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Abstract

Ant Systemthefirst Ant Colory Optimizationalgorithm,shovedto be aviable method
for attackinghardcombinatorialoptimizationproblems.Yet, its performanceywhencom-
paredto more fine-tunedalgorithms,was rather poor for large instancesof traditional
benchmarlproblemdik e the Traveling SalesmarProblem.To shav thatAnt Colory Opti-
mizationalgorithmscould be goodalternatvesto existing algorithmsfor hardcombinato-
rial optimizationproblemsrecentresearchn this areshasmainly focusedon the develop-
mentof algorithmicvariantswhich achieve betterperformancahanAS.

In this article,we presentM AX-MZN Ant System,an Ant Colory Optimizational-
gorithmderived from Ant System MAX-MZN Ant Systemdiffersfrom Ant Systemin
several importantaspectsyhoseusefulnessve demonstratdy meansof an experimen-
tal study Additionally, we relateoneof the characteristicspecificto MMAS — that of
using a greediersearchthan Ant System— to resultsfrom the searchspaceanalysisof
the combinatorialoptimizationproblemsattacledin this paper Our computationatesult-
s on the Traveling SalesmarProblemandthe QuadraticAssignmentProblemshawv that
MAX-MIN Ant Systemis currentlyamongthe bestperformingalgorithmsfor these
problems.

1 Intr oduction

Ant Colory Optimization(ACO)[13,8,14,11]s arecentlydeveloped population-
basedapproachwhich hasbeensuccessfullyappliedto several AP-hardcombina-
torial optimizationproblemd5,7,12,19,20,29,35,4%%e€[10,11]for anoverview).
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As thenamesuggestsACO hasbeeninspiredby the behaior of realantcolonies,
in particular by their foragingbehaior. Oneof its mainideasis the indirectcom-
municationamongthe individuals of a colory of agents,called (artificial) ants
basedon ananalogywith trails of a chemicalsubstancegalledpheromonewhich
realantsusefor communicationThe (artificial) pheromonerails area kind of dis-
tributednumericinformation (calledstigmepic informationin [9]) which is mod-
ified by the antsto reflecttheir experienceaccumulatedvhile solving a particular
problem.Recently the Ant Colony Optimization(ACO) meta-heuristidhasbeen
proposedo provide a unifying framewnork for mostapplicationsof antalgorithm-
s [11,10] to combinatorialoptimizationproblems.Algorithms which actually are
instantiationsof the ACO metaheuristiavill be called ACO algorithmsin the fol-
lowing.

Thefirst ACO algorithm,called Ant System(AS) [13,8,14],wasappliedto the
Traveling SalesmarProblem(TSP). It gave encouragingesults,yet its perfor
mancewasnot competitve with state-of-the-aralgorithmsfor the TSP Therefore,
oneimportantfocusof researcton ACO algorithmshasbeenthe introductionof
algorithmicimprovementgo achieze a muchbetterperformanceTypically, these
improvedalgorithmshave beentestedagainonthe TSP[12,47,6].While they dif-
fer mainly in specificaspectf the searchcontrol, all theseACO algorithmsare
basedn a strongerexploitation of the searchhistoryto directtheants’searchpro-
cess.Recentresearchon the searchspacecharacteristicof somecombinatorial
optimizationproblemshasshowvn thatfor mary problemsthereexistsacorrelation
betweerthe solutionquality andthe distancefrom very goodor optimal solution-
s [4,3,24,34].Hence,it seemseasonabléo assumehat the concentratiorof the
searcharoundthe bestsolutionsfound during the searchs the key aspecthatled
to theimprovedperformanceshovn by the modifiedACO algorithms.

The MAX-MIN Ant System(MMAS) algorithmdiscussedn this article
achiezesa strongexploitation of the searchhistory by allowing only the bestso-
lutions to add pheromoneduring the pheromonetrail update.Also, the useof a
rathersimple mechanisnfor limiting the strengthof the pheromonerails effec-
tively avoids prematurecorvergenceof the search.Finally, MMAS can easily
be extendedby addinglocal searchalgorithms.In fact, the bestperformingACO
algorithmsfor mary differentcombinatoriabptimizationproblemsmprovetheso-
lutions generatedy the antswith local searchalgorithms[12,19,47,45,5]As our
empiricalresultsshaov, MMAS is currentlyone of the the bestperformingACO
algorithmsfor the TSPandthe QuadraticAssignmenfroblem(QAP).

Theremainderof this paperis structuredasfollows. In Section2, we introduce
ACO algorithmsand discusstheir applicationto the TSR using Ant Systemas
a startingpoint. Next, we review someresultsfrom the searchspaceanalysisof
the TSP which shawv that solution quality and distancefrom a global optimum
aretightly correlatedandwe give new resultsfor a similar analysisof the QAP
searchspaceln Section4 we give detailson the modificationsof AS leadingto
MMAS and presentan experimentalinvestigationshaving the effectivenessof
thesemodifications.Section5 givesresultsof our extensive experimentalanalysis
of MMAS with additionallocal searchfor the TSR In Section6 we show that



MMAS is one of the bestavailable algorithmsfor the QAP. In the concluding
Section7 we briefly summarizeour mainresultsandpoint out directionsfor further
research.

2 Ant colony optimization
2.1 ACOalgorithms

ACO algorithmsmake useof simple agentscalled ants which iteratively con-
structcandidatesolutionto a combinatorialoptimizationproblem.The ants’ solu-
tion constructionis guidedby (artificial) pheromondrails andproblem-dependent
heuristicinformation.In principle, ACO algorithmscanbeappliedto any combina-
torial optimizationproblemby definingsolutioncomponentsvhich the antsuseto
iteratively constructtandidatesolutionsandonwhichthey maydeposifpheromone
(see€[10,11]for moredetails).An individual ant constructandidatesolutionsby
startingwith an empty solution and theniteratively addingsolution components
until a completecandidatesolutionis generatedWe will call eachpoint at which
ananthasto decidewhich solutioncomponento addto its currentpartial solution
a choice point. After the solution constructionis completed the antsgive feed-
backon the solutionsthey have constructedy depositingpheromoneon solution
componentsvhichthey have usedin their solution.Typically, solutioncomponents
which are part of bettersolutionsor are usedby mary antswill receve a higher
amountof pheromoneand, hencewill morelikely be usedby the antsin future
iterationsof the algorithm.To avoid the searchgetting stuck, typically beforethe
pheromonérails getreinforced all pheromonerails aredecreasetly afactorp.

Theants’solutionsarenotguaranteetb beoptimalwith respecto localchanges
andhencemay befurtherimprovedusinglocal searchmethodsBasedon this ob-
senation, the bestperforming ACO algorithmsfor mary N P-hard static combi-
natorial problemg arein facthybrid algorithmscombiningprobabilisticsolution
constructiorby a colory of antswith local searchalgorithms[12,19,30,45,47,48].
In suchhybrid algorithms the antscanbe seenasguidingthelocal searchby con-
structingpromisinginitial solutions,becausentspreferablyusesolutioncompo-
nentswhich, earlierin the search,have beencontainedin good locally optimal
solutions.

In generalall ACOalgorithmsfor staticcombinatoriaproblemgollow aspecif-
ic algorithmicschemeutlinedin Figurel. After theinitializationof thepheromone
trails and someparametersa main loop is repeateduntil a terminationcondition
— which may be a certainnumberof solutionconstructionr a given CPU-time
limit — is met. In the mainloop, first, the antsconstructfeasiblesolutions,then
thegeneratedolutionsarepossiblyimprovedby applyinglocal searchandfinally

2 Staticcombinatorialproblemsarethosein which all relevantproblemdataareavailable
beforethe startof thealgorithmanddo not changeduringthealgorithms run. An example
for thelattercases the network routing problemin communicatiometworks.



the pheromonérails are updatedlt shouldbe notedthatthe ACO meta-heuristic
[10,11]is moregenerathanthe algorithmicschemegivenhere?

procedure ACO algorithmfor staticcombinatorialproblems
Setparameterdpitialize pheromonérails
while (terminationconditionnot met)do
ConstructSolutions
ApplyLocalSearch % optional
UpdateTrails
end
end

Fig. 1. Algorithmic skeletonfor ACO algorithmsappliedto staticcombinatorialprob-
lems.

2.2 Combinatorialoptimizationproblems

Traditionally, almostall ACOalgorithmshave beentestecbntheTSP[13,14,12,47,6].

In thisarticlewe focusonthe TSPandthe QAP asapplicationdomaindor MMAS.

2.2.1 TheTravelingSalesmarrroblem

The TSP canbe representedby a completegraphG = (N, A) with N being
the setof nodes,also called cities, and A beingthe setof arcsfully connecting
the nodes.Eacharc (i, j) € A is assigneda value d;; which representshe dis-
tancebetweencities 7 and j. The TSP thenis the problemof finding a shortest
closedtour visiting eachof the n = |N| nodesof G exactly once. For sym-
metric TSPs,the distancesbetweenthe cities are independenbf the direction
of traversingthe arcs, thatis, d;; = d;; for every pair of nodes.In the asym-
metric TSP (ATSP) at leastfor one pair of nodesi, ; we have d;; # dj;. All
the TSP instanceausedin the empirical studiespresentedn this article are tak-
enfrom the TSPLIB benchmarkibrary accessiblat http://www.iwr.uni-
heidelberg.de/iwr/comopt/soft/ TSPLIB95/ TSPLIB.ht ml. These
instanceave beenusedin mary otherstudiesandpartly stemfrom practicalap-
plicationsof the TSP

2.2.2 TheQuadmatic AssignmenProblem

The QAP is the problemof assigninga setof facilitiesto a setof locationswith
givendistancedetweenthe locationsand given flows betweerthe facilities. The
goalis to placethefacilitiesonlocationsin suchaway thatthe sumof the products
betweenflows and distancess minimal. Given n facilities andn locations,two
n x n matricesA = [a;;] andB = [b,,], whereq;; is thedistancebetweeriocations

3 For example, the algorithmic schemeof Figure 1 doesnot capturethe applicationof
ACO algorithmsto network routing problemg(for anexamplesee[7]).



i andj andb,, is the flow betweenfacilities r and s, the QAP is the problemto
minimize

F(8) =222 bijagae) (1)

i=1j=1

whereg is anarbitrarypermutatiorof thesetof integers{1, ..., n} (corresponding
to anassignmenof facilitiesto locations),and¢(:) givesthelocationof facility i
in ¢. Intuitively, b;jas;)4(;) representshe costcontrikution of simultaneouslyas-
signingfacility i to location¢(i) andfacility j to locationa(j).

The QAP is an N"P-hardoptimizationproblem[41] andit is consideredne of
the hardesbptimizationproblems.To date,instance®f sizen > 20 cangenerally
not be solved to optimality and one hasto apply heuristicalgorithmswhich find
very high quality solutionsin a reltively short computationtime. The instances
on which we will test MMAS are taken from the QAPLIB benchmarKibrary
(accessiblat http://servl.imm.dtu.dk/"sk/q apli b/).

