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Abstract

Ant System,thefirst Ant Colony Optimizationalgorithm,showedto beaviablemethod
for attackinghardcombinatorialoptimizationproblems.Yet, its performance,whencom-
paredto more fine-tunedalgorithms,was rather poor for large instancesof traditional
benchmarkproblemslike theTravelingSalesmanProblem.To show thatAnt Colony Opti-
mizationalgorithmscouldbegoodalternativesto existing algorithmsfor hardcombinato-
rial optimizationproblems,recentresearchin thisareshasmainly focusedon thedevelop-
mentof algorithmicvariantswhichachieve betterperformancethanAS.

In this article,we present�
	�� –��
�� Ant System,anAnt Colony Optimizational-
gorithmderivedfrom Ant System.�
	�� –��
�� Ant Systemdiffersfrom Ant Systemin
several importantaspects,whoseusefulnesswe demonstrateby meansof an experimen-
tal study. Additionally, we relateoneof thecharacteristicsspecificto ��� AS — thatof
usinga greediersearchthanAnt System— to resultsfrom the searchspaceanalysisof
thecombinatorialoptimizationproblemsattacked in this paper. Our computationalresult-
s on the Traveling SalesmanProblemandthe QuadraticAssignmentProblemshow that�
	�� –��
�� Ant Systemis currentlyamongthe bestperformingalgorithmsfor these
problems.

1 Intr oduction

Ant Colony Optimization(ACO)[13,8,14,11]isarecentlydeveloped,population-
basedapproachwhichhasbeensuccessfullyappliedto several ��� -hardcombina-
torial optimizationproblems[5,7,12,19,20,29,35,45](see[10,11]for anoverview).�
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As thenamesuggests,ACOhasbeeninspiredby thebehavior of realantcolonies,
in particular, by their foragingbehavior. Oneof its mainideasis theindirectcom-
municationamongthe individualsof a colony of agents,called (artificial) ants,
basedon ananalogywith trails of a chemicalsubstance,calledpheromone,which
realantsusefor communication.The(artificial) pheromonetrailsareakind of dis-
tributednumericinformation(calledstigmergic informationin [9]) which is mod-
ified by theantsto reflecttheir experienceaccumulatedwhile solvinga particular
problem.Recently, the Ant Colony Optimization(ACO) meta-heuristichasbeen
proposedto provide a unifying framework for mostapplicationsof antalgorithm-
s [11,10] to combinatorialoptimizationproblems.Algorithms which actuallyare
instantiationsof theACO metaheuristicwill becalledACO algorithmsin the fol-
lowing.

Thefirst ACO algorithm,calledAnt System(AS) [13,8,14],wasappliedto the
Traveling SalesmanProblem(TSP). It gave encouragingresults,yet its perfor-
mancewasnotcompetitivewith state-of-the-artalgorithmsfor theTSP. Therefore,
oneimportantfocusof researchon ACO algorithmshasbeenthe introductionof
algorithmicimprovementsto achieve a muchbetterperformance.Typically, these
improvedalgorithmshave beentestedagainon theTSP[12,47,6].While they dif-
fer mainly in specificaspectsof the searchcontrol,all theseACO algorithmsare
basedonastrongerexploitationof thesearchhistoryto directtheants’searchpro-
cess.Recentresearchon the searchspacecharacteristicsof somecombinatorial
optimizationproblemshasshown thatfor many problemsthereexistsacorrelation
betweenthesolutionquality andthedistancefrom very goodor optimalsolution-
s [4,3,24,34].Hence,it seemsreasonableto assumethat the concentrationof the
searcharoundthebestsolutionsfoundduring thesearchis thekey aspectthat led
to theimprovedperformanceshown by themodifiedACOalgorithms.

The ����� –����� Ant System( ��� AS) algorithmdiscussedin this article
achievesa strongexploitation of the searchhistory by allowing only the bestso-
lutions to addpheromoneduring the pheromonetrail update.Also, the useof a
rathersimplemechanismfor limiting the strengthsof the pheromonetrails effec-
tively avoids prematureconvergenceof the search.Finally, ��� AS can easily
be extendedby addinglocal searchalgorithms.In fact, the bestperformingACO
algorithmsfor many differentcombinatorialoptimizationproblemsimprovetheso-
lutionsgeneratedby theantswith local searchalgorithms[12,19,47,45,5].As our
empiricalresultsshow, ��� AS is currentlyoneof thethebestperformingACO
algorithmsfor theTSPandtheQuadraticAssignmentProblem(QAP).

Theremainderof this paperis structuredasfollows. In Section2, we introduce
ACO algorithmsand discusstheir applicationto the TSP, using Ant Systemas
a startingpoint. Next, we review someresultsfrom the searchspaceanalysisof
the TSP which show that solution quality and distancefrom a global optimum
are tightly correlatedandwe give new resultsfor a similar analysisof the QAP
searchspace.In Section4 we give detailson the modificationsof AS leadingto��� AS andpresentan experimentalinvestigationshowing the effectivenessof
thesemodifications.Section5 givesresultsof our extensive experimentalanalysis
of ��� AS with additionallocal searchfor the TSP. In Section6 we show that
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��� AS is oneof the bestavailablealgorithmsfor the QAP. In the concluding
Section7 webriefly summarizeourmainresultsandpointoutdirectionsfor further
research.

