= f ( q ; x ) 2 Q � X j g ( q ; x ) � 0 g :
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W e apply Assumption 3 to G

0

and g ( � ; � ). Lik e the purely con tin uous case, pla y er I will try

to k eep the state a w a y from G

0

, while pla y er I I will driv e the state to w ard G

0

. In all of our

examples G

0

is the set of unsafe states, so w e can consider pla y er I to b e the con trol and

pla y er I I the disturbance.

Our de�nition of h ybrid automata (5.1) is v ery general. It allo ws for nonlinear con tin u-

ous dynamics, t w o adv ersarial inputs whic h can a�ect b oth the con tin uous and discrete

ev olution of the system, in v arian t and guard conditions whose in tersection has an in terior|

discrete switc hes ma y b e enabled without b eing forced|and general nonlinear resets of the

con tin uous state after a discrete transition. While Assumption 2 yields deterministic con tin-

uous ev olution of the state within a particular mo de, the general nature of � and In v allo w

for nondeterministic transitions and resets. Our de�nition also allo ws for some ill-p osed

h ybrid automata [91 ]. Informally , a h ybrid automaton is blo cking if there exist states from

whic h no further ev olution is p ossible; for example, a tra jectory whic h is outside a mo de's

in v arian t but for whic h no discrete transition is enabled. A h ybrid automaton is Zeno

�

if

it allo ws for tra jectories con taining an in�nite n um b er of discrete switc hes in a �nite time.

W e will restrict ourselv es to non-blo c king and non-Zeno h ybrid automata. Chapter 6 giv es

some examples of h ybrid automata, although b y no means do they co v er the broad range of

b eha viors p ossible under (5.1) for whic h the algorithm outlined in section 5.2.2 will w ork.

Because of the nondeterminism allo w ed b y (5.1), tra jectories of H can b e somewhat tric ky

to de�ne. Luc kily , ho w ev er, the results presen ted here require us to study only tra jectories

within a single discrete mo de. F or some �xed q 2 Q , let a tra jectory b e denoted b y

�

f

( s ; q ; x; t; a ( � ) ; b ( � )) : [ t; 0] ! X ;

where for all s 2 [ t; 0],

d

ds

�

f

( s ; q ; x; t; a ( � ) ; b ( � )) = f ( q ; �

f

( s ; q ; x; t; a ( � ) ; b ( � )) ; a ( s ) ; b ( s )) almost ev erywhere ;

�

f

( t ; q ; x; t; a ( � ) ; b ( � )) = x;

( q ; �

f

( s ; q ; x; t; a ( � ) ; b ( � ))) 2 In v :

The �nal condition ensures that the tra jectory is not forced out of the curren t mo de q

during the time span of in terest.

�

Named after the Greek philosopher Zeno of Elea, famous for p osing the parado x of Ac hilles and the

tortoise [91 ].
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in another mode
uncontrolled switch to danger

a priori unsafe (in forward time)
continuous flow is right to left

reach-avoid set

in another mode
controlled switch to safety
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Figure 5.1: Hybrid reac hable set algorithm's de�nitions for a single discrete mo de. F or

iteration i , Pre

B

( W

i

) = S

1

[ S

2

, Pre

A

( W

i

) = S

3

and RA(Pre

B

( W

i

) ; Pre

A

( W

i

)) = S

1

[ S

2

[

S

4

. In w ords, states in S

1

are in the kno wn unsafe set G

0

, states in S

2

can b e forced to mak e

a discrete transition in to an unsafe state in another mo de, states in S

3

can c ho ose to mak e

a discrete transition in to a safe state in another mo de, and states in S

4

can reac h S

1

[ S

2

without going through S

3

.

5.2.2 The Algorithm

De�ne three op erators:

Pre

A

( K ) , f ( q ; x ) 2 Q � X j9 �

a

2 �

A

; 8 �

b

2 �

B

; � ( q ; x; �

a

; �

a

) � K g \ K ;

Pre

B

( K ) , f ( q ; x ) 2 Q � X j8 �

a

2 �

A

; 9 �

b

2 �

B

; � ( q ; x; �

a

; �

b

) \ K

c

6= ;g [ K

c

;

RA ( G ; E ) , f ( q ; x ) 2 Q � X j8 a ( � ) 2 A ( t ) ; 9 b ( � ) 2 B ( t ) ; 9 t � 0

suc h that ( q ; �

f

(0; q ; x; a ( � ) ; b ( � ))) 2 G (5.2)

and 8 s 2 [ t; 0] ; ( q ; �

f

( s ; q ; x; a ( � ) ; b ( � ))) 2 In v nE g ;

where K � Q � X , G � X , and E � X . The set RA( G ; E ) describ es those states from whic h

there exists a b ( � ) 2 B ( t ) suc h that the state tra jectory �

f

( � ; q ; x; t; a ( � ) ; b ( � )) can b e driv en

in to the r e ach set G while not en tering the avoid set E for all a ( � ) 2 A ( t ). W e call RA( � ; � )

the r e ach-avoid op erator. These de�nitions are illustrated in �gure 5.1.