2.3 ApplyingAnt Systento the TSP

Whenapplying Ant System(AS) to the TSR arcsare usedas solutioncompo-
nents.A pheromonérail 7;;(t), wheret is theiterationcounter is associateavith
eacharc (i, j); thesepheromonerails aremodifiedduring the run of the algorith-
m throughpheromondrail evaporationandpheromonerail reinforcemenby the
ants.When appliedto symmetricTSP instancespheromondrails are also sym-
metric(r;;(t) = 7;:(¢)) while in applicationgo asymmetricT SPS(ATSPs)possibly
Tij(t) # Tii(t)-

2.3.1 Tour Construction

Initially, m antsareplacedonm randomlychosercities. Then,in eachconstruc-
tion step,eachantmoves,basedon a probabilisticdecision to a city it hasnot yet
visited. This probabilisticchoiceis biasedby the pheromonerail 7;;(t) andby a
locally availableheuristicinformationn;;. Thelatteris afunctionof thearclength;
AS andall other ACO algorithmsfor the TSPusen;; = 1/d,;. Ants prefercities
which are closeandconnectedy arcswith a high pheromonerail andin AS an
antk currentlylocatedat city : choosedo goto city j with a probability:

k _ [Tij (t)]a ) [Uij]ﬁ P k
Di; (t) = EleNi’“ [ra @] - [72]? if j € N, 2

wherea and g aretwo parametersvhich determinethe relative importanceof the
pheromongérail andthe heuristicinformation,and V¥ is thefeasibleneighborhood
of antk, thatis, thesetof citieswhichantk hasnotvisitedyet. Eachantk storeghe
citiesvisitedin its currentpartialtourin alist, thatis, eachanthasalimited memory
which is usedto determineN} in eachconstructionstepand thusto guarantee
thatonly valid HamiltoniancyclesaregeneratedAdditionally, it allows the antto



retraceits tour, onceit is completedsothatit candepositpheromonenthearcsit
contains.

2.3.2 PheiomoneUpdate

After all antshave completedthe tour constructionthe pheromonetrails are
updated.This is donefirst by lowering the pheromonerails by a constantfactor
(evaporationjandthenby allowing the antsto depositpheromonen the arcsthey
have visited.In particulay theupdatefollows thisrule:

rilt 1) = - my(t) + 3 ATh(D) @
k=1

wherethe parametep (with 0 < p < 1) is thetrail persistencéthus,1 — p models
the evaporation)andATi’;. (t) is theamountof pheromoneant k£ putson the arcsit
hasusedin its tour. The evaporationmechanisnhelpsto avoid unlimited accumu-
lation of thepheromonaerails. While anarcis notchoserby theants,its associated
pheromonerail decreasesexponentially;this enableghealgorithmto “forget” bad
choicesovertime. In AS, A7) (t) is definedasfollows:

1/LE(¢) if arc(i, ) is usedby antk in iterationt
ATi,;' (t) = (4)
0 otherwise

whereL*(t) is thetourlengthof the kth ant.By Equatiord, thebettertheant'stour
is, the more pheromonas receved by the arcsbelongingto this tour. In general,
arcswhich are usedby mary antsandwhich are containedin shortertours will
receve more pheromoneandthereforewill morelikely be chosenin future itera-
tions of thealgorithm.In this sensehe amountof pheromoner;;(¢) representshe
learneddesirabilityof choosingthe city j to moveto whenanantis in city i.

2.4 ApplyingAnt Systentio the QAP

The AS applicationto the TSPcanbe extendedto the QAP in a straightforward
way. The main differenceis in the definition of the solution componentsvhich
for the QAP are given by the assignment®f facilities to locations.Hence,the
pheromonérails 7;;(t) in the QAP applicationcorrespondo the desirability of
assigningafacility 7 to alocationj.

For thesolutionconstructionjt canbecorvenientto usea preorderingpf thefa-
cilities (or, equialently, thelocations)andassignfacilitiesin the givenorder The
decisionpointsarerelatedto the assignmentsat eachdecisionpoint an ant prob-
abilistically decideson which locationthe next facility shouldbe put. In AS for
the QAP, thesedecisionsare doneaccordingto Equation2 usinga QAP-specific
heuristicinformation[30]. In this casethefeasibleneighborhoodV} of antk com-
prisesthoselocationswhicharestill free. Thesingleconstructiorstepsarerepeated
until a completeassignmentis obtained.The pheromoneupdateis doneasin the
TSPapplication.



2.5 Improvement®ver Ant System

AS hasbeencomparedwith othergeneralpurposeheuristicson somerelative-
ly small TSPinstancesvith up to 75 cities. Someinitial resultswereencouraging
and have shavn the viability of the approachjfor example,AS could be shavn
to achieve bettertour qualitiesthanothernature-inspiredlgorithms,suchasSim-
ulatedAnnealingor GeneticAlgorithms [14]. However, for larger TSPinstances
AS givesa very poor solutionquality comparedo state-of-the-aralgorithms.A
firstimprovementover AS, calledtheelitist strategy for Ant System(AS,) [8,14],
gives a strongadditionalreinforcemento the solution componentelongingto
the bestsolutionfound sincethe startof the algorithm;this solutionis denotedas
s9° (global-bestsolution)in the following. This is realizedby addinga quantity
e/ f(s%°), wheree is thenumberof elitist antsand f (s%°) is the solutioncostof s°,
to thearcsusedin s9 aftereachiteration.Somelimited resultspresentedn [8,14]
suggesthatthe useof theelitist stratgy with anappropriatenumberof elitist ants
allows AS to find bettertoursandto find themearlierin the run. Yet, if too mary
elitist antsareusedthesearcttoncentratesarlyaroundsuboptimakolutiondead-
ing to a prematurestagnatiorof the search Searchstagnatioris definedin [14] as
the situationwhereall antsfollow the samepathand constructthe samesolution
overandover again,suchthatbettersolutionscannotbe foundanymore.

Otherimprovementsover AS include Ant Colory System(ACS) [18,12] and
therank-basedersionof Ant System(AS;an) [5]. INn ACSand MMAS, the best
solutionsfoundduringthe searchareexploited by allowing only oneantto update
thetrails aftereachiteration,while in AS; .« a fixed numberof antsof the current
iteration— the betterthe antsareranked in the currentiteration,the more weight
they aregivenfor the trail update— andthe global-bestant areallowedto update
the pheromonerails.

3 Search spacecharacteristics

All improved ACO algorithmshave oneimportantfeaturein common:they ex-
ploit the bestsolutionsfound during the searchmuchmorethanwhatis doneby
Ant SystemAlso, they uselocal searcho improve the solutionsconstructedby the
ants.The factthatadditionalexploitation of the bestfound solutionsprovidesthe
key for animproved performanceis certainlyrelatedto the shapeof the searchs-
paceof mary combinatoriabptimizationproblemsin this sectionwe reportsome
resultson the topology of searchspaceof TSP and QAP instancesvhich partly
explain the obsered performancelifferencesand motivatesimportantaspectof
thealgorithmicdesignof MMAS.

3.1 Analysisof FitnessLandscapes

Centralto the searchspaceanalysisof combinatorialoptimizationproblemsis
the notion of fitnesslandscape[42,53]. Intuitively, the fithesslandscapecan be



imaginedas a mountainougegion with hills, craters,andvalleys. A local search
algorithmcanbe picturedasa wandereithat performsa biasedwalk in this land-
scapeln a minimizationproblemsuchasthe TSP or the QAPR, the goalis to find
the lowestpointin this landscapeThe effectivenesof a given searchstratey for
thewanderestronglydepend®n theruggednessf thelandscapethedistribution
of the valleys andcratersin the landscapeandthe overall numberof valleys and
cratersFormally, thefitnesslandscapés definedby

(1) thesetof all possiblesolutionss;

(2) anobjectivefunctionthatassignsafitnessvalue f(s) to every s € S;

(3) aneighborhoodtructureN' C S x S.
Thefitnesslandscapealetermineshe shapeof the searchspaceasencounteredy
alocal searchalgorithm.The neighborhoodstructureinducesa distancemetricon
the setof solutions;the distanced(s, s') betweentwo solutionss and s’ canbe
definedasthe minimumnumberof movesthathave to be performedo transforms
into s'.

Thedistribution of local minimaandtheir relative locationwith respecto global
optimais animportantcriterion for the effectivenessof adaptve multi-startalgo-
rithmslike ACO algorithms.For analyzingthis aspecbf the fithesslandscapethe
correlationbetweersolutionfitnessandthe distanceto optimal solutionshasbeen
studied[3,24,34]; in the literature on geneticalgorithmsthis correlationis also
calledthefitness-distanceorrelation(FDC) [24]. This correlationcanbe captured
by the correlationcoeficient, whichis definedas:

o(F, D) = Cov(F, D) 5)

N \/Var(F) : \/Var(D)

whereCov(F, D) isthecovariancebetweertherandomvariablesF andD which
probabilisticallydescribethe fithessand the distanceof local optimato a global
optimum,while Var denoteghe variance.This correlationcoeficient canbe em-
pirically estimatedoy substitutingthe covarianceand the variancevaluesby the
respectre empiricallymeasure@nes.The FDC analysishasshowvn to bevery use-
ful in the contet of studyingthe effectivenessof adaptve algorithmsand their
design[3,4,34]. Note that for minimization problems,a high, positive correlation
betweerthe solutioncostandthedistanceo the globaloptimumindicatesthatthe
smallerthe solution cost, the closerare the solutions— on average— to a global
optimum.Hence,if a problemshawvs a high FDC, algorithmscombiningadaptve
solutiongeneratiorandlocal searchmay be expectedto performwell. For ACO
algorithms thisis the casebecausé¢he mostimportantguidancemechanisnof A-
CO algorithmsis the solution quality of the solutionsconstructedoy the ants—
thebettera solution,themoreits solutioncomponentsvill bereinforced.Yet,if no
suchcorrelationexists or, evenworse,if costanddistanceare negatively correlat-
ed, thefitnessgivesonly little or no guidancetowardsbettersolutionsandon such
problemsACO algorithmmay performpoorly.
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Fig. 2. Fitness-distancelots for symmetricTSPinstancesEachof the plotsis basedon
2500local optima.Theplotsarefor theinstancesat783 (left) andfl1577 (right). The
z-axisgivesthedistanceo theclosesglobaloptimum they-axisrepresentthepercentage
deviation from the minimal tour length.

3.2 FDC Analysisfor the TSP

ThesymmetricT SPis oneof themostwidely studiedproblemsn termsof search
spaceanalysig25,37,3,4].A gooddistancemeasuréetweenwo tourss ands’ is
given by the numberof differentarcs,thatis, d(s,s’) = n — |{(¢,5) : (4,)) €
s A (i,7) € §'} (wheren is thenumberof cities). A first studyof the correlation
betweerthe solutionquality andthe distanceto the globaloptimumhasbeendone
in [3]. Additionally, plotsof thesolutioncostversughedistanceo theclosesglob-
al optimumhave shavn to be a very illustrative tool for the graphicalpresentation
of the cost-distanceelationship[3,24,34].Here,we exemplify resultsonthe FDC
analysisusingsomeinstancesvhich arelargerthanpreviously studiedones.

For our investigationwe usea 3-opt local searchalgorithm [27]. This local
searchalgorithmproceeddy systematicallytestingwhetherthe currenttour can
beimprovedby replacingat mostthreearcs.Straightforvard 3-opt  implementa-
tionsrequireO(n?) exchangeso be examined Sincethisis too time-consumingn
practice we usea numberof standardgpeed-upechnique$l,32,23]whichachiere
a sub-quadraticafjrowth of the local searchtime with instancesize.In particular
we restrictthe setof examinedmovesto a candidatdist of afixednumberof near
estneighborshere,asa default we setthis numberto 40. Additionally, we applya
fixedradiusnearesheighborsearch1,23].

