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Notation for ADP

¥ time:

¥ state: X¢
¥ noiseWt
¥ decision:Ut

¥ probability of transitioning to staty if decisidth is made in s¥ate

¥ policy: 7= {ug, up. ..., un) Pry(U)

¥ cost: g(@wt, ut(xt), wi)
¥ goal: MIN EW[Z Y g(e, ut (), wt)]

¥ state value/cost- tom i (0) = EW[ Vg (e, ue (1), wi)]

t=0
¥ state-action value/cost-toegfunction: y

Q: (X0, U(X0)) = Ew[ ! (x¢, Ue(xt), wy)]

t=0



Where we are now...

{Pg} Knawvn:  {BEg} Unknavn:

Prediction WS I . 1> B

On-Policy: Off-Policy:
Control:

- {Pg} Unknavn methods can bepplied in {R)} Knawvn cases

- Q only needed in P-Unknen/Control scenarios (unless cae@mpute expectation)

- TD: Evaluation of Fed Rolicy (can later ruA’D w/ revised policy)

- SarsaOn-PRolicy but NOT bxed (depends on Q)

- Sarsa v€): When updating QSarsa computeED w/ action fom new state under curent
policy Q maximizes ger next action

- TD(lambda)Sarsa(lambda)(lambda)used to update paseiv states/state-actions



Motivating Functiodpproximation

¥ In mary gplicationsspace of statef J(X) or state-
action pairsdr Qi (X, U(X)) is too large (curse of
dimensionality)

¥ In this casemale use an pproximate value/Q function
parametrized in terms of a (smalle®ator T

¥ J(z,r)! J (z)
¥ Q(x,u(x),r) ! Q' (x,u(x))
¥ Example:

¥ J(z,r) =r' x (gproximate value function is
bilinear in state @presentation x and parameters r)

¥ Approximate valuef(x, r) generated gnivhen
needed



FA for ADP

¥ Two Issues:

¥ (1) Decide general structerof J(z, ') (gproximation
architecture)

¥ (2) Calculate r SO as to minimize some measaf ewror
betweenJ’ (X) anc{T(x 7") (parameter estimation)

¥ This talk will bcus on issue (1hext slide sktches hav to
address (2).



¥ One possible amor function is the (veighted) squad error:

¥ p(xs)[d (Xs) — F(xs, )]
s!'S ~ .
¥ (zs) might beOon-policyO distribution

¥ Problem 1we ma be @ing through data set sequenthall
¥ First-Order Update 6r differentiableJ(Xs, ) :

¥ i+ 1 = rt! !5" r[\]! (Xt)! J~(Xt,rt)]2

=D L[N () b F(Xe, r)]" r F(Xe, 1)
¥ Problem 2we donthae J' (xg) :

¥ Approximate update:

Tt+1 = Tt I %" r[J(ZCt) ' j(ﬂft,?“t)]z
¥ Examples of(x;)
¥ DP: Ewlg(xt, ui (i), wr) + vdes 1(fe (@, ue (@), wi))]

¥ TD0): 9(X¢, U (X¢), We) + 1 Jia 1. (F 1 (Xe, U (Xe), Wy ))
¥ Monte Carlo: G(xt) (average cost ofdllowing policy after x_t)



Biased vdJnblased

¥ Unbiased (Monte Carlo):
¥ can bnd local optiom of MSE
¥ Biasedpn-policy (TD Sarsa):

¥ in some casesan bound distance to MS
and decease to O

¥ Biasedpff-policy (DPQ):
¥ may diverge
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Least Squas

¥ We ar now able to brmulate the MSE jmblem as:

y mn  (Ha)! Har, )3
t
¥ with bilinear modelf(z,, ) := »*z, we can turn this into a standdr

Least Squas pioblem:
¥y = Ay
¥wi=rT
¥ Xt = Xy

¥ Least Squas:
¥ min o (Wi ! y)?

¥ Weightea Least Sques:
¥miny plz)(wze ! yo)?

)



Least Squas
Regession

Least Squas Pt to data



Standad Least Squais Solutior

¥ Re-write in matrix notation:
flz,w,y) = (Xw! y)T (Xw! y) = w XTXw—2w"XTy+yTy

¥ Use brst optimality conditions: wf (X, w,y) =0
0=2X"Xw—2X"y

XITXw=X Ty (Normal equations)
¥ Shaw that this is min using secondder condition:

1 2 (X,w,y)=2XTX " 0
¥ (adding veights is is easy)
¥ Nice theoretical poperties (CLT, consistentCR-i MVUE etc.)