With these de�nitions in place, the follo wing algorithm computes the h ybrid bac kw ard
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reac hable set for a non-blo c king, non-Zeno h ybrid automaton. Initialize with

W

+1

= ; ;

W

0

= G

{

0

;

i = 0 :

Then p erform the lo op

while ( W

i

6= W

i +1

)

W

i � 1

= W

i

n RA (Pre

B

( W

i

) ; Pre

A

( W

i

)) ;

i = i � 1 :

If the algorithm terminates after a �nite n um b er of steps, then the �xed p oin t W

�

is the

largest set of states for whic h pla y er I ( a ( � ) ; �

a

( � )) can guaran tee that the state of the h ybrid

system remains outside G

0

despite the action of pla y er I I ( b ( � ) ; �

b

( � )). In order to implemen t

this algorithm, Pre

A

( � ), Pre

B

( � ), and RA( � ; � ) need to b e computed. The calculation of

Pre

A

( � ) and Pre

B

( � ) requires in v ersion of the transition relation � sub ject to the existen tial

and univ ersal quan ti�ers; at presen t this pro cedure is p erformed b y hand in our examples,

since they all in v olv e relativ ely simple discrete transition logic. The computation of RA( � ; � )

requires an algorithm for determining the set of initial conditions from whic h tra jectories

can reac h one set a v oiding a second set along the w a y .

5.3 Implemen ting the Reac h-Av oid Op erator

Although (5.2) de�ned the reac h-a v oid op erator o v er the en tire set of discrete mo des, in

practice it is computed one mo de at a time. In the remainder of this section, w e fo cus on

a single mo de q 2 Q , but w e omit this parameter from the equations in order to simplify

them; for example, w e use f ( � ; � ; � ) to refer to the 
o w �eld f ( q ; � ; � ; � ) for mo de q . W e

also generically refer to the parameters of the reac h-a v oid op erator as G and E rather than

Pre

B

( � ) and Pre

A

( � ).
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5.3.1 Previous Reac h-Av oid F orm ulations

The �rst Hamilton-Jacobi-Isaacs based form ulation for the reac h-a v oid op erator [135 , 138 ]

featured t w o separate lev el set functions, one for the reac h set �

G

and one for the a v oid set

�

E

. The functions w ere ev olv ed according to the coupled terminal v alue HJI PDEs

� D

t

�

G

( x; t ) =

8

<

:

H

G

( x; D

x

�

G

( x; t )) ; for f x 2 X j �

G

( x; t ) > 0 g ;

min [0 ; H

G

( x; D

x

�

G

( x; t ))] ; for f x 2 X j �

G

( x; t ) � 0 g ;

� D

t

�

E

( x; t ) =

8

<

:

H

E

( x; D

x

�

E

( x; t )) ; for f x 2 X j �

E

( x; t ) > 0 g ;

min [0 ; H

E

( x; D

x

�

E

( x; t ))] ; for f x 2 X j �

E

( x; t ) � 0 g ;

(5.3)

where �

G

( x; 0) and �

E

( x; 0) w ere lev el set represen tations of the input sets G and E of

RA( G ; E ) and

H

G

( x; p ) =

8

<

:

0 ; for f x 2 X j �

E

( x; t ) � 0 g ;

max

a 2A

min

b 2B

p

T

f ( x; a; b ) ; otherwise ;

H

E

( x; p ) =

8

<

:

0 ; for f x 2 X j �

G

( x; t ) � 0 g ;

min

a 2A

max

b 2B

p

T

f ( x; a; b ) ; otherwise :

(5.4)

Note that in the ev olution of the a v oid set, pla y er I is trying to driv e the state in to E

and pla y er I I is trying to k eep it out; therefore, the role of the inputs in the maximization

and minimization in H

E

is sw app ed from the role they pla y in H

G

(and in our con tin uous

reac hable set form ulation's Hamiltonian (2.8)). F rom (5.3) and (5.4) w e can see that the

ev olution of �

G

or �

E

is frozen when the state is either in the reac h or in the a v oid set

already . The v alue of the reac h-a v oid op erator in this form ulation is giv en b y

RA( G ; E ) =

n

x 2 X

�

�

�

lim

t !1

�

G

( x; t ) � 0

o

:

While this form ulation ma y w ork to determine the reac h and a v oid sets in theory , its

practical implemen tation is complicated b y the m ultiple case structure of (5.3) and (5.4).

Because the righ t hand side of (5.3) could b e drastically di�eren t for t w o states arbitrarily

close together, the functions �

G

and �

E

could dev elop discon tin uities. In the presence of
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discon tin uities, n umerical lev el set metho ds and, in fact, the basic viscosit y solution theory

of Hamilton-Jacobi equations breaks do wn.

T o a v oid these discon tin uities, a second form ulation w as dev elop ed in [102 ] based on the

HJI PDEs

D

t

�

G

( x; t ) + H

G

( x; D

x

�

G

( x; t )) = 0 ;

D

t

�

E

( x; t ) + H

E

( x; D

x

�

E

( x; t )) = 0 ;

(5.5)

where �

G

( x; 0) is a lev el set function for G , �

E

( x; 0) is a lev el set function for E , and

H

G

( x; p ) = max

a 2A

min

b 2B

p

T

f ( x; a; b ) ;

H

E

( x; p ) = min

a 2A

max

b 2B

p

T

f ( x; a; b ) :

(5.6)

Letting

�

min

G

( x; t ) = min

s 2 [ t; 0]

�

G

( x; s ) ;

�

min

E

( x; t ) = min

s 2 [ t; 0]

�

E

( x; s ) ;

(5.7)

w e put an additional constrain t on the solutions �

G

and �

E

of (5.5)

�

G

( x; t ) � � �

min

E

( x; t ) ;

�

E

( x; t ) � � �

min

G

( x; t ) :

(5.8)