For someinstancesseveral globally optimal solutionexist. To partially address
this issue,for eachof theseproblemswe generatech numberof globally optimal
solutions,then eliminateddoublesandin our FDC analysiswe usethe distance
to the closestof theseglobal optima. (Note that the numberin the instancename
givesthenumberof cities.)Figure2 givesplotsof thepercentag€éeviationfromthe
optimumversughedistanceo the closesiglobaloptimum.All plotsshaov astrong
positive correlationbetweersolutioncostandthedistancerom the closesiptimal
solution— betterlocal minima tendto be closerto the global optimum. Some
summaryesultsfor theFDC analysisaregivenin Tablel, in particulartheaverage



Tablel

Resultsof the FDC analysison symmetric TSP instanceshasedon 2500 3-opt  local
optima.We reportthe instancename the averagepercentageleviation from the optimum
(Average(%0)), thenumberof optimalsolutionswhich areusedin the FDC analysiS(Nopt),
the averagedistancebetweenlocal optima (avgy_;s), the ratio betweenavg,_ ;s andthe
instancesize n, the averagedistanceto the closestglobal optimum (avgy—op¢), the ratio
avgq—opt/n andthefitness-distanceorrelationcoeficient (o).

instance Average(%)  Nopt  GUgq—is  aUG4—1s/M  GVGd—opt  AVGd—opt/T  Pls

lin318.tsp 3.56 1 75.83 0.228 67.25 0.211 0.469
rat783.tsp 4.85 119 249.32 0.318 204.24 0.261 0.624
pcb1173.tsp 5.91 7 328.93 0.280 274.34 0.234 0.585
d1291.tsp 6.96 27 206.27 0.160 159.19 0.123 0.631
fl1577.tsp 8.16 27 330.75 0.210 267.25 0.169 0.450
pr2392.tsp 5.71 12 660.91 0.276 552.49 0.231 0.538

distancebetweenlocal minima andto the averagedistanceto global optima,the
respectre ratiosto the maximumpossibledistanceandthe correlationcoeficients
are given. Interestingly the ratio betweenthe averagedistanceof tours andthe
instancesize (columnavg, ;5/n in Table1) is very small; this factindicatesthat
locally optimaltoursin the TSPareconcentratedroundasmallregion of thewhole
searchspacgthis particularityhasalsobeenobsenedbefore[25,37,3,4]) Also, the
correlationcoeficients are all statisticallysignificant.Note that the generalityof
theseresultsdoesnotdependntheparticular3-opt algorithmused Whenusing
2-opt  or the more powerful Lin-Kernighanheuristic (LK) for the local search,
againa strongly significantFDC, which was slightly wealer whenusing 2-opt
andstrongemwhenusingLK, hasbeenobseredfor theinstancegxaminedin [3].

3.3 FDC Analysisfor the QAP

For the QAP it is known thatthereare several differenttypesof instancesand
thattheparticularinstanceype hasa considerablénfluenceon the performancef
heuristicmethodg50]. Accordingto [50], theinstance®f QAPLIB whichwe use
in this article canbe classifiedinto the following four classes.

(z) Unstructured, randomly generatedinstances.Instancewith the distanceand
flow matrixentriesgeneratedandomlyaccordingo auniformdistribution. These
instancesare amongthe hardestto solve exactly. Neverthelessmost iterative
searchmethodsdind solutionswithin 1 — 2% from the bestknown solutionsrel-
atively fast[50].

(17) Grid-baseddistancematrix. In this classof instanceshedistancematrix stems
from an,; x ny grid andthe distancesare definedas the Manhattandistance
betweengrid points. Theseinstanceshave multiple global optima (at least4 if
n, # no andatleast8 if n; = ny) dueto thedefinitionof the distancematrices.

(174) Real-life instances.Instancedrom this classareinstancesrom practicalappli-

cationsof the QAP. Real-life instanceshave in commonthat the flow matrices

have mary zeroentriesandthe remainingentriesare clearly not uniformly dis-
tributed.
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Table2
Resultsof the FDC analysisfor QAP instancesrom the 4 classeglefinedin this section.
Givenarethe instancedentifier (the numberin the instancenameis the numberof facili-
ties), theflow dominanced(A), the distancedominancedd(B) andthe sparsity(sp). The
remainingentriesgive summaryresultsof the FDC analysisof the QAP searchspaceln
particular Average(%) is the averagepercentageleviation from the bestknowvn solution,
Nopt is the numberof optimal solutionsusedin the FDC analysis avgy—qp: is the average
distanceto the closesioptimum,avgq—op: /n is theratio betweerthis averageinstanceand
theinstancedimensionandp;;, is the correlationcoeficient.

instance  fd(A)  fd(B) sp Average(%) Nopi  aUG4—opt  GVGd—opt/T  Pls

unstructured, randomly generated(i)

tai60a 61.41 60.86 0.011 4.71 1 58.82 0.980 0.025
tai80a 59.22 60.38  0.009 3.76 1 78.90 0.986 0.022
Instanceswith grid-distances(ii)
nug30 52.75 112.48 0.316 4.18 4 25.93 0.864 0.262
sko56 51.46  110.53 0.305 2.96 4 51.62 0.922 0.254
sko64 51.18  108.38 0.308 2.70 8 58.88 0.92 0.303
real-life instances(iii)
bur26a 15.09 27495 0.223 0.32 96 21.12 0.812 0.027
bur26¢ 15.09 228.40 0.257 0.42 96 22.31 0.858 0.569
els19 52.10 531.02 0.637 36.61 1 16.85 0.887 0.550
kra30a 49.22 14998 0.6 7.76 257 25.23 0.841 0.251
ste36a 55.65  400.30 0.707 12.01 8 30.98 0.861 0.295
real-life lik e instances(iv)
tai60b 76.83  317.82 0.548 7.92 1 56.88 0.948 0.366
tai80b 64.05  323.17 0.552 6.15 1 77.47 0.968 0.150
tail00b 80.42  321.34 0.552 5.34 1 95.23 0.952 0.546

(1v) Real-life-like instances.Sincethereal-life instancesn QAPLIB areof arather
smallsize,a particulartype of randomlygenerategbroblemshasbeenproposed
in [50]. Theseinstancesare generatedn sucha way thatthe matrix entriesre-
semblethedistributionsfoundfor real-life problems.

To differentiatebetweerthe classe®f QAP instancesthe flow dominancestatistic
fd canbeused.t is definedas:

fd(A) = 100 - g, where
u

p= iz > ai ando = 21 > (aij — p)
N i=1j=1 n*—1 =3

A highflow dominancendicateghatalargepartof theoverallflow is exchanged
amongrelatively few items. Randomlygenerategroblemsfrom class(i) have a
ratherlow flow dominancewhereaseal-life problems,in general have a rather
high flow dominance.To capturethe structureof the distancematrix, a distance
dominance(dd) can be definedanalogouslyAdditionally, real life problemsof-
ten have sparseflow matrices,hencethe sparsity of the flow matrix, definedas
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sp = ng/n?, wheren, is the numberof zero matrix entries,can give additional
informationon theinstanceype.

Our FDC analysisof the QAP searchspaceusesa 2-opt algorithmwhich ex-
aminesall possibleexchange®f pairsof facilities. The distancebetweersolutions
¢ and¢’ is measureadsthe numberof itemsplacedon differentlocations thatis,
d(o,¢") = |{i : ¢; # ¢}|. We measurahedistanceto the optimalsolutionsif they
areavailable,otherwisewe usethe bestknown solutions Notethatfor instanceof
class(ii), (i7i), and(iv) with upto 80 itemsthe currentlybestknown solutionsare
conjecturedo beoptimal.

For the FDC analysisof the QAP searchspaceonehasto take into considera-
tion the factthat mary instanceshave multiple optimal solutionswhich may, due
to symmetriedn the distancematrix like in instancef class(ii), be at maximal
possibledistancen. Hence,on suchinstancesone hasto measurehe distanceto
theclosesiglobaloptimumto getmeaningfulresults As theexactnumberof glob-
al optimafor the QAP instancess not known, we determineda (possiblylarge)
numberof optimal (or bestknown) solutions.Thefithess-distancanalysisfor the
QAP is basedon 5000 2-opt local optima (identical solutionshave beenelim-
inated). Somesummaryresultsare givenin Table 2, whereadditionally the flow
dominancethe distancedominanceandthe sparsityof eachinstanceareindicat-
ed.Figure3 shaws scatteplots of the fithess-distanceorrelationfor oneinstance
of eachproblemclass.

Thefitness-distancanalysisshows cleardifferencedetweerthedifferentprob-
lem classesFor class(7), the correlationcoeficients are almostzerofor all in-
stancesHence,the solution quality givesonly very little guidanceand on these
instanceACO algorithmscanbe expectedto performratherpoorly. For the other
threeclassessignificantcorrelationsbetweerthe solutioncostandthe distanceo
an optimal solution exist. The only exceptionis instancebur26a for which the
correlationcoeficientis notsignificantlydifferentfrom zeroatthe0.01level. Note
thatfor instanceswith a high flow or distancedominanceandhigh sparsity alsoa
significantFDC canbe obsened which suggestshatthesesimplermeasuresnay
be usedasindicatorsfor ahigh FDC.

In summarywe canconcludehat— onaverage— thebetterthesolutionquality
the closera solutionis to an optimal solutionin real-life QAP instancesandalso
in thoseof classegi:) and(iv). Theseinstanceshaw a structurein thefollowing
senseTheoptimalsolutionsdeterminghe preferredocationsof items.Hence the
more locationsfor itemsa solutionhasin commonwith an optimal solution,the
betterwill bethatsolution,onaverage As we have amguedbefore suchasignificant
correlationalsoindicatesthe potentialusefulnes®f an ACO approactto the QAP

Comparingthe resultsof the FDC analysisfor the TSP andthe QAP one may
obsenre two main differencesFirst, the ratio betweenthe averagedistanceof the
localminimafrom theclosesbptimalsolutionandtheinstancedimensionfor both
problemsgiven by n, is muchsmallerfor the TSPthanfor the QAP. Secondthe
correlationcoeficientsfor the TSPinstancesaresomeavhatlargerthanfor the QAP
Basedontheseobsenationswe canconcludethatlocal minimain the QAP appear
to be spreadover large partsof the QAP searchspacewhile for the TSPthey are
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Fig. 3. Fitness-distancplotsfor four QAP instancespnefrom eachinstanceclass.From
top left to bottomright: tai60a (class(z)), sko64 (class(i)), kra30a(class(7i:)), and
tai6Ob  (class(iv)). The numberin the instancenameis the numberof facilities. The
plots shav 5000 2-opt solutionsfor eachinstance;the z-axes gives the distanceto the
closesfglobal optimum,while the y-axesindicateshe absolutesolutioncost.

concentratedn arelatively smallsubspacealso,the solutionquality of QAP local
minimatendsto give somevhatlessguidancethanfor the TSP Hence,the QAP
shouldbe relatively more difficult to solve thanthe TSR which is in accordance
with theobsenedhardnes®sf theseproblemsn practice Additionally, thefactthat
local minimain the QAP searchspacearemorescattereguggestshatin the QAP
caseeffective algorithmsneedto do a strongersearchspacesxplorationthanin the
TSPcase.

4 MAX-MIN Ant System

Researclon ACO hasshavn thatimproved performancanay be obtainedby a
strongerexploitation of the bestsolutionsfound during the searchandthe search
spaceanalysisin the previous sectiongivesan explanationof this fact. Yet, using
agreediersearchpotentiallyaggraatesthe problemof prematurestagnatiorof the
search.Therefore,the key to achieve bestperformanceof ACO algorithmsis to
combinean improved exploitation of the bestsolutionsfound during the search
with an effective mechanisnfor avoiding early searchstagnation M AX-MZN
Ant System,which hasbeenspecificallydevelopedto meettheserequirements,
differsin threekey aspectérom AS.
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(1) To exploit the bestsolutionsfound during aniterationor during the run of the
algorithm,aftereachiterationonly onesingleantaddspheromoneThis antmay
be the onewhich found the bestsolutionin the currentiteration(iteration-best
ant) or the one which found the bestsolution from the beginning of the trial
(global-bestant).

(17) To avoid stagnatiorof the searchtherangeof possiblepheromonerails on each
solutioncomponents limited to aninterval [7min, Tmax-
(#7) Additionally, we deliberatelyinitialize the pheromonérails to 7y, achiesingin
thisway a higherexplorationof solutionsatthe startof thealgorithm.
In thenext sectionsve discusghedifferencebetweenM MAS andAS in more
detailandreportcomputationaresultswhich demonstrat¢he effectivenesof the
introducedmodificationsin improving the performancef thealgorithm.