¥ In mary scenarios @ will NOT be using the Normal equatiol



Stochastic Gradient Desce

¥ We ma be accessing the paifs:,y:) sequentiak may hae
an immense/inPnite amount of dadadynamics machange wer
time

¥ In these casesye ma want to build A as ve :

¥ Stochastic Gradient Update:

w=w! 1" F(X:HW,Ye)

¥ For convergenceneed SA conditions:
E I!

=1 12«
=1 =1
¥ in practice alpha chosenybheuristicall (one methodtest an

alpha out ér a while and see h@ well it works)

¥ steepest descentut diferent behaiour from on-line update



Basis Functions

¥ What if relation (X + !)RY is non-linear?

¥ Model non-linear eéfcts in a linear model using
change of basis (Obasis functionsO)

¥ Exampleinstead ofzt use [1

il

¥ still linear in w and nothing changes in solvimo

¥ Basicall the same as hing a diff
representation ér the state

¥ Some common basis functiops:

rent

ynomialsradial

basis functionsplinesyavelets,etc.



Basis Functions

Least Squa&s on original basis Least Squas on expanded basis
Tt 1 2 2f]"



Regularization

¥ If we use a sufPciegtexpressie basisywe can @aproximate ary function

¥ If we have a basis that is too expsesie (relative to amount of data)yve
can Pt not on} the desied function but noise in @cess

¥ Regularizatiorassign a penalty functiBigw)  to each w:
min F (X,w,Yy) + R(w)
W

¥ Example of Regularizatiqggenalizes wights ly squaed Euclidean
distance fom O: rw):= 1 w2

(2

=1
¥ forces minimization to bnd balance beem gowing weights and btting
data

¥ various strategies to choose lambda (independent data sardpbpses
of freedom, ! F vs. | R ,etc.)



Regularizaiton

Original Basis Degree 2 Degree 4 (corect)

Degree 8 Degree 8 (regularized)



ProbabilistidView

¥ Add a constant > to all terms and anditonal constant Z:

202
Z —l_ZZ'_Z(W Xt —Yt)
¥ Take negation and exponetntiate'

—Hea;p( (w ! w)?)

¥ Least Squas w corresponds to max |&ihood of model:

P(y|X,w) =  N(glw'zi,0°)
¥ With regularizercorresponds totMAP estimate:
P(YIX,w) =Py, XIW)P(W) = [N(ye[w'xe,! )] [N (w]0,"?)]
¥ DualView: t !

¥ min (Loss Function) + Regularizer
¥ max (Lilelihood)(Prior)

¥ (exists thid vien based on maxiomm entropy)



Other Losses/Reqgularize

¥ The combination of a Least Sqgeareror and Tikhonov
regularization is not the onlpossiblity

¥ Can mix and match various lossgularizer/lielihood-prior
combinations:

. ; .
¥ | 1(sparserobust to outliers): WXt Yy |wi

t i
¥L! (worse-case): max w'xe ! v max |w;|
¥ StudenfT (robust to outliers): * tiouTwx.t vt~ ~log(T(ws,!)

¥ Min/Max Entopy methodsetc.



Discrete Output

¥ Suppose target is binary: ! {0,1}

¥ Ratherthan hang ¥ ! (" ," ) we can
use a sigmoid function t@ifce output to be

In range(o, 1) — 18
¥ Logistic function is one exampl . % ‘‘‘‘‘
1
p(Y: = 1[X¢, W)

"1 + exp(! wi'xy)

p(y: = 0[X¢, W) =1 —p(ye = 1|x;, W)
¥ Logistic Regrssionmaxinum likelihood w
or MAP w with a egularizer on w
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Learning the Basis

¥ We have assumed that output can be
modeled as linear combination of basis

¥ What if it cant®? What if we dontknow the
right basis®hat if we do knaw the right
basis but & can@ompute/stoe it?

¥ Basic Idea behind Neural Nebrks:
¥Try to estimate a god basis!

¥ Do this by composing linear models



Composing Linear Model

¥ Composing 1 function:

f(g(xv 7ag)a Tf)

¥ f,g ae both parameterized linear modelghere g has output
In a bxed range (such as a sigmoid function)

¥ Example:
¥ (X, W) 1= w X
1
¥ aws) = s
¥ (9(x, Wg), wr ) 1= w (
¥ Graphical:

) Wy () W,

¥ Weights[wy wr ] optimized joing

1
1+ exp(! w{x)

)




Neural Networks

¥ In some sens®HO congsses what the linear model g kms
about the function into a scalaedture