The v alue of the reac h-a v oid op erator is

RA( G ; E ) =

n

x 2 X

�

�

�

lim

t !1

�

min

G

( x; t ) � 0

o

:

W e assumed that the purely con tin uous reac hable set could b e describ ed b y (remem b er that

� = � t )

G ( � ) = f x 2 X j �

min

( x; t ) � 0 g ;
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where

D

t

� ( x; t ) + H ( x; D

x

� ( x; t )) = 0 ;

H ( x; p ) = max

a 2A

min

b 2B

p

T

f ( x; a; b ) ;

�

min

( x; t ) = min

s 2 [ t; 0]

� ( x; s ) :

(5.9)

Under this assumption, it is p ossible to sho w that the t w o form ulations (5.3){(5.4) and (5.5){

(5.8) generate equiv alen t reac h-a v oid sets. Unfortunately , (5.9) fails to correctly compute

the con tin uous bac kw ards reac hable set in some cases with noncon v ex target sets and/or

Hamiltonians.

5.3.2 The Curren t Reac h-Av oid F orm ulation

Our curren t reac h-a v oid implemen tation mak es use of the pro v ably correct HJI form ulation

giv en in section 2.1.3 for the con tin uous bac kw ards reac hable set. The ev olution equation

for the lev el set represen tation of the reac h set �

G

is

D

t

�

G

( x; t ) + min [0 ; H ( x; D

x

�

G

( x; t ))] = 0 ; (5.10)

where the Hamiltonian is

H ( x; p ) = max

a 2A

min

b 2B

p

T

f ( x; a; b ) : (5.11)

The lev el set function for the a v oid set is not ev olv ed

�

E

( x ) , �

E

( x; 0) ; (5.12)

but the ev olution of the reac h set is constrained b y

�

G

( x; t ) � � �

E

( x ) : (5.13)

This form ulation (5.10){(5.13) turns out to b e equiv alen t to a v ariational inequalit y [19 ], and

from that theory w e can sho w that �

G

( x; t ) is b ounded and con tin uous if �

E

( x ) is b ounded

and con tin uous. This form ulation is considerably simpler than the previous t w o, in part
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b ecause there is no attempt to ev olv e the a v oid set. Section 5.3.3 presen ts a simplistic

argumen t that a v oid set ev olution is unnecessary . W e are w orking on a more robust general

pro of that this form ulation implemen ts the reac h-a v oid op erator.

In practical terms, w e construct �

G

( x; 0) and �

E

( x ) using the union, in tersection and com-

plemen t set op erations (2.15) for lev el set functions. W e solv e (5.10) using the lev el set

metho ds describ ed in section 2.2.2. The constrain t (5.13) is enforced at eac h grid no de at

eac h timestep, a pro cess frequen tly called masking the lev el set [125 ].

5.3.3 No Ev olution for the Av oid Set

In this section w e argue that it is unnecessary to ev olv e the a v oid set as part of the reac h-

a v oid calculation; only the initial a v oid set E (0) , E is needed for masking purp oses. The

concern is that if E ( � ) is not propagated, p oin ts in the state space ma y b e sw allo w ed b y

G ( � ) when E ( � ) should ha v e reac hed them �rst and th us made them una v ailable to G ( � ).

W e sho w that if a p oin t is part of E ( � ), then it is either part of E (0) or ma y nev er b e part

of G ( � ). The w eakness in this argumen t is the assumption that there exist unique normals

for the b oundaries of G ( � ) and E ( � ); b ecause these b oundaries need not b e smo oth, unique

normals need not exist. W e are curren tly w orking on a more general pro of.

Start b y assuming that w e propagate b oth E ( � ) and G ( � ). Consider a p oin t x 2 @ G ( � ) \

@ E ( � ) suc h that @ E ( � ) reac hed x at the same time or b efore @ G ( � ). Remem b er that G ( � )

is op en and E ( � ) is closed. Let n

E

and n

G

b e the out w ard p oin ting normals at x to E ( � )

and G ( � ) resp ectiv ely . Since the t w o sets are touc hing at x , n

G

= � n

E

.

W e are concerned that if E ( � ) w ere not computed, then G ( � ) w ould b e able to sw allo w x .

If x =2 E (0) then b y the construction of E ( � )

x 2 E ( � ) = ) 9 a 8 b; n

E

� f ( x; a; b ) � 0 : (5.14)

F urthermore, for some ^x =2 G (0), w e kno w that

^x 2 G ( � ) = ) 8 a 9 b; n

G

� f ( ^ x ; a; b ) < 0 : (5.15)
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What w ould happ en if E ( � ) w ere not computed? Since w e kno w x 2 E ( � ), b y (5.14)

9 a 8 b; n

E

� f ( x; a; b ) � 0 ;

9 a 8 b; ( � n

G

) � f ( x; a; b ) � 0 ;

9 a 8 b; n

G

� f ( x; a; b ) � 0 ;

9 a 8 b; : ( n

G

� f ( x; a; b ) < 0) ;

9 a : ( 9 b; n

G

� f ( x; a; b ) < 0) ;

: ( 8 a 9 b; n

G

� f ( x; a; b ) < 0) ;

whic h b y the con trap ositiv e of (5.15)

: ( 8 a 9 b; n

G

� f ( x; a; b ) < 0) = ) x =2 G ( � ) :

Therefore, x cannot b e sw allo w ed b y G ( � ) ev en if E ( � ) w ere not computed to act as a mask.