4.1 Pheiomonetrail updating

In MMAS only onesingleantis usedto updatethe pheromonedrails aftereach
iteration.Consequentlythe modifiedpheromonerail updaterule is givenby

Tij (t + 1) =pP- Tij(t) + ATil;eSt, (6)

where A7fest = 1/f(s**%) and f(s"*) denotesthe solution cost of either the
iteration-best(s®®) or the global-bestsolution (s9%). Using one single ant for the
pheromonerail updatewas also proposedn ACS [12]. While in ACS typically
only s?° is used(althoughsomelimited experimentshave alsobeenperformedus-
ing %), MMAS focusesonthe useof theiteration-bessolutions.

The useof only onesolution, eithers® or s9, for the pheromoneaupdateis the
mostimportantmeansof searchexploitationin MMAS. By this choice,solution
elementsvhich frequentlyoccurin the bestfound solutionsget a large reinforce-
ment. Still, a judicious choicebetweenthe iteration-bestand global-bestant for
updatingthe pheromondrails controlsthe way the history of the searchis exploit-
ed.Whenusingonly s%°, the searchmay concentratéoo fastaroundthis solution
andthe explorationof possiblybetteronesis limited, with the consequentianger
of gettingtrappedin poor quality solutions.This dangeris reducedwhen s is
choserfor the pheromondrail updatesincetheiteration-bessolutionsmay differ
considerablfrom iterationto iterationandalargernumberof solutioncomponents
mayreceve occasionateinforcementOf course pnecanalsousemixedstratgies
like choosings® asadefaultfor updatingthe pheromoneandusings? only every
fixednumberof iterationsIn fact,aswe will shov later, whenusing M MAS with
local searchfor solving someof thelarger TSPor QAP benchmarknstancesthe
beststratgly seemgo betheuseof adynamicalmixedstrateyy whichincreaseshe
frequeny of usings¢ for the pheromonaipdateduring the search(seeSections
for details).
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4.2 Phemomonetrail limits

Independenof the choicebetweerthe iteration-besandthe global-bes@antfor
thepheromonérail update searchstagnatiormayoccur This canhapperif ateach
choicepoint, the pheromonerail is significantlyhigherfor onechoicethanfor all
the others.In the TSP case this meansthat for eachcity, one of the exiting arcs
hasa much higher pheromondevel thanthe others.In this situation,dueto the
probabilisticchoicegovernedby Equation2, anantwill preferthis solutioncom-
ponentover all alternatvesandfurtherreinforcementill be givento the solution
componentn the pheromonadrail updateIn sucha situationthe antsconstructhe
samesolutionover andover againandthe explorationof the searchspacestops.

Obviously, sucha stagnatiorsituationshouldbe avoided. Oneway for achiev-
ing thisis to influencethe probabilitiesfor choosingthe next solutioncomponent,
which dependdirectly on the pheromonerails andthe heuristicinformation. The
heuristicinformationis typically problem-dependerandstaticthroughoutthe al-
gorithm run. But by limiting the influenceof the pheromonetrails one can easi-
ly avoid therelative differencesetweenthe pheromonerails from becomingtoo
extremeduring the run of the algorithm. To achieve this goal, MMAS imposes
explicit limits 7min andmax 0N the minimumandmaximumpheromonerails such
thatfor all pheromonérails 7;; (), Tmin < 7;;(t) < Tmax After eachiterationonehas
to ensurethatthe pheromonerail respectghelimits. If we have 7;;(t) > Tmax We
setr;;(t) = Tmax analogouslyif 7;;(t) < Tmin, We setr;;(t) = Tmin. AlS0 notethat
by enforcingrmin > 0 andif 7;; < oo for all solutioncomponentsthe probability
of choosinga specificsolutioncomponents never 0.

Still, appropriatevaluesfor the pheromonerail limits have to be chosenin the
following we will proposea principledway of determiningthesevalues.Yet, first
we introducethe notion of cornvemgencefor MAX-MZIN Ant Systemwhich is
neededn the following. We saythat MMAS hascorverged if for eachchoice
point,oneof thesolutioncomponenthasrax asassociateggheromonerail, while
all alternatve solution componentdave a pheromonerail 7. If MMAS has
converged, the solution constructedoy always choosingthe solution componen-
t with maximum pheromonetrail will typically correspondo the bestsolution
found by the algorithm. The conceptof corvergenceof MMAS differsin one
slight but importantaspectfrom the conceptof stagnatiorf14]. While stagnation
describedhe situationwhereall antsfollow the samepath,in convergencesitua-
tionsof MMAS thisis notthe casedueto theuseof the pheromondrail limits.

We now refineour concepiof corvergenceby shaving thatthe maximumpossi-
ble pheromonérail is asymptoticallypounded.

Proposition4.1 For any;; it holds:

1 1
hm Tij(t) :Tij ST’ S —

T, )

Proof: Themaximumpossibleamountof pheromoneddedafterary iteration
is 1/f(s°P"), where f (s°") is the optimal solutionvaluefor a specificproblem.
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Hence,by Equation6 the discountedpheromonerail up to iterationt corre-
sponddo

t
s 1
Ti?ax(t) = E :pt t f(sopt)
=1

Asymptotically because < 1, this sumcorvergesto

+p' - 735(0)

1 1

1—p f(s)

In MMAS, we setthe maximumpheromonerail 7, to an estimateof the
asymptoticallymaximumvalue.Thisis achiezedby using f (s9°) insteadof f(s?)
in Equation7; eachtime a new bestsolutionis found, rmax iS updated leading
actuallyto adynamicallychangingvalueof 7max(t).

To determinereasonablealuesfor i, we usethe following assumptiongthe
first is basedon empiricalobsenationsin someinitial experimentdor the TSP):

(1) Thebestsolutionsarefound shortly beforesearchstagnatioroccurs.In sucha
situationthe probability of re-constructinghe global-bestsolutionin onealgo-
rithm iterationis significantly higherthan zero.Better solutionsmay be found
closeto thebestsolutionfound.

(12) The maininfluenceon the solution constructionis determinedby the relative
differencebetweenupperand lower pheromondrail limits, ratherthanby the
relative differenceof the heuristicinformation.

Notethatthe validity of thefirst assumptiordependstronglyon the searchspace
characteristicof the problemasdiscussedn the previous section.It implicitely
meanghat aroundgood solutionsthereis a reasonablehanceto find evenbetter
ones.n fact,for the TSPthisis true (seealsoSection3.2). The secondassumption
is takenbecauseén thefollowing derivation of a systematiavay of setting,, we
will ngglect the influenceof the heuristicinformation on the probabilitiesgiven
by Equation2. Thisis possibleif the influenceof the heuristicinformationis low,
which, asis typically donein MMAS, is the caseif the parameters is chosen
ratherlow or if no heuristicinformationis usedatall.

Giventheseassumptionsgoodvaluesfor m,;, canbe foundby relatingthe con-
vergenceof the algorithmto the minimum trail limit. When MMAS hascon-
vemed, the bestsolutionfoundis constructedvith a probability ppest Which is sig-
nificantly higherthan0.* In this situation,anantconstructshebestsolutionfound
if it makesateachchoicepointthe“right” decisionandchooses solutioncompo-
nentwith maximumpheromondrail 7 In fact, the probability pgec 0f choosing
the correspondingolution componenit a choice point directly dependon 7ax
andmmin. For the sale of simplicity, let usassumehatpge. is constanatall decision
points. Then,an ant hasto make n timesthe “right” decisionand, hence,it will

4 Intuitively, we requireppest to be relatively large and later give numericexamplesof
reasonablealuesfor ppegifor thethe MMAS applicationto the TSR
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constructthe bestsolutionwith a probability of pf... By setting

pgec = Phest (8)

we candetermingpgec as

Pdec = +/Pbest 9)

So, given a value for ppes; We can now determineappropriatesettingsfor mmin.
On average at eachchoicepoint an anthasto chooseamongavg= n/2 solution
componentsThen,the probability pgec Of makingthe right decisionaccordingto
Equation2 canbe calculatedas®

Tmax
_ 10
Pdec Tmax T (an_ 1) * Tmin ( )

Solvingthis equationfor 7, yields

Tmax * (1 - pdec) _ Tmax * (1 - \n/pbest)
(an_ 1) * Pdec (an_ 1) * A/ Pbest

Notethatif ppest = 1, thenmmin = 0. If ppestiS too small,it may happenthat by
Equationll 7in > Tmax IN this casewe setrmin = Tmax Which correspond$o using
only the heuristicinformationin the solutionconstructionBasedon Equationl11,
we candeterminer,, givenavaluefor ppes: Choosingvaluesfor ppestis directly
relatedto the amountof explorationdoneby MAX-MZIN Ant Systemwhenit
hascorverged. Thus, ppest provides a good way of investigatingthe effect of the
lower trail limits on the performancef MAX-MZN Ant System.

In Section4.4.2we will investigatehe proposedsettingsof i, andwe experi-
mentallyshav the usefulnes®f the lower trail limits.

Tmin =

(11)

4.3 Phemomonetrail initialization

In MMAS we initialize the pheromonerails in sucha way that after the first
iterationall pheromonerails correspondo ax(1). This caneasilybeachievedby
settingr(0) to somearbitrarily high value.After thefirst iterationof MMAS, the
trails will be forcedto take valueswithin the imposedbounds,in particular they
will besetto max(1). Thistypeof trail initializationis choserto increaseheexplo-
rationof solutionsduringthefirst iterationsof the algorithm.To illustratethis fact,
considetthefollowing example:Dueto thetrail evaporationdeterminedy param-
eterp), afterthefirst iterationthe relative differencebetweerthe pheromonerails
on solutioncomponentswill differ by a ratio of at mostp, afterthe secondby p?,
etc.If, onthecontrary the pheromondrails would beinitialized to their lower lim-
its 7min, therelative differencedetweerthe pheromonerails would increasenuch

5 Equation10 is obtainedfrom Equation2 by requiringthatthe solutioncomponentvith
pheromonérail mmaxis choserandwe have avg—1 othersolutioncomponentsvith associ-
atedpheromonérail 7.
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morestrongly;in particular in thislattercasetheratio betweenr,, andtheamount
of pheromonealepositecbn a solutionelements (1 — p) - (avg - Paec)/ (1 — Daec)-

With the empirically chosenparameteisettings,this ratio is significantly higher
thantherelative differenceamongthe pheromonerail wheninitializing the phero-
monetrails to Ty FOr example,with the parametesettingschoserfor the exper

imentalinvestigationin the next section,in thefirst casethis factorwould amount
to 6.44,while wheninitializing the pheromonérails to 7« it correspondso 1.02.
Thus,theselectiorprobabilitiesof Equation2 evolve moreslowly wheninitializing

thepheromondrails to 7,ax and,hencetheexplorationof solutionsis favored.The
experimentakesultspresentedh Sectiord.4.3confirmtheconjecturghatthelarg-

er explorationof the searchspacedueto setting7(0) = 7max improves MMAS’

performance.

4.4 Experimentwith MAX-MZIN AntSystem

In this sectionwe experimentallystudythe effectivenesof thethreemainmod-
ificationsof MMAS comparedo AS andtheinfluenceof specificparameteset-
tingson MMAS performanceThe experimentalstudyusesthe TSPasexample
applicationandherewe use M MAS withoutlocal searchfor a detailedoverview
of the resultsobtainedwith MMAS with local searchfor the TSP we refer to
Sectionb. All the experimentsvereperformedwith a ceterisparibusassumption,
thatis, in eachexperimentonly onesinglefactoris variedand,hence performance
differencesanonly beattributedto the variationof this singlefactor

Unlessexplicitly indicatedotherwise,the following default parametessettings
areused.We choose = 2, = 1,m = n (wherem is the numberof ants)
andp = 0.98, anevaporationratewhich resultsin a ratherslow corvergencefor
MMAS. Thepheromoneipdateas doneusingonly theiteration-besant. Thephe-
romonetrail limits werechosenasproposedn Section4.2 with ppest = 0.05. The
antsstarttheir solutionconstructiorfrom arandomlychosercity andthey usecan-
didatelists of length20 which containthe nearesheighborsorderedaccordingto
nondecreasindistance$1,28,40].Whenconstructinga tour, anantchoosegrob-
abilistically accordingo Equation2 the next city amongthosein the candidatdist,
if possible Only if all thememberof thecandidatdist of a city have alreadybeen
visited,oneof theremainingcitiesis chosenln thislattercasewe deterministically
choosethecity for which [7;;(£)]* - [1:;]? is maximum.