¥ In Neural Networks,we seek to jointy learn nultiple h values,
that might 6rm a better basisdr representing our function thar
the original basis:

flg1(z, wg, ), g2(x, wg, ), .., gn (2, wg, ), wr )
¥ bintly optimize Wy wy,
¥ Eary work motivated ly ideas fom neunscience
¥ Also knavn asOmnilti-layer perceptronO (peeptron:linear model)
¥ Specibc instance of a model knoin Stats as @mixtu modelO

¥ If g,f both gie probabilistic outputthen orms a (Sigmoid)Belie
NetworkO



Neural Networks




Neural Networks

¥ Optimize parameters joinglusing SG[as bebre
¥ Optimization is nav non-convex (and h unidentibable)
¥ Computing composition calle@frward-propagation®

¥ Using chain rule to compute gradient calledack-
propagationO

¥ Applying a egularizer to veights calle@®wight decgd
¥ Alternative form of regularizationearly stopping

¥ Can mak multiple lgiers of composition (often difbcult
to get working,with some exceptions I&Ocovolutional
neural netvorksO)



Neural Networks




RecentWork

¥ ODeep Belief NetwksO

¥ use undiected models and stochastic
approximations to build one ler of
hidden units at a timdraining each \ger
to generate outputs pvduced ly previous

layer
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Kernel Methods

¥ Basic Idea:
¥ Use a large basis andgularize
¥ KernelOtrickO

¥ Lets us use a large set of basis functions withe
storing them

¥If we can debne ampgaropriate similarity metric
we ma not even need to knav the basis

¥ Nice theory behind SVMsl donGhave time to ¢
over this (previous talk1.5 hours) and will just gav
an overview of a Suppadr\Vector regression model



Suppot Vector
Regession

q
3.5

¥ | east Squas Loss:

WX ! )2
¥Least6\btsolute Deviation LosS:
WX =y
¥SVR@ep§s- nsensél Loss:
D OIwTx oyt
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Suppot Vector
Regession
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Suppot Vector Regession

¥ We will consider the eps-Insenskgiloss with
the Quadratic Regularizer
[[w' xe —ye| =17 ]+ 5 Wi
t i
¥Optimal parameters can betind by solving a
Quadratic Pogram with tlhp same miniom
' 2

mm [Zt -+ Zt] —+ — - Wi
w,b,z, , 2

s.t.lvzz" 0, " O
Lz " WX # Y # LB >y —w a — e
¥ OSuppovectorsO arpoints whee either of the
slacks z Is non-zerall other points ae within
the Oeps-tubeO and@mod enoughO



Dual Poblem

¥ After introducing Lagrangeutiipliers and
some algebraye obtain the éllowing dual
minimization:

. E Y + € E lag | + 5 Z Z Qi Qiyr Ty Ty
t | t t v

1
t. = 0.V:= < < =
S tOét 7'[)\_04’[_)\

¥ Predictions made using:f (xs) = X Xs

t
¥ Note: Only inner poduct between tatures
IS relevant



Kernel-DebPned Basis

¥ KernelC)trick@apIaceXl Xt with krnel functionK(Xs, Xt)
¥ Example:
(x"2)? = x9z7 + X325 + 2X1Z1X22Z5

http://www.youtube com/watch?v=3liCbRZPrZA

¥ Kernel Functions:
¥ polynomial lernel: (x"z + 1)d
¥ rbf kernel: exp(—! ||x — zHZ)

¥ more generall:some similarity metric beteen \ectors/graghs/
text/images/etc

¥ RestrictionOGram Matrix®@(X " X ) 1 0

¥ Related to Coariance functions in GMRFs/Krigiagd optimization
In Repoducing kernel Hilbelt Spaces



GeneralAdvantages o
SV Methods

¥ convexity

¥ regularization

¥ sparsity

¥ kernels

¥ efbcient and large-scale training

¥ computational learning thegr
(none of these Is unigue to SV methods)



RecentWork

¥ Learning the &rnel:
¥ Linear combination ofdrnels

¥ Semi-debnite mgramming
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Advanced Rybabilistic Method

¥ Hierarchical Bgesian:

¥ eg.Gaussian icessregularized &rnel linear egressionwhere we integrate
over w and optimize parameters otknel based on marginaldkhood (or
goproximate integral ger kernel parameters)

¥ Non-Parametric Bgesian:

¥ eg.Dirichlet Process on mixtue coefbcients in mixtarmodel: integrates eer
all possible values of theimber of mixtue components

¥ Structured Output:

¥ eg.Conditional Random Fielthodels nultiple targets yincluding individual
costs and costs based on joint conbguratiaosditioned on a set ofefatures

¥ Sequential Monte Carlo:

¥ eg.Paticle Filter model-free blteringdr (non-linear) dynamic systems