F or p oin ts x 2 E ( � ) n @ E ( � ), consider the same pro cedure using E ( �

1

) and G ( �

2

) where times

t

1

� t

2

are c hosen so that x 2 @ G ( �

2

) \ @ E ( �

1

).

Note that for x 2 E (0), none of this analysis applies; consequen tly , E (0) m ust still b e used

as a mask to halt the gro wth of G ( � ). Using suc h a �xed mask is m uc h less of a concern

n umerically , ho w ev er.



Chapter 6

Examples of Hybrid Reac hable

Sets

The �rst section analyzes the safet y regions of some simple collision a v oidance proto cols

for t w o co op erating v ehicles. The primary purp ose of the three mo de scenario is a step

b y step demonstration of the h ybrid reac hable set algorithm and the reac h-a v oid op erator.

The sev en mo de scenario is a little more realistic, and also sho ws ho w the results of a

reac habilit y analysis can b e used to create a discrete abstraction of the h ybrid system. The

second section lo oks at a landing aircraft example in v olving discrete decisions on ho w to set

the 
aps.

6.1 Multimo de Collision Av oidance

F ree 
igh t is a concept under consideration as a w a y of increasing the e�ciency and reducing

the 
igh t path congestion for aircraft cruising at high altitudes [120 ]. A t the presen t time,

pilots are usually instructed b y air tra�c con trol (A TC) to follo w prede�ned \high w a ys in

the sky", and therefore follo w a cro ok ed route to their destination [104 ]. Under free 
igh t,

pilots w ould b e allo w ed to c ho ose their cruising altitude 
igh t paths almost arbitrarily in

order to maximize fuel e�ciency or minimize 
igh t time. Of course, suc h freedom in aircraft

tra jectories w ould mak e it di�cult for A TC to in terv ene and resolv e the p oten tial collision

should t w o 
igh t paths in tersect.

99
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With new tec hnologies allo wing aircraft to determine eac h other's lo cation and sp eed [117 ,

76 , 81 , 57 ], it b ecomes p ossible for the v ehicles in v olv ed to resolv e the con
ict indep enden tly .

Ev en in this situation, ho w ev er, it is necessary to de�ne a clear con
ict resolution pro cedure

in adv ance|giv en the slo w resp onse time of a commercial passenger aircraft, it is imp ortan t

to a v oid the case where b oth v ehicles turn one w a y and main tain the con
ict, realize their

mistak e, then b oth turn the other w a y and main tain the con
ict again, all while approac hing

one another at more than one thousand miles p er hour.

If w e are to de�ne collision a v oidance proto cols, w e m ust iden tify and describ e the situations

under whic h they can b e applied safely; reac hable sets can b e used to p erform b oth tasks.

The examples b elo w in v estigate t w o simple proto cols with the to ols dev elop ed in c hapters 2

and 5. The description of b oth scenarios is tak en from [138 ], and they w ere b oth analyzed

in [137 ]; the three mo de v ersion also app eared in [102 ].

6.1.1 The Mo del

Since w e are again studying a collision a v oidance problem, w e use relativ e co ordinates with

dynamics (3.1) and a circular unsafe set cen tered at the planar origin represen ting a collision.

While the dynamics ma y seem simplistic, the resulting tra jectories are in tuitiv ely easy to

understand. In [58 ], a con troller that can trac k the inertial tra jectories generated b y (3.1)

w as deriv ed for an accurate nonlinear mo del of the lateral 
igh t dynamics of a commercial

passenger jet.

In the scenarios b elo w the t w o v ehicles are co op erating, so w e assume that their con tin uous

b eha vior is kno wn and constan t, and that their mo de switc hes are sync hronized. Remo ving

these assumptions (apart from the deterministic dynamics) w ould increase the complexit y

of the computation and visualization, but w ould not c hange the analysis pro cedure.

The aircraft will alw a ys b e 
ying in one of t w o mo des:

� Straigh t 
igh t: b oth aircraft are 
ying at constan t linear v elo cities and zero angular

v elo cities. The dynamics are

_z =

d

dt

2

6
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r

y

r
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7
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=
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6

6

4

� v

a

+ v
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cos  

r

v

a

sin  

r

0

3

7

7

5

= f

s

( z ) ; (6.1)
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Figure 6.1: Hybrid automaton for the three mo de proto col.

where v

a

and v

b

are �xed (although not necessarily equal).

� Curv ed 
igh t: b oth aircraft are 
ying at constan t linear v elo cities and a constan t,

equal angular v elo cit y . The dynamics are

_z =

d

dt

2

6
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+ ! y
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r

� ! x

r
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3

7

7

5

= f

c

( z ) ; (6.2)

where v

a

, v

b

and ! are �xed.

Note that in b oth mo des the relativ e heading of the aircraft is �xed b y the initial conditions,

since

_

 

r

= 0. Consequen tly , w e can p erform the analyses in t w o dimensions ( x

r

and y

r

)

with �xed  

r

.

The proto cols w e examine consist of a sequence of straigh t and curv ed 
igh t segmen ts, and

therefore the system has no con tin uous inputs. Instead, w e will lo ok at a single discrete

input � whic h initiates the proto col b y causing the �rst mo de switc h. Subsequen t mo de

switc hes are timed, and the t w o aircraft are assumed to switc h mo des sync hronously . Using

a h ybrid reac hable set analysis, w e can iden tify the set of states where no collision will

o ccur, the set of states where the collision a v oidance proto col can safely b e initiated, the

set of states where initiating the proto col will cause a collision, and the set of states where

a collision is inevitable whether that particular proto col is in v ok ed or not.