The TSPbenchmarknstancesareall takenfrom TSPLIB; for all instanceghe
optimal solutionvalueis known. We will referto the benchmarknstancesy the
identifier usedin TSPLIB which indicatesthe numberof cities (instanceeil51
has51 cities, etc.).

4.4.1 Parametervaluesfor p

To examinetheinfluenceof differentvaluesof the pheromonerail evaporation
ratep, which determineshecorvergencespeedf MMAS towardsgoodsolution-
s,we presenturvesfor thetradeof betweertheaveragesolutionquality versughe
numberof tour constructiongor thetwo TSPinstancekroA100 andd198 using
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Fig. 4. Influenceof the parameterp on the tradeof betweenthe numberof tour con-

structions(given on z-axis) and the solution quality (given on y-axis) on TSP instances
kroA100 (left) andd198 (right). Notethelog-scaleonthex-axis;theupperandleftmost
partsof the curveswerecut off to focuson theimportantdetails.

differentsettingsof p averagedver 25 and10independengxecutionsof thealgo-
rithms, respectrely. The maximumnumberof tour constructionss 2500 - n andp
is variedbetweer0.7and0.99.

In Figure4, it canbeobseredthatfor alow numberof tour constructionsbetter
toursarefoundwhenusinglower valuesof p. Thisis dueto the factthatfor lower
p thepheromonérails on arcswhich arenot reinforceddecreaséasterand,hence,
thesearchconcentratesarlieraroundthebesttoursseersofar. If p is high,toofew
iterationsareperformedo reachmarkeddifferencedetweerthe pheromonerails
onarcscontainedn high qualitytoursandthosewhicharenotpartof thebesttours.
For alargernumberof tour constructionshowever, usinghigherp valuespaysoff,
becausedhe algorithmis ableto explore longerthe searchspace Additionally, it
is interestingto note that with more tour constructionghe averageperformance
increasegyenerallyfor all valuesof p. Thisis mainly dueto the effect of the lower
trail limits (seealsonext section).

4.4.2 Lowerpheomonetrail limits

To investigatehe effectivenesf the lower trail limits, we compareexperimen-
tal resultsobtainedby systematicallywaryingppest (@sproposedn Sectiond4.2) and
without usinglower pheromonerail limits (7, = 0). As before,we allow a max-
imum 2500 - n tour constructionswhich is sufficient to achiere convergenceof
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MMAS oneveryinstance.

Table3

Computationaresultsfor systematicallwarying ppestandwithout lower pheromonerail

limits (min = 0). Givenarethe averagetour length,averagedover 25 runs,andin paren-
thesisthe percentageleviation from the optimaltour length.Note thatthe smallerppesithe
tighterarethetrail limits. The bestresultsareindicatedin bold-face.

instance Ppest= 0-0005 Ppest= 0-005 Ppest= 0-05 Ppest= 0-5 Tmin =0
eil51 428.5(0.59%) 428.0(0.46%) 427.8(0.43%) 427.7(0.39%) 427.8(0.43%)
kroA100  21344.8(0.29%) 21352.8(0.33%) 21336.9(0.26%) 21353.9(0.34%) 21373.2(0.43%)
d198 16024.91.55%) 15973.2(1.22%) 15952.3(1.09%) 16002.3(1.41%) 16047.6(1.70%)
lin318 42363.4(0.80%) 42295.7(0.64%) 42346.6(0.75%) 42423.0(0.94%) 42631.8(1.43%)

Theaveragesolutionqualitiesobtainedon four symmetricT SPinstancesregiv-
enin Table3. For all instancesheaveragesolutionquality is alwaysbetterif lower
trail limits areused MMAS’s performanceseemdo be quite robustwith respect
to the particularvaluechoserfor the pheromonerail limits (via ppes). Evenwhen
no lower trail limits are used,the resultsare quite good (comparedfor example,
with theresultsgivenfor longerrunsin Section4.6 for otherAS variants) Hence,
facilitating a slow corvergenceby settingp to somelarge value andintroducing
elitism seemgo be effective in practice.Yet, it shouldbe notedthat the relatve
differencebetweenthe averagesolution quality obtainedwith or without lower
pheromonerail limits appeargo increasewith increasingnstancesize.Hence the
useof thelower trail limits in MMAS is definitelyadvantageous.

4.4.3 Pheomonetrail initialization

In MMAS thetrails areinitialized to their uppertrail limit. To showv theuseful-
nessof the proposedrail initialization we comparet to atrail initialization at the
lowerpheromongerail limits; thecomputationatesultsaregivenin Table4. Wefind
thatwith the proposedrail initialization for all instancesexceptthe smallestone,
a bettersolutionquality canbe obtained;againthe differencesappearto increase
with increasinginstancesize. Hence,the higher exploration of the searchspace
achiezedin this way seemgo beimportantto achieve a bettersolutionquality.

Table4

Computationafesultsfor pheromonenitialization to the uppertrail limit (7(0) = 7may)

andto the lower trail limit (7(0) = mmin). Given are the averagetour length, averaged
over 25runs,andin parenthesishe percentageeviation from the optimaltour length.The
resultsfor settingr(0) = Tmax arereproducedrom the previous section.The bestresults
areindicatedin bold-face.

instance 7(0) = Tmax 7(0) = Tmin
eil51 427.8(0.43%)  427.7(0.39%)
kroA100  21336.90.26%) 21362.3(0.37%)
d198 15952.3(1.09%)  16051.8(1.72%)
in318 42346.6(0.75%) 42737.6(1.68%)
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4.4.4 Globalversusiteration-bestupdate

As mentionedbefore,updatingthe pheromonetrails with s® may give adwan-
tagesover usings?®. We comparethesetwo choicesby runningthe sameexperi-
mentsasbefore,but alwaysusings? for the pheromonerail update Additionally,
we investigateheinfluenceof thelower pheromondrail limits by runningeachof
the experimentsvith andwithoutimposinglower pheromonerail limits.

Theresultsaregivenin Table5. Theaverageperformancevhenusingtheiteration-
bestantsfor pheromoneupdateis significantly betterthanusingonly the global-
bestant.For example acloserexaminationof theresultgnotreportechere)shaved
thatthe worstsolutionobtainedwith the standardsettingsfor MMAS wasbetter
thanthe averagesolutionquality whenusings?® with pheromonaerail limits for all
instancesIn general,usingexclusively s% for the pheromonetrail updateseems
notto beavery goodideafor MMAS. Yet, thelower pheromonérail limits help
to significantlyimprove the performancevhen using s?°. Neverthelessmixed s-
trategieswhich sometimesises?® may be helpful for achiezing betterexploitation
of the searchresults.Experimentson larger instanceshave shovn thatusingsuch
mixed stratgies with a frequeng of s9* increasingover time may yield a faster
convergenceof thealgorithmandproduceimprovedresults.

Table5

Computationatesultsfor comparisorof global-besupdate(s?®) versusiteration-besup-
date(s™) with andwithout usinglower pheromonerail limits (indicatedby either-limits
or —no-limits). Givenarethe averagetour length,averagedover 25 runs,andin parenthe-
sisthe percentageleviation from the optimaltour length. The bestresultsareindicatedin
bold-face.

instance s ¢ limits 59+ limits 5% —no-limits 59° —no-limits
eils1 427.8(0.43%)  429.2(0.75%)  427.8(0.43%)  434.1(1.89%)
kroA100  21336.90.26%) 21417.1(0.64%) 21373.2(0.43%) 21814.7(2.50%)
d198 15952.3(1.09%) 16136.1(2.26%) 16047.6(1.70%) 16473.7(4.40%)
lin318 42346.6(0.75%) 42901.0(2.08%) 42631.8(1.43%) 44558.5(6.02%)

4.5 Smoothingfthe phelomonetrails

An additionalmechanismgalledphelomonetrail smoothing PTS),maybeuse-
ful to increaseM MAS performanceand,moregenerally of ary elitist versionsof
AS. When M MAS hascorvergedor is very closeto corvergence(asindicatedby
the averagebranchingfactor[17]), this mechanisnincreaseshe pheromondrails
proportionallyto their differenceto the maximumpheromonerail limit:

775(t) = 73 () + 6 - (Tma(t) — 75(t))  with0 <4 < 1, (12)

wherer;(t) and7;(t) arethe pheromonérails beforeandafterthe smoothing.
Thebasicideaof PTSis to facilitatetheexplorationby increasinghe probability of
selectingsolutioncomponentsvith low pheromonerail. Theproposednechanism
hasthe advantagethatfor 6 < 1, the informationgatheredduring the run of the
algorithm (which is reflectedin the pheromondrails), is not completelylost but
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Table6

Computationalresultsfor symmetric(upper part) and asymmetricTSP (lower part) in-

stancesrom TSPLIB, detailson the parametesettingsaregivenin thetext. optindicates
theknown optimalsolutionvalueof eachinstanceAll algorithmsareusingthesamemaxi-

mumnumberof tour constructionsResultsfor ACSaretakenfrom [18]. For eachinstance
we reportthe averagesolutionquality, bestresultsareindicatedin bold-face.“+pts” indi-

cateshatpheromondrail smoothingwasused.Thebestresultsareindicatedin bold-face.

instance opt MMAS+pts  MMAS ACS ASiank  ASranktpts ASe  ASetpts AS
eil51 426 427.1 427.6 428.1 434.5 428.8 428.3 427.4 437.3
kroA100 21282 21291.6  21320.3 21420.0 21746.0 21394.9 21522.8 21431.9 224714
d198 15780 15956.8 15972.5 16054.0 16199.1 16025.2 16205.0 16140.8 16702.1
ry48p 14422 14523.4 14553.2 14565.4 145114 14644.6 14685.2 14657.9 15296.4
ft70 38673 38922.7 39040.2 39099.0 39410.1 39199.2 39261.8 39161.0 39596.3
kro124p 36230 36573.6 36773.5 36857.0 36973.5 37218.0 37510.2 37417.7 38733.1
ftvl70 2755 2817.7 2828.8 2826.5 2854.2 29156 29524 2908.1  3154.5

merelywealened.For § = 1 this mechanisntorrespondso a reinitialization of
the pheromonerails, while for § = 0 PTSis switchedoff.

PTSis especiallyinterestingf long runsareallowed,becausdt helpsachiesing
a more efficient exploration of the searchspace.At the sametime, PTS makes
MMAS lesssensitve to the particularchoiceof the lower pheromonérail limit.

4.6 Comparisorof antalgorithms

In this sectionwe comparehe performancenf the proposedmprovementsover
AS basednlongerrunsfor somesymmetricandasymmetricl SPinstancesvhich
hadbeenproposedor theFirstinternationalContesibn EvolutionaryOptimization
[2]. Thecomparisons donebasednthesamenumberof tour constructiongor all
algorithms;this numberis choserask - n - 10000, wherek = 1 for symmetricT SPs
andk = 2 for ATSPsandn is the numberof citiesof aninstance.

We comparehe performancef MMAS to thatobtainedwith AS, AS,, AS;ank,
andACS.Thecomputationatesultsobtainedvith ACSaretakendirectlyfrom[12]
while theresultsfor AS,, AS;ank, andAS areobtainedusingourimplementatiorof
thesealgorithms.