6.1.2 Three Mo de Scenario

With this simple scenario w e illustrate the h ybrid reac hable set algorithm. The proto col is

outlined in �gure 6.1 and demonstrated in �gure 6.2, where the con tin uous dynamics f

s

( z )



102 CHAPTER 6. EXAMPLES OF HYBRID REA CHABLE SETS

segment 3segment 2segment 1

PSfrag replacemen ts

 

r
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d minim um safe separation distance ( d = 5)

T able 6.1: P arameters for the three mo de proto col.

and f

c

( z ) are giv en b y (6.1) and (6.2) resp ectiv ely . The �rst mo de transition is caused b y

the discrete input � , while the second is timed and o ccurs when the aircraft ha v e completed

a half circle (in this case, at � = � ). Both planes p erform an (unrealistic) instan taneous 90

�

clo c kwise turn at b oth mo de switc hes, sho wn b y the reset relations on top of the transition

arro ws in �gure 6.1. The com bination of resets and mo de q

2

result in the aircraft returning

to their original 
igh t direction in the �nal mo de.

The iterations of the h ybrid reac hable set algorithm are sho wn in �gure 6.3, using the

parameters in table 6.1. The �xe d aircraft is the one lying at the origin of the relativ e

co ordinate system. Reac h sets are sho wn in dark grey and a v oid sets in ligh t grey . The

initial conditions are just the collision set in eac h mo de. Only the analysis of segmen t one

includes an a v oid set, b ecause only q

1

has a out w ard con trolled transition to in tro duce an

a v oid set. That a v oid set is related to the complemen t of the reac h set of q

2

(the subsequen t

mo de for the out w ard transition) in the previous iteration. The out w ard transition for q

2

is timed, so it merely adds to the initial reac h set for this mo de (as demonstrated b y the



6.1. MUL TIMODE COLLISION A V OID ANCE 103

-10 0 10

-10

0

10

in
iti

al

-10 0 10

-10

0

10

-10 0 10

-10

0

10

1 rad/sec angular velocity in segment 2

-10 0 10

-10

0

10

ite
ra

tio
n 

1

-10 0 10

-10

0

10

-10 0 10

-10

0

10

-10 0 10

-10

0

10

ite
ra

tio
n 

2

-10 0 10

-10

0

10

-10 0 10

-10

0

10

-10 0 10

-10

0

10

fix
ed

 p
oi

nt

segment 1
-10 0 10

-10

0

10

segment 3
-10 0 10

-10

0

10

segment 2

Figure 6.3: Iterations of the h ybrid reac hable set analysis for the three mo de proto col (reac h

sets in dark grey , a v oid sets in ligh t grey).

di�erence b et w een the reac h sets for iterations one and t w o of segmen t t w o). Because the

transition out of q

2

is timed, the reac h set sho wn is a pro jection on to the state space plane of

the true three dimensional reac h set (the third dimension is an unmo deled timer). There is

no out w ard transition for q

3

, so the analysis for segmen t three is just a standard con tin uous

reac hable set for the straigh t 
igh t dynamics.

After three iterations, the algorithm reac hes the �xed p oin t sho wn in the �nal ro w of

�gure 6.3. The subplot in the lo w er left corner summarizes the information w e can deduce

from this analysis whether the collision a v oidance proto col should b e in v ok ed. If the curren t

state of the system lies in a dark region of this subplot, a collision will o ccur regardless of

whether the proto col is in v ok ed or not. In the white regions, a collision will o ccur if the

proto col is in v ok ed, but the aircraft can safely con tin ue to 
y straigh t without a collision.

In the ligh t grey regions, the proto col can b e safely in v ok ed.
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Notice the white region on the righ t side of this subplot. In this region in v oking the proto col

will cause a collision, but con tin ued straigh t 
igh t will lead the system up and to the left in to

the ligh t grey notc h. The proto col can no w b e initiated, and m ust b e initiated b efore the

system con tin ues in to the collision set if safet y is to b e main tained. Figure 6.4 demonstrates

that this notc h of safet y can b e enlarged b y increasing the turn radius (reducing ! ) in

segmen t t w o. If it is enlarged su�cien tly , the unsafe region of in�nite exten t (leading do wn

and to the righ t from the collision set) can b e remo v ed.
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Figure 6.6: Example aircraft tra jectories in the sev en mo de proto col.
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T able 6.2: P arameters for the sev en mo de proto col.

6.1.3 Sev en Mo de Scenario

The three mo de proto col featured instan taneous heading c hanges b efore and after segmen t

t w o, in order for the aircraft to return to their original heading at the end of the proto col.

The h ybrid automaton in �gure 6.5 describ es a more realistic proto col in v olving sev en 
igh t

segmen ts, where the con tin uous dynamics f

s

( z ) and f

c

( z ) are giv en b y (6.1) and (6.2)

resp ectiv ely . The proto col's 
igh t path sequence is demonstrated in �gure 6.6, whic h sho ws

that the aircraft return to their original heading at the conclusion of the proto col. There

is no need to mak e instan taneous heading c hanges, b ecause mo des q

2

and q

6

eac h in v olv e a

45

�

clo c kwise turn, whic h is cancelled b y a 90

�

coun ter clo c kwise turn in mo de q

4

.

W e p erform an analysis of the h ybrid reac hable set for this automaton, in the same manner
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Figure 6.7: Reac hable set analysis for the sev en mo de proto col, comparing three di�eren t

parameter c hoices.

as that p erformed in the previous section and using the parameters in table 6.2. Observing

that the set of discrete transitions in �gure 6.5 forms a directed acyclic graph, w e run the

mo de iteration bac kw ards through this graph and ac hiev e con v ergence after one pass.

�

All

transitions in the proto col are timed except the �rst, so the reac h sets of mo des q

2

through

q

7

are straigh tforw ard to calculate, but not particularly enligh tening to visualize.

The real information from the analysis is the reac h and a v oid sets of mo de q

1

, whic h are

sho wn in �gure 6.7 for three di�eren t c hoices of proto col parameters ! and t

s

. The dashed

lines are the b oundary of the unsafe set if the proto col is not in v ok ed. By c ho osing param-

eters wisely , the unsafe set can b e shrunk un til it is only sligh tly larger than the original

collision set.

Figure 6.8 sho ws ho w the information from the h ybrid reac hable set analysis can b e used to

divide the con tin uous state space in to subsets, and then to construct a discrete automaton

on the subsets whic h describ es the qualitativ e b eha vior of the full h ybrid automaton. The

discrete automaton has t w o t yp es of transitions: those that can b e tak en b y in v oking the

discrete input � , and those that will o ccur automatically after some time passes. F or most

states, an appropriate com bination of these transitions will lead to safet y . F or example, if

the system starts in set s

1

, then in v oking � w ould b e dangerous but w aiting will lead to set

s

3

. In set s

3

, w aiting is dangerous but in v oking � will lead to safet y .

�

The same observ ation applies to the three mo de example, but w e ran the mo des forw ard in �gure 6.3

to demonstrate the general iterativ e algorithm.
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Figure 6.8: Abstracting the sev en mo de h ybrid automaton in to a discrete automaton.

6.2 Flap De
ection in a Landing Aircraft

In this section w e again examine a landing aircraft, but this time w e fo cus our atten tion

on the 
ap setting c hoices a v ailable to the pilot. While 
ap extension and retraction are

con tin uous op erations at the lo w est lev el (they are generally actuated b y an electric screw

driv e in the wing), w e c ho ose to mo del their setting as a discrete v ariable for t w o reasons.

First, in mo dern commercial airliners the c hoice of 
ap de
ections giv en to the pilot is

discrete, and is c hosen either b y pressing a button or mo ving a lev er in to one of sev eral

�xed settings; a lo w lev el automatic con troller handles the con tin uous actuation. Second,

the dynamic e�ect of de
ecting 
aps is generally assumed to b e relativ ely minor, so w e

b eliev e that a quasi-static analysis will not adv ersely a�ect our fairly simple mo del. The

results in this section are tak en from [100 ].

W e use the same con tin uous mo del as that describ ed in section 3.3.1, with the parameters

mo di�ed to �t a DC9-30 landing at sea lev el. Instead of (3.7), w e use lift and drag terms

giv en b y (measured in newtons)

L ( �; V ) = 68 : 6( h

�

+ 4 : 2 � ) V

2

;

D ( �; V ) = (2 : 81 + 3 : 09( h

�

+ 4 : 2 � )

2

) V

2

;
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V (m/s) 
 (degrees) z (m)


aps ( � ) h

�

min max min max min

0u 0.2 78 82 -3 0 0

25d 0.8 61 82 -3 0 0

50d 1.2 58 82 -3 0 0

T able 6.3: Lift parameter and safe 
igh t en v elop e b ounds for v arious 
ap settings.

25d

0u

50d 50t

25t

0t

Figure 6.9: Hybrid automaton for the m ultimo de landing aircraft (solid arro ws are con trolled

switc hes, dashed arro ws are timed switc hes).

W e consider three di�eren t 
ap settings denoted b y � : clean wing � = 0u, partially de
ected

� = 25d, and fully de
ected � = 50d. The letter \u" or \d" denotes whether the slats on

the fron t edge of the wing are de
ected or not|slat de
ection increases the maxim um angle

of � p ossible without stalling the aircraft, and so slats will alw a ys b e de
ected in an y high

lift (
ap de
ected) wing con�guration.

The lift parameter h

�

and the safe 
igh t en v elop es for eac h 
ap setting are summarized in

table 6.3. W e are not considering a TOGA maneuv er in this analysis, so the aircraft ma y

nev er clim b ( 
 � 0). Up on touc hdo wn ( z = 0), there is no tail strik e restriction on � , but

_z � � 0 : 9144 m/s is required to a v oid landing gear damage. The con tin uous inputs are

T 2 [0 kN ; 160 kN] ;

� 2 [0

�

; 10

�

] ;

(6.3)

where w e ha v e placed a tigh ter b ound on � for passenger comfort.

The h ybrid automaton that w e study is sho wn in �gure 6.9. Ideally , w e w ould lik e to

mo del just the three 
ap mo des 0u, 25d and 50d, but connecting these mo des together with
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con trollable switc hes leads to a Zeno automaton|the mo del can switc h mo des in�nitely

fast, and hence can main tain safet y b y stopping the progression of con tin uous time in an

in�nitely long switc hing sequence [79 , 78 ]. T o a v oid this b eha vior w e add timed dela y

mo des 0t, 25t and 50t. In the resulting automaton, the pilot can switc h to a new 
ap

setting instan taneously , but cannot switc h out of that setting for some �nite time p erio d.

The results of the h ybrid reac hable set analysis are sho wn in �gure 6.10. Note that w e

include some states z � 0 (b elo w ground) in order to ensure that the en v elop e restriction

at z = 0 is satis�ed. F or these states w e use dynamics _x = 0.