For MMAS the parametersveresetto their default valuesasdescribedefore,
exceptthatin every 10th iteration s is usedto reinforcethe pheromonetrails.
Additionally, we run MMAS with andwithoutthe PTSmechanisn{PTSis indi-
catedby +pts);in the former case we chosed = 0.5. PTShasbeenaddedin an
ad-hocmannerwithout fine-tuningparametersln AS we seta. = 1.0, 8 = 5.0.
In AS, additionallye = n elitist antsgive reinforcemento s, which shavedto
give bestperoformancefor AS; .« We usedthe parametesettinggproposedn [6],
thatis, o = 1,8 = 5, ande = 6. Additionally, we alsorun AS, and AS; .« with
B = 1.0 for ATSPsandg = 2.0 for symmetricT SPsusingthe PTSmechanismin
this casewe directly reinitialize thetrails sincenotrail limits areusedin thesetwo
algorithms.

The computationalesultsin Table6 shav thatgenerally M MAS achieresthe
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bestperformanceThe only exceptionis ATSPinstancery48p , for which AS; 3«
hasa betteraveragepeformanceYet, differently from MMAS andACS, ASan«
never found the optimal solutionfor thatinstance Also, exceptfor onesinglein-
stance(d198) the overall bestsolution for eachinstancewas always found by
MMAS. We alsomentionthaton two larger symmetricTSPinstancegatt532

andrat783 ), theaveragesolutionquality producedoy MMAS wasevenbetter
thanthe bestsolutionfoundby ACS[45]. Regardingthe performancef AS it can
beclearlyseenthat AS performsvery poorly comparedo the otheralgorithms.

The advantageof MMAS over ACS (overall the secondbestperforming A-
CO algorithm)with respectto solutionquality is more notableon the symmetric
instanceswhile on the ATSP instanceghey perform similarly. Interestingly the
solutionquality obtainedwith AS, and AS;,n« Without PTSis, in general signifi-
cantlyworsethanthatof MMAS andACS.If PTStogethewith alowerinfluence
of the heuristicfunctionis used,both algorithmscatchup (the only exceptionbe-
ing AS;ank 0nthe ATSPinstancespandroughly reachthe solutionquality obtained
by ACS on the symmetricTSPs,but they arestill worseon mostATSPinstances.
Thus,thePTSmechanisnseemgdo beeffective for increasinghe performancehe
algorithms.It alsohelpsto slightly improve the performanceof MMAS, yet, not
asstronglyasfor AS. andAS; ank.

In [12] it was shovn that ACS shavs generallygood performanceand that
it is competitve with other nature-inspiredalgorithmsappliedto the TSP Since
MMAS achieresbettersolutionqualitiesthan ACS on mostinstancespur com-
putationakesultsdemonstratéhecompetitive performancef MMAS whencom-
paredo otherimprovementn AS aswell asothernature-inspirealgorithms.Yet,
to obtainresultscompetitive with the bestperformingalgorithmsfor the TSP local
searchhasto beusedto improve solutions.

5 Experimental resultsfor the TSP

In this sectionwe presentcomputationakresultsof MMAS when combined
with local searchon somelarger TSP instancesrom TSPLIB. For the symmetric
TSPswe usethe3-opt localsearchalgorithm(seeSection3.2).In additionto the
techniquesdescribedhere,we usedon't look bits associateavith eachnode[1].
Theuseof don't look bitsleadsto afurther, significantspeed-umf thelocal search
algorithmat only asmalllossin solutionquality.

For ATSPs,we usea restrictedform of 3-opt , calledreduced 3-opt . It
consider®nly thosemoveswhichdonotleadto areversalof thecity orderin which
a subtouris traversedIf subtoursarereversed,onewould have to re-calculatehe
lenghtof this subtour leadingto high computatiortimes.

Note that, whenapplying ACO algorithmsto the TSR pheromonédrails are s-
toredin a matrix with O(n?) entries(one for eacharc). Becauseof pheromone
trail evaporation(accordingto Formula3), all the entriesof this matrix have to
be updatedafter eachiteration (this is not the casein ACS). Obviously, thisis a
very expensve operationf large TSPinstancewith severalhundredof citiesare
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attacled. To speedup the pheromonaipdate in MMAS we apply pheromonee-
vaporationonly to arcsconnectinga city i to cities belongingto :'s candidatdist.
This reduceghe costof updatingthe pheromonerailsto O(n).

5.1 Parametersettingsandappliedvariants

In preliminary experimentswe notedthat, if only the iteration-bestsolutionis
chosenfor the pheromondrail update M MAS takeslong time to corverge and
to find very high quality solutionswhenappliedto large instancesa discussiorof
thisissuecanbefoundin [47]. Yet,whengiving theglobal-bessolutiona highfre-
queny 9 for the pheromonerail update(let f¢° indicatethatevery f9 iterations
59 is allowedto deposipheromone)theinitial explorationof thesearcrspacemay
be ratherlimited andworseresultsare obtained.Then,the bestperformancevas
obtainedby usingamixedstratgy in which f9° increasesvertime within asingle
run. To realizethis, we apply a specificschedulego alternatethe pheromoneralil
updatebetweens?® ands™®. In thefirst 25 iterationsonly s is usedto updatethe
pheromonaerails; we setf9° to 5 for 25 < t < 75 (wheret is theiterationcounter),
to3for 75 < t < 125,to0 2 for 125 < t < 250, andto 1 for ¢t > 250. By gradu-
ally shifting theemphasigrom theiteration-besto the global-bessolutionfor the
pheromondrail update we achieve a transitionbetweena strongerexploration of
the searchspaceearly in the searchto a strongerexploitation of the overall best
solutionlaterin therun.

The other parametersvere chosenas follows. We usem = 25 ants(all ants
apply a local searchto their solution),p = 0.8, = 1, and3 = 2. During the
tour constructiorthe antsusea candidatdist of size20. We setr,.xasproposedn
Section4.2. Sinceherethe solutionsconstructedy the antsareimproved by ad-
ditional local searchwe usedsomevhattighterboundson the allowed pheromone
trail strengthby settingrmin = Tmax/2n, Whichroughlycorrespondto ppest = 0.005.

In the following we will further examinewhetherfor the hybrid algorithmus-
ing the pheromonerail limits is sufficient to achieve very high solution quality
or whetherwith additionaldiversificationmechanismdasedon pheromondrail
reinitializationa bettersolutionquality canbeachiesed.In particular we studytwo
further variantswhich differ in the degreeof searchdiversification.In the first of
thesewe reinitializethepheromonéerails to 7,4 (this correspondso setting) = 1
in Equation12) whene&erthe pheromondrail strengthn almostall arcsnotcon-
tainedin s9® arevery closeto i, (asindicatedby the averagebranchingfactor
[17] which is calculatedevery 100 iterations)and no improved solution could be
foundfor 50 iterations.After the restart,the scheduléefor f9° is appliedasdoneat
the startof the algorithm.This variantwill bereferredto asM MAS+ri (for reini-
tialization), while the original versionwithout pheromonerail reinitializationwill
bereferredto asM MAS-nri.

Even more searchdiversificationis achieved if additionally after a pheromone
trail reinitialization, the bestsolution found sincethe reinitialisation of the phe-
romonetrails is usedinsteadof s9°. This allows MMAS to corverge to another
very high quality solution. Still, s% could be betterthanthe bestsolutionfound
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afterthereinitialisation.Thus,to re-focusthe searcharounds?, we uses?® for the
pheromonerail updateif morethan250 iterationshave beenexecutedwithout a
reinitializationof the pheromonedrails andfor 25 iterationsno improved solution
hasbeenfound.(Notethatthesevaluesarechosersuchthat M MAS mayhave al-
readycorverged.)Thislatterversionof MMAS will bereferredto asM MAS+rs
(for restart).

5.2 Experimentatesultsfor symmetricTSPs

In this sectionwe reporton experimentalresultsobtainedwith MMAS-nri,
MMASH+ri, and MMAS+rson symmetricT SPinstancegrom TSPLIB. The ex-
perimentsare performedon a SunUltraSparc | 167MHz processorsvith 0.5MB
externalcacheand192MB RAM.

The computationakesultsgivenin Table 7 shav that MMAS, in general,is
ableto find very high quality solutionsfor all instancesfurthermore for almostall
instancesM MAS findsthe optimal solutionin atleastoneof theruns.Thisis an
encouragingesultswhich showvs the viability of theantapproacho generaterery
high quality solutionsfor the TSP Note that the computationafesultswith local
searcharealsomuchbetterthanthoseobtainedwithoutlocal searchascanbeseen
when comparingthe computationakesultsgiven in Table 7 with thoseof Table
6. Additionally, the computationtimeswith local searchare muchsmaller When
comparinghecomputationaftesultsof thethreevariantswe find that M MAS+rs
performsbest;on mostinstancest achiesesthe bestaveragesolutionquality and
theworstsolutionfoundwith MMAS+rsis typically muchbetterthanfor theoth-
ertwo variants.Only oninstancesl198 andfl1577 theaveragesolutionquality
of MMAS-nriis slightly better MMAS-nriand MMAS+ri shav averysimilar
performanceOnly oninstancdin318 MMAS+ri performssignificantlybetter
than M MAS-nri andfound the optimal solutionin all runs.Hence,the stronger
searchdiversificationof MMAS+rsis mainly responsibldor the improved per
formance.

According to theseresults, MMAS is currently the bestperforming ant ap-
proachfor the TSP In particular it shavs better performancethan ACS, when
comparingthe computationaresultsreportedhereto thosepresentedn [12] or to
thoseof our own implementatiorof ACSusingthe samelocal searchalgorithmas
MMAS. Onefactorwhich may be responsibldor this factis that ACS concen-
tratesthe searchtoo stronglyarounds?°.

5.3 Experimentatesultswith the Lin-Kernighanheuristic

The bestperforminglocal searchalgorithmwith respecto solutionquality for
symmetricTSPsis the Lin-Kernighanheuristic(LK) [28] which considersa vari-
ablenumberof arcsto be exchangedYet, the LK heuristicis muchmoredifficult
to implementthan2-opt or 3-opt , andcarefulfine-tuningis necessaryo getit
to run very fastand producehigh quality solutions[40,23]. Here,we usedan LK
implementationprovided by Olivier Martin to give an indication of the solution
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Table7

Comparisonof different variantsof MAX-MZIN Ant Systemon symmetricTSP in-
stancesGiven are the instancename(the numberin the namegivesthe problemdimen-
sion, thatis, the numberof cities), the algorithmused,the bestsolution,the averagesolu-
tion quality (its percentageleviation from the optimumin parenthesesjheworstsolution
generatedthe averagenumberof iterationsia,g andthe averagetime tayq to find the best
solutionin a run, andthe maximumallowed computationtime ¢max Averagesare taken
over 25trials for n < 1000, over 10trials on the largerinstancesBestaverageresultsare
printedin bold-face.