The top ro w of the �gure sho ws the initial en v elop es from table 6.3. The second ro w

sho ws the maximally con trollable subset of the en v elop e for eac h mo de individually , as

determined b y a con tin uous reac hable set computation. The clean wing con�guration 0u

b ecomes completely uncon trollable (the remaining stub in the �gure lies in the dumm y

states b elo w ground), while the remaining mo des are partially con trollable. The subset of

the en v elop e that cannot b e con trolled in these high lift / high drag con�gurations can b e

divided in to t w o comp onen ts. F or lo w sp eeds, the aircraft will tend to stall. F or v alues of z

near zero and lo w 
igh t path angles 
 , the aircraft cannot pull up in time to a v oid landing

gear damage at touc hdo wn.

The third ro w sho ws the results for the h ybrid reac hable set computation. No w b oth mo des

0u and 25d are almost completely con trollable, since they can switc h instan taneously to the

fully de
ected mo de 50d. Ho w ev er, no mo de can con trol the states z near zero and lo w 
 ,

b ecause no mo de can pull up in time to a v oid landing gear damage. The fourth ro w sho ws

a slice through the reac h and a v oid sets for the h ybrid analysis at a �xed heigh t z = 3 m.

In this case, the reac h set is ligh t grey and the a v oid set dark grey (the opp osite of the

con v en tion in this c hapter's previous �gures).

Since it allo ws instan taneous 
ap de
ections and c hanges to con tin uous inputs T and � , this

mo del is not v ery realistic; consequen tly , w e do not adv o cate that these results b e applied to

aircraft autolander design in their curren t form. While w e are in the pro cess of increasing

the �delit y of the mo del [23 ], w e discuss these results here b ecause they demonstrate a

reac hable set analysis pro cedure that w e need not c hange to incorp orate a more realistic

and complex mo del.
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Figure 6.10: Maximally con trollable en v elop es for the m ultimo de landing example.



Chapter 7

Conclusions

W e summarize the results of the previous c hapters, mak e some observ ations regarding them,

and then discuss some p ossible extensions of this researc h.

7.1 What Has Been Accomplished

W e ha v e presen ted an algorithm whic h can n umerically compute the bac kw ards reac hable

set for a t w o pla y er, con tin uous nonlinear di�eren tial game with a general target set. The

algorithm is based on a form ulation of reac habilit y in terms of the viscosit y solution of a

Hamilton-Jacobi-Isaacs PDE, and w e ha v e pro v en that the analytic solution of this equation

is the exact bac kw ards reac hable set. By adopting this t w o input HJI form ulation, w e can

conserv ativ ely handle mo del uncertain ties as w ell as traditional con trol inputs, and w e can

dev elop v ery accurate appro ximations of the b oundary of the reac hable set for systems with

complex dynamics.

Our implemen tation is based on lev el set metho ds, and its accuracy and con v ergence ha v e

b een demonstrated on a three dimensional pursuit-ev asion example. This example also

serv ed to illustrate the use of reac hable sets in syn thesizing con trollers whic h are guar-

an teed to act safely . A second example used a reac hable set analysis to detect p oten tial

inconsistencies in the proto col follo w ed b y a pilot during an autolanding in a commercial

passenger aircraft, in the case where the pilot m ust execute a tak e-o� / go-around.

111
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The primary shortcoming of the HJI form ulation is that its cost scales exp onen tially with the

dimension of the system. W e describ ed ho w the idea of pro jectiv e o v erappro ximations can

�t in to the t w o input HJI form ulation of reac hable sets. Because these pro jections o ccup y

lo w er dimensional subspaces, they are m uc h less costly to compute. The dimensions missing

from a particular subspace are treated as disturbance inputs to the ev olution dynamics for

that pro jection, whic h ensures that the pro jection is an o v erappro ximation of the true

reac hable set. Because the reac hable set is the unsafe set, o v erappro ximations can b e used

to conserv ativ ely v erify safet y .

After presen ting a previously dev elop ed algorithm for computing h ybrid reac hable sets,

w e informally describ ed ho w the con tin uous reac hable set metho d could b e adapted to

compute the reac h-a v oid op erator from the h ybrid algorithm. The result is a constrained

HJI PDE whic h can b e added to a lev el set implemen tation without an y di�cult y . The

h ybrid algorithm w as illustrated with sev eral simple aircraft collision a v oidance proto cols.

The �nal example w as a m ultimo de aircraft autolanding system, where the discrete mo des

represen ted di�eren t wing 
ap settings.

In conclusion, w e ha v e demonstrated that accurate computation of bac kw ards reac hable

sets is p ossible for nonlinear con tin uous and h ybrid systems of lo w dimension. Extension

to higher dimensions will b e c hallenging, but ma y b e p ossible.

7.2 Suggestions for F urther Researc h

As with so m uc h researc h, the act of putting these results to pap er has made clear just ho w

man y directions are a v ailable for further w ork.

A user friendly implemen tation: The presen t implemen tation is still an alpha v ersion;

while the author can in tro duce a new mo del to the system in just a few hours, an yb o dy

else w ould face a signi�can t struggle to do lik ewise. No w that the tec hnical details of

the implemen tation are stabilizing, w e hop e to impro v e its user in terface to the p oin t

that others can p erform reac hable set analyses.
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Guaran teed o v erappro ximation: Because it uses an implicit surface represen tation, the

time dep enden t HJI algorithm presen ted in sections 2.1.3 and 2.2 can determine the

b oundary of the reac hable set m uc h more accurately than the approac hes based on vi-

abilit y theory from section 2.3.1. On the other hand, those approac hes can guaran tee

an o v erappro ximation of the true reac hable set, whic h the time dep enden t HJI form u-

lation cannot. W e are in v estigating whether the t w o approac hes could b e used in a

t w o step pro cess: the viabilit y metho d to dev elop a coarse but guaran teed o v erappro x-

imation and the HJI form ulation to �nd a represen tation of the o v erappro ximation

with subgrid accuracy .

Higher accuracy: While our approac h can resolv e the lo cation of the reac hable set's

b oundary with subgrid accuracy in smo oth regions, an y approac h based on Eule-

rian grids will inevitably fail to resolv e features of the reac hable set in regions where

the b oundary displa ys high curv ature. This b eha vior is a kno wn and serious problem

for other applications of lev el sets, including the mo deling of 
uid in terfaces where

it manifests itself as a failure to conserv e v olume. The particle lev el set metho d [49 ]

com bines tra jectory based and Hamilton-Jacobi approac hes to in terface trac king, and

thereb y do es a m uc h b etter job at conserving v olume. While its curren t form applies

only to purely adv ectiv e 
o ws (no inputs allo w ed), w e are w orking on w a ys to adapt

it to the reac hable set problem to impro v e our accuracy further.

F orw ards reac hable sets: As describ ed in section 2.3, Hamilton-Jacobi and viabilit y

based algorithms are suitable for bac kw ards reac hable sets and tra jectory based ap-

proac hes are appropriate for forw ards reac hable sets. F or the w eakly stable and w eakly

unstable examples studied in this thesis, either t yp e of reac hable set can b e used for

safet y v eri�cation. Ho w ev er, for strongly stable systems|suc h as digital circuits|

the bac kw ards form ulation is strongly unstable and hence n umerical appro ximations

ma y b ecome wildly inaccurate. With these t yp es of systems in mind, w e are lo oking

at what kinds of restrictions on dynamics migh t mak e HJ form ulations of forw ards

reac hable sets p ossible, and ho w the particle lev el set metho d migh t b e applied.

Safe con troller syn thesis: The algorithm outlined in section 3.1.5 is just a protot yp e of

ho w an implicit surface represen tation of the reac hable set migh t b e used to �lter

p oten tially unsafe con trollers so as to guaran tee safet y , and further in v estigation is

planned.
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Minim um time to reac h function: W e ha v e form ulated reac hable set determination as

a time-dep enden t HJI PDE in order to tak e adv an tage of high resolution lev el set

metho ds. Represen ting the reac hable set using the minim um time to reac h function,

whic h is the solution to the static HJI PDE, migh t mak e the syn thesis of safe con-

trollers more stable n umerically . In most cases w e cannot apply lev el set metho ds

to appro ximate the minim um time to reac h function, since they assume a con tin uous

solution. Instead, it ma y b e p ossible to apply the closely related high resolution meth-

o ds for conserv ation la ws (whic h ma y ha v e discon tin uous solutions) to get accurate

appro ximate solutions to the static HJI PDE.

Probabilistic mo dels: T reating noise as the input of pla y er I I is conserv ativ e, but ma y

b e o v erly so. There are close ties b et w een second order Hamilton-Jacobi equations,

sto c hastic di�eren tial equations [107 ], and Mark o v pro cesses [55 ]. W e in tend to explore

ho w these ties could b e exploited to handle reac hable set analysis for probabilistic

mo dels.

Pro jectiv e o v erappro ximation: W e ha v e just b egun to study pro jectiv e tec hniques. As

men tioned in c hapter 4, w e w ould lik e to pro v e or dispro v e Conjecture 9, determine

for what t yp es of dynamics w e can get reasonable o v erappro ximations of the reac hable

set, and �gure out ho w to c ho ose the pro jections wisely .

The h ybrid algorithm: The presen t h ybrid reac hable set algorithm (from section 5.2)

dep ends on the reac h-a v oid op erator ac hieving a �xed p oin t in eac h mo de, and cannot

compute �nite time reac hable sets. With the con tin uous reac hable set algorithm

completed, w e are no w ready to up date the h ybrid algorithm to handle �nite horizon

reac hable sets and to elucidate the connections b et w een b oundary conditions and

forced discrete switc hes (as separate from switc hes that are c hosen b y pla y er I or

pla y er I I).

Application to autonomous v ehicles: Hybrid systems w ould app ear to b e excellen t

mo dels for mobile rob ots. W e b eliev e our analysis tec hniques will pro v e useful not

only for safet y v eri�cation and con trol syn thesis, but also for high lev el b eha vioral

programming in the st yle of [37 ] or [33 ].

Abstraction: Abstraction is a p o w erful to ol for analyzing large, hierarc hically constructed

systems. While it has b een used extensiv ely on discrete systems, only recen tly ha v e the
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concepts b een extended to con tin uous and h ybrid systems [2 , 112 , 113 , 133 ], and then

just for restrictiv e classes of dynamics. The abstraction sho wn in section 6.1.3 w as

constructed in an ad ho c manner, but w e w ould lik e to in v estigate ho w our reac habilit y

tec hniques migh t allo w construction of abstractions for systems with general dynamics,

if only appro ximately .

W e are, of course, v ery in terested in tac kling new systems of all t yp es, and lo ok forw ard to

extending our tec hniques to co v er as wide a v ariet y of examples as p ossible.
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