instance Algorithm Best Average Worst iavg tavg  tmax
MMASHrs 15780 15780.3(0.00%) 15781 121.2 54.9

d198 MMASHi 15780.4(0.00%) 15784 134.2 61.7 170
MMAS-nri 15780 15780.2(0.00%) 15781 106.7 59.9
MMASH+rs 42029 42029.0(0.00%) 42029 131.16 87.8

lin318 MMASHi 42029 42029.0(0.00%) 42029 139.0 94.2 450
MMAS-nri 42029 42061.7(0.08%) 42163 77.9 65.9
MMASH+rs 50778 50905.3(0.25%) 50931 603.8 2171

pcb442 MMASHi 50778 50911.2(0.26%) 51047 522.0 308.9 600
MMAS-nri 50778 50900.9(0.24%) 50931 449.7 319.5
MMASH+rs 27686 27701.9(0.06%) 27709 481.0 521.8

att532 MMASHi 27686 27707.9(0.08%) 27756 335.8 387.3 1250
MMAS-nri 27686 27708.6(0.08%) 27741 289.4 309.6
MMASH+rs 8806 8810.9(0.06%) 8823 870.3 1336.8

rat783 MMASHI 8806 8814.4(0.10%) 8837 631.5 965.2 2100
MMAS-nri 8806 8816.8(0.12%) 8848 805.5 1395.2
MMAS+s 56892 56906.8(0.03%) 56939 1697.2 3171.2

pch1173 MMASH 56896 56956.0(0.11%) 57120 1669.2 32195 5400
MMAS-nri 56892 56946.3(0.10%) 57040 1138.3 2051.0
MMAS+Hs 50801 50812.9(0.02%) 50833 1747.8 3203.7

d1291 MMASHI 50801 50821.6(0.04%) 50838 1035.0 1894.4 5400
MMAS-nri 50801 50828.8(0.05%) 50870 669.6 1206.9
MMAS+rs 22289 22305.6(0.25%) 22323 1681.7 5348.3

fl1577 MMASHI 22286 22311.0(0.28%) 22358 690.7 3001.8 7200
MMAS-nri 22261 22271.8(0.10%) 22279 1409.2 4473.9

guality which may bereachedy usingthe LK local searchn MMAS.
Themotivationfor applyingthe LK heuristicis theobsenationmadein [51] that
for geneticlocal searchalgorithmsa muchbettersolutionquality is obtainedwith
the LK heuristicthanby using2-opt [51]. Theseresultssuggesthatthe solution
guality of MMAS can be further increasedusing the LK heuristic. To confirm
this conjecturewe presentomputationatesultsfor MMAS with LK local search
allowing a maximumnumberof 5000LK applicationson eachinstance Sincenot
asmary local searchesswith our 3-opt implementatiorcanbe done,we used
slightly different parametersettingsthan before.Most significantly we useonly
10 antsand the schedulefor using the global-bestfor the pheromoneupdateis
shortenedHere,we useug, = 3 for t < 19, ug = 2 for 20 < ¢ < 35, andug, =1
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for ¢t > 35. Theotherparametesettingsarethe sameasbefore.

Thecomputationatesultswith respecto solutionquality obtainedoy combining
MMAS with the LK heuristicaresignificantlybetterwith respecto solutionqual-
ity thanthoseusingour 3-opt implementation(seeTable8). Yet, the run-times
arehigherdueto thelocal search.

Table8
Experimentalresultsof MMAS whenusingthe Lin-Kernighanlocal searchprocedure.
Given arethe best,the average,and the worst solution obtainedaveragedover 25 inde-
pendentrunsfor n» < 1000 and 10 runsotherwise We allowed a maximumof 5000 LK
applicationsAdditionally, aregiventhe averagenumberof iterations(iayg) to find the best
solutionin arun, andthe averagetime ¢,yq to do so.

instance Best Average Worst iavg tavg

lin318 42029  42029.00.0%) 42029 299 2983

pcb442 50778  50778.0(0.0%) 50778 657  978.9

att532 27686 27692.7(0.002%) 27704 299.1 2444.6

rat783 8806  8806.5(0.006%) 8809 3454 1001.8

pcb1173 56892 56893.50.003%) 56897 289.9 3581.7

5.4 Experimentatesultsfor ATSPs

We appliedthe sameversionsof MMAS alsoto the ATSP;the computational
resultsaregivenin Table9. Herewe only presentesultsobtainedwith MMAS-
nri and MMAS+rs, beingthe computationakesultswith MMAS+ri almosti-
denticalto thoseof MMAS+rs. On the asymmetricinstancesM MAS-nri and
MMAS+rsshown thesameperformanceninstancesy48p andkrol24p . Yet,
MMAS+rs could solve the two instancedt70 andftvl70 in all runsto op-
timality, which could not be achieved without the additionaldiversificationmech-
anismbasedon pheromonerail reinitialization. The reasonfor the performance
differencebetweenM MAS-nri and MMAS+rs may be that, despitethe phero-
monetrail limits, MMAS getsstuckat solutionscorrespondindo local minima
with largeattractionregionsandfor anescapdrom theseregionsthe currentlybest
found solution hasto be strongly restructuredSinceat convergenceof MMAS
thearcswith maximalamountof pheromonewill beratherfrequentlychosenpy a
reinitialisationof thepheromonerails thechance®f escapingrom suchattraction
regionsarehigher

5.5 Discussiomandrelatedwork

Accordingto the presentedesults, MMAS is currentlythe bestperformingA-
COalgorithmfor the TSR In particular it showvs betterperformancéor symmetric
TSPinstancegshan ACS while ACS and MMAS reachthe samelevel of perfor
manceon ATSPs.In summarythe computationafesultswith the three MMAS
variantssuggesthat (i) for the TSPvery high solutionquality canbe obtainedwith
MMAS, (ii) the bestcomputationalesultsare obtainedwhenin additionto the
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Table9

Comparisorof MMAS with andwithout pheromonerail reinitializationon someATSP
instance Given arethe instancename(the numberin the namegivesthe problemdimen-
sion, thatis, thenumberof cities;anexceptionis instancekro124p whichhas100cities),

thealgorithmused the bestsolution,the averagesolutionquality (its percentageleviation

from the optimumin parentheses}he worst solution generatedthe averagenumberof

iterationsiayg andthe averagetime 5,4 to find the bestsolutionin arun, andthe maximal-
ly allowed computatiortime tmax Averagesaretaken at leastover 25 trials. Bestaverage
resultsareprintedin bold-face.

instance Algorithm Best Average Worst iavg tavg tmax
MMASH+Hrs 14422 14422.0(0.0%) 14422 225 25

ry48p 120
MMAS-nri 14422 14422.0(0.0%) 14422 34.9 4.3

470 MMASH+Hrs 38673 38673.0(0.0%) 38673 140.5 24.6 200
MMAS-nri 38673 38686.6(0.04%) 38707 214.4 47.3
MMASH+Hrs 36230 36230.0(0.0%) 36230 229 6.2

kro124p 300
MMAS-nri 36230 36230.0(0.0%) 36230 23.9 7.4
MMASHrs 2755 2755.0(0.0%) 2755 147.6 46.7

ftv170 600
MMAS-nri 2755 2757.8(0.08%) 2764 124.5 39.9

pheromondrail limits effective diversificationmechanism$asedon pheromone
re-initializationareused.In generalwe found thatan effective searchdiversifica-
tion is necessaryo achiare bestperformancevhenapplying ASe or AS,ank With
additionallocal search.

Becausehe TSPis a standardenchmarlproblemfor meta-heuristi@algorithm-
s, it hasreceved considerablattentionfrom the researchcommunity Here, we
only mentionsomeof the mostrecentwork, for a discussiornof earlierwork we
referto the overview article by JohnsorandMcGeoch[23]. Currently the iterat-
ed LK heuristic(ILK) is the mostefficient approachto symmetricTSPsfor short
to mediumrun-times[23]. Recently severalnew approacheandimprovedimple-
mentationdhave beenpresentedavhich appeato performaswell or betterthanILK
for longerrun-times.Amongthesealgorithmswe find the geneticlocal searchap-
proachof MerzandFreisleberj16,33],anew genetidocal searchapproachusinga
repairbasedrosseeroperatoandbroodselectiorby Walters[52], ageneticalgo-
rithm usinga specializeccrosswer operatoy callededgeassemblycrossweer, due
to NagataandKobayash{38], andfinally a specializedocal searchalgorithmfor
the TSPcalledlterative Partial Transcriptionby Mobiuset.al.[36]. Someof these
algorithmsachiese bettercomputationafresultsthanthe onespresentedere.For
example,the geneticlocal searchapproachpresentedn [33], which usesthe LK
heuristicfor the local searchreachen averagea solutionof 8806.20n instance
rat783 in 424 secondn a DEC Alpha station255 MHz. Obviously, the com-
putationalresultsfor MMAS would alsobenefitfrom a fasterimplementatiorof
theLK heuristicliketheoneusedin [33,23].Yet, it is anopenquestionrwhetherthe
performancdwith respecto computatiortime) of the currentlybestalgorithmsfor
symmetricT SPscanbereached.

Applied to asymmetricTSP instancespur computationakesultswith respect
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to solutionquality comparemorefavorably to theseapproached-or example,the
solution quality we obtainwith MMAS is betterthanthat of the geneticlocal
searchapproacthof [33] andthe sameasreportedin [52], but at the costof higher
run-times.

6 Experimental resultsfor the QAP

In this sectionwe report on the experimentalresultsobtainedwith MMAS
whenappliedto the QAP andcompareit with otherwell known algorithmsfrom
literature.

As outlinedin Section2.4,ACO algorithmapplicationgo the TSP canstraight-
forwardly be extendedto the QAP. Whenappliedto the QAP, in MMAS we con-
struct solutionsby assigningfacilities to locationsin randomorder Differently
from the TSP application,for the QAP we do not useary heuristicinformation
for the solutionconstructionln fact,it hasbeenshawn thatthe heuristicinforma-
tion is not necessaryor the hybrid MMAS algorithmwhich combinessolution
constructionwith local searchto obtainhigh quality solutions[45]. For example,
whenrunning M MAS onthe TSPwithout heuristicinformation(whichis simply
achieved by settings = 0 in Equation2) only a very slight solution degradation
couldbenoted. The MMAS approachor the QAP is a straightforvard extension
of the MM AS+ri versionwhich hasbeendiscussedn the previoussection.

6.1 Parametersettings

Suitableparametesettingsfor MMAS-QAPweredeterminedn someprelim-
inary experimentsWe usem = 5 ants(all antsapplylocal searchto the solution
they generateandsetp = 0.8, = 1.0. The low numberof antsis motivated
by the fact thatlocal searchfor large QAP instancess computationallydemand-
ing, but a reasonablenumberof iterationsshouldbe performedto learnthe phe-
romonetrails. Thetrail limits aredeterminedaccordingto Equation7, thatis, we
SetTimax = li—p . W, andaccordingto Equation11 by settingppes = 0.005 and
avg= n/2 (atachoicepointananthasto assign— on average— afacility to one
of n/2 locations).

For MMAS appliedto the QAP we usetwo differentlocal searchalgorithm-
s. Oneis the simple 2-opt  algorithm briefly describedn Section3; in the fol-
lowing, we refer to the versionof MMAS usingthis local searchalgorithm as
MMAS,_ .. Alternatively, we applyshortrunsof therobusttatu searchalgorith-
m (Ro-TS)[49], a possibility which wasfirst consideredn a geneticlocal search
algorithm[15]. This versionis called MMASys; it is motivatedby the fact that
shortrunsof Ro-TStypically give higherquality solutionsthan2-opt , although
atthe costof higherrun times.In a senseRo-TSis a more powerful local search
algorithmandonemay expectbetterresultswhenusingit.

We applythefollowing scheduldo alternatehepheromonerail updatebetween
#%° and¢®. For thefirst 9 iterations we set f9 to 3, for iterations10to 24 we use
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f9 = 2, andfrom iteration25on f9 = 2; asbefore,f9% = k indicateshatevery k
iterationsp9® updateghetrails. Notethat M MAS is ratherrobustto the particular
schedulechosenithe scheduleggiven hereis not fine-tunedat all. Becausewve are
actuallyusing MMAS+rs,we use¢?® for thetrail updateif morethan30 cycles
have passedsincethe last pheromonedrail reinitializationandfor 5 iterationsno
improvedsolutionhasbeenfound.

6.2 Computationaresults

MMAS was appliedto a wide rangeof QAP instancegaken from QAPLIB.
We only usedinstancesvith n > 20, sincesmallerinstancesretoo easilysolved.
For MMAS:s we applied250timesshortRo-TSrunsof lengthdn. MMAS,_ .
is thenstoppedafterthe samecomputatiortime astakenby MMAS;s.

We comparethe performanceof M MAS to therobusttalu search(Ro-TS)al-
gorithm[49], to agenetichybrid (GH) methodwhichusesshorttalu searchrunsfor
thelocal searcH15], andto HAS-QAP [21], anotherant-basedhlgorithm.In [50]
it wasshavn that GH performedbestthe instancef classeqiii) and (iv) (see
Section3), whereagalu searchalgorithmslik e Ro-TSperformedbestoninstances
of classegi) and(ii). Ro-TSis allowed 1000 - » iterations resultingin similar run-
timesto MMAS;s. In GH, 250 shortrobusttabu searchrunsof the samelength
asin MMAS:s areapplied.Hence the computatiortimesarecomparableHAS-
QAP is allowed 1000 applicationsof a truncatedfirst-improvement2-opt local
search.Sincein [21] it is detailedthat the computationtimesfor HAS-QAP are
similar to thoseof GH, theresultsof HAS-QAP arealsoroughly comparablavith
respecto computatiortimesto thoseof MMAS. In fact,our ownimplementation
of that local searchalgorithm suggestshat HAS-QAP takesroughly 75% of the
computatiortime MMAS is given. The computationatesultsfor HAS-QAP and
GH aretakendirectly from [21].

The computationalesultsarepresentedn Table 10 for instancef classeg)
and (i7), andin Table 11 for thoseof classes(iii) and (iv). In general,which
methodperformsbestdependsstrongly on the instanceclass.For the instances
of classeqi) and (ii) the hybridsusing shorttabu searchrunsand Ro-TS shav
the bestperformance M MAS,_,,. and HAS-QAP perform significantly worse
thanRo-TS, GH, and MMASts on instancef class(i) andslightly worseon
instancegrom class(ii).

Onthereal-life (like)instancestheperformanceharacteristicsef thealgorithms
arevery different.Here, MMAS,_ ., andHAS-QAP shav muchimproved per
formanceand,in fact, MMAS,_;; is the bestalgorithmfor instancedaixxb
andbur26x . Forexamplefor all instance®ur26x thebestknown solutionvalue
is foundin every run, somethinghat could not be achiezed neitherby MMAS+g
norby Ro-TS.Additionally, MMAS,_ . findsthesebestknown solutions(which
areconjecturedo beoptimal)onaveragen 3.8second®naSUN UltraSpard pro-
cesson(167Mhz)while Ro-TSfindsthe bestsolutionsin eachrun only after 18.5
second®n averageFor instancesaixxb , Ro-TSperforms exceptfor thesmall-
estinstancessignificantlyworsethanthe MMAS hybridsor HAS-QAPR Only on
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Table10

Experimentaresultsfor heuristicalgorithmson QAP instancedrom classeq:) and (i4).
We give the averageexcessfrom the bestknown solutionsover 10 independentunsof the
algorithms Bestresultsareprintedin boldface.Seetext for details.

iFr’]'S‘ig'rfcrz Ro-TS  GH HAS-QAP A;;MAS_ MMAS-
Prs QAP2fopt
random problemswith uniformly distrib uted matrix entries (i)
tai20a 0.108 0.268 0.675 0.191 0.428
tai25a 0.274 0.629 1.189 0.488 1.751
tai30a 0.426 0.439 1.311 0.459 0.966
tai35a 0.589 0.698 1.762 0.715 1.128
tai40a 0.990 0.884 1.989 0.794 1.509
tai50a 1.125 1.049 2.800 1.060 1.795
tai60a 1.203 1.159 3.070 1.137 1.882
tai80a 0.900 0.796 2.689 0.836 1.402

random flows on grids (ii)

nug30 0.013 0.007 0.098 0.013 0.039
sko42 0.025 0.003 0.076 0.032 0.051
sko49 0.076 0.040 0.141 0.068 0.115
sko56 0.088 0.060 0.101 0.075 0.098
sko64 0.071 0.092 0.129 0.071 0.099
sko72 0.146 0.143 0.277 0.090 0.172
sko81 0.136 0.136 0.144 0.062 0.124
sko90 0.128 0.196 0.231 0.114 0.140

kra30x andste36a Ro-TScancatchupwith theotheralgorithms.

Interestinglyusingasimplelocal searchprocedures sufficientto yield veryhigh
guality solutionson thereal-life (like) instancesnd,for example for theinstances
taixxb  with n < 60 in almostevery run the best-knevn solutions,which are
conjecturedo beoptimal,arefound.Hence for theinstancesvith arelatively high
fitness-distanceorrelationt seemgo bebetterto applymoreoftenalocal searcho
identify promisingregionsof thesearchspaceln fact,ontheseinstances MAS
is ableto efficiently exploit the structureof the real-life (like) QAP instancesand
is ableto guidethelocal searchtowardsvery high quality solutions.

One might conjecturethat the flow (distance)dominancecould be usedto i-
dentify which algorithm shouldbe usedon a particularinstance If the flow and
distancedominancearelow, the bestchoiceappeargo be the usealgorithmslike
MMASys, GH, or Ro-TS, while for high flow and/ordistancedominancethe
bestwould be to apply a hybrid algorithmwith a fastlocal search Although such
a simplerule would work reasonablywell, exceptionsdo occur For example,al-
thoughinstanceste36a hasthe highestflow dominanceamongthe real-life in-
stancesM MASrs andevenRo-TSgive slightly betteraverageperformancehan
MMAS,_ . Thus,moresophisticatedneasuresf theproblemstructurenave to
bedevelopedto predicttherelative performancef differentalgorithmicapproach-
esmorereliably.
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Tablel11l

Experimentatesultsfor heuristicalgorithmson QAP instancedrom classegiii) and(iv).
We give the averageexcessfrom the bestknown solutionsover 10 independentunsof the
algorithms.“n.a’” indicatesthat an algorithmhasnot beenappliedto a specificinstance.
Bestresultsareprintedin boldface.Seetext for details.

E;‘ig'rfcrg Ro-TS  GH HAS-QAP A;:APTAS' MMAS-
S QAP,_opt
real-life instances(iii)

bur26a- 0.002 0.043 0.0 0.006 0.0
h
kra30a 0.268 0.134 0.630 0.134 0.157
kra30b 0.023 0.054 0.071 0.044 0.066
ste36a 0.155 n.a. n.a. 0.061 0.126
ste36b 0.081 n.a. n.a. 0.0 0.0

randomly generatedreal-life lik e instances(iv)

tai20b 0.0 0.0 0.091 0.0 0.0
tai25b 0.0 0.0 0.0 0.0 0.0
tai30b 0.107 0.0003 0.0 0.0 0.0
tai35b 0.064 0.107 0.026 0.051 0.0
tai40b 0.531 0.211 0.0 0.402 0.0
tai50b 0.342 0.214 0.192 0.172 0.009
tai60b 0.417 0.291 0.048 0.005 0.005
tai80b 1.031 0.829 0.667 0.591 0.266
tail00b 0.512 n.a. n.a. 0.230 0.114

7 Conclusions

Recentresearchn ACO algorithmshasstronglyfocusedon improving the per
formanceof ACO algorithms.In this papemwe have presented I AX-MIN Ant
System,an algorithm basedon several modificationsto AS which aim (7) to ex-
ploit morestronglythe bestsolutionsfoundduringthesearchandto directtheants’
searchtowardsvery high quality solutionsand(i:) to avoid prematurecorvergence
of theants’searchWe have justifiedthesemodificationsby a computationaktudy
of MMAS andhave shovn thatall mainmodificationsareimportantfor obtaining
peakperformanceOur resultsdemonstratehat M MAS achiezesa stronglyim-
provedperformance&eomparedo AS andto otherimprovedversionsof AS for the
TSP;furthermore MMAS is amongthe bestavailablealgorithmsfor the QAP.

Oneof themainideasintroducecby MAX-MZN Ant Systemthe utilization
of pheromonérail limits to preventprematurecorvergence canalsobeappliedin
a differentway, which canbe interpretedasa hybrid betweenM MAS and Ant
Colory System(ACS): During solution constructionthe antsin ACS make the
bestpossiblechoice,asindicatedby the pheromondrail andheuristicinformation,
with a fixed probability p and with probability 1 — p they make a probabilistic
choiceasin Equation2. With high parametewaluesof p andthefactthatonly the
iteration-besbr theglobal-bessolutionis choserfor thetrail updateavery strong
exploitation of the searchhistory results.When combining ACS'’s action choice
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rule with tight pheromondrail limits, we obseneda very promisingperformance
(se€d48]). Apartfrom theTSPandthe QAP, thislatterversionhasalsobeernapplied

to the permutationFlow ShopProblem[43] andto the GeneralizedAssignment
Problem[39] obtainingvery goodresults.

Onefeature M MAS hasin commonwith otherimproved AS algorithmsis the
factthatthe bestsolutionsfound duringthe searcharestronglyexploitedto direct
the ants’ search.We have relatedthis featureto recentresultsof the analysisof
searchspacecharacteristicgor combinatorialoptimizationproblems.Earlier re-
searchhasshawn thatthereexistsa strongcorrelationbetweerthe solutionquality
andthe distanceto a global optimumfor the TSP and for someother problems.
Here,we performeda fitness-distanceorrelationanalysisfor the QAP andfound
thatfor real-life andrandomlygeneratedeal-life like QAP instanceshereis a sig-
nificantcorrelationbetweerthe quality of candidatesolutionsandtheir distanceo
optimalsolutionswhile thisis notthecasgor instancesvith matrixentriesgenerat-
edaccordingto uniform distributions. This suggestshatfor thefirst two instances
classesMI MAS mayprovide aneffective guidancenechanisnto directthesearch
towardsthe bestsolutionswhile thisis notthecaseonthelatterinstanceclass.Yet,
exploitation of the bestsolutionsis not the only remedyto achieve very high per
forming ACO algorithms.To avoid prematureconvergence the exploitation of the
bestsolutionshasto becombinedwith effective mechanism$or performingsearch
spaceexploration. M MAS explicitly addressethis aspectwhichis possiblythe
mainreasonwhy it is currentlyoneof the bestperformingACO algorithms.

Thereare several issueswhich seemto be worth further investigation.At the
moment,several ACO algorithmsshow a promisingperformanceon variouscom-
binatorialoptimizationproblemsWe stronglybelieve thatfuture ACO application-
s will combinefeaturesof theseACO algorithms.Here, MMAS may be a very
good startingpoint, sinceit is one of the bestACO algorithmsfor combinatori-
al optimizationproblemswhich are often usedas benchmarkgo testalgorithmic
ideas.An examplefor suchcombinationdetweerseveral ACO algorithmsarethe
hybridsbetweenM MAS andACS mentionedabove. Furtherpromisingideasare
the useof lower boundson the completionof partial solutionsfor the computation
of the heuristicvaluesasproposedn the ANTS algorithm[29] or the useof rank-
ing for the trail updateq6]. Anotherissuedealswhith the settingof parameters
in ACO algorithms.In our experiencethe parametergiven herefor the TSPand
QAP applicationsperformedvery well over a wide rangeof instancesNeverthe-
less,in otherapplicationsadaptve versionsvhich dynamicallytunethe parameters
during algorithm executionmay increasealgorithm robustnessFinally, we defi-
nitely needa morethoroughunderstandingf the featuresthe successfubpplica-
tion of ACO algorithmdependon andhow ACO algorithmsshouldbe configured
for specificproblems.Particularly, the following questionsneedto be answered:
Which solution componentshouldbe used?What is the bestway of managing
thepheromones3houldthe ACO algorithmalwaysbe combinedwith local search
algorithmsaWhich problemscanbe efficiently solvedby ACO algorithms?To an-
swersomeof thesequestionstheinvestigationof searchspacecharacteristicand
their relationto algorithmperformancemay give usefulinsights.
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In this article,we have takeninitial stepsn addressingheseissuesandprovided
startingpointsanddirectionsfor furtherresearchlt is our hopethatby following
theseroutes,ultimately the performanceandapplicability of ACO algorithmscan
befurtherimproved.
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