2 Ant colony optimization

2.1 ACOalgorithms

ACO algorithmsmake useof simpleagentscalledantswhich iteratively con-
structcandidatesolutionto a combinatorialoptimizationproblem.Theants’solu-
tion constructionis guidedby (artificial) pheromonetrails andproblem-dependent
heuristicinformation.In principle,ACOalgorithmscanbeappliedto any combina-
torial optimizationproblemby definingsolutioncomponentswhich theantsuseto
iteratively constructcandidatesolutionsandonwhichthey maydepositpheromone
(see[10,11] for moredetails).An individual antconstructscandidatesolutionsby
startingwith an emptysolutionand then iteratively addingsolutioncomponents
until a completecandidatesolutionis generated.We will call eachpoint at which
ananthasto decidewhichsolutioncomponentto addto its currentpartialsolution
a choicepoint. After the solution constructionis completed,the antsgive feed-
backon thesolutionsthey have constructedby depositingpheromoneon solution
componentswhichthey haveusedin theirsolution.Typically, solutioncomponents
which arepart of bettersolutionsor areusedby many antswill receive a higher
amountof pheromoneand,hence,will more likely be usedby the antsin future
iterationsof thealgorithm.To avoid the searchgettingstuck,typically beforethe
pheromonetrailsgetreinforced,all pheromonetrailsaredecreasedby a factor � .

Theants’solutionsarenotguaranteedto beoptimalwith respectto localchanges
andhencemaybefurther improvedusinglocal searchmethods.Basedon this ob-
servation, the bestperformingACO algorithmsfor many � � -hardstatic combi-
natorial problems! arein facthybrid algorithmscombiningprobabilisticsolution
constructionby a colony of antswith local searchalgorithms[12,19,30,45,47,48].
In suchhybridalgorithms,theantscanbeseenasguidingthelocal searchby con-
structingpromisinginitial solutions,becauseantspreferablyusesolutioncompo-
nentswhich, earlier in the search,have beencontainedin good locally optimal
solutions.

In general,all ACOalgorithmsfor staticcombinatorialproblemsfollow aspecif-
ic algorithmicschemeoutlinedin Figure1.After theinitializationof thepheromone
trails andsomeparameters,a main loop is repeateduntil a terminationcondition
— which maybea certainnumberof solutionconstructionsor a givenCPU-time
limit — is met. In the main loop, first, the antsconstructfeasiblesolutions,then
thegeneratedsolutionsarepossiblyimprovedby applyinglocalsearch,andfinally

! Staticcombinatorialproblemsarethosein whichall relevantproblemdataareavailable
beforethestartof thealgorithmanddonotchangeduringthealgorithm’s run.An example
for thelattercaseis thenetwork routingproblemin communicationnetworks.
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thepheromonetrails areupdated.It shouldbe notedthat theACO meta-heuristic
[10,11] is moregeneralthanthealgorithmicschemegivenhere."

procedure ACO algorithmfor staticcombinatorialproblems
Setparameters,initialize pheromonetrails
while (terminationconditionnotmet)do

ConstructSolutions
ApplyLocalSearch % optional
UpdateTrails

end
end

Fig. 1. Algorithmic skeletonfor ACO algorithmsappliedto staticcombinatorialprob-
lems.

2.2 Combinatorialoptimizationproblems

Traditionally,almostall ACOalgorithmshavebeentestedontheTSP[13,14,12,47,6].
In thisarticlewefocusontheTSPandtheQAPasapplicationdomainsfor ��� AS.

2.2.1 TheTravelingSalesmanProblem
The TSPcanbe representedby a completegraph #%$ &('*),+.- with ' being

the set of nodes,also calledcities, and + being the set of arcsfully connecting
the nodes.Eacharc &(/0)213-546+ is assigneda value 798;: which representsthe dis-
tancebetweencities / and 1 . The TSP then is the problemof finding a shortest
closedtour visiting eachof the <=$ >?'@> nodesof # exactly once.For sym-
metric TSPs,the distancesbetweenthe cities are independentof the direction
of traversing the arcs, that is, 7A8?:B$ 7C:D8 for every pair of nodes.In the asym-
metric TSP (ATSP) at least for one pair of nodes /E)F1 we have 798;:HG$ 7C:I8 . All
the TSP instancesusedin the empirical studiespresentedin this article are tak-
enfrom theTSPLIB benchmarklibrary accessibleat http://www.iwr.uni-
heidelberg.de/iwr/comopt/soft/ TSPLIB95/ TSPLIB.ht ml . These
instanceshave beenusedin many otherstudiesandpartly stemfrom practicalap-
plicationsof theTSP.

2.2.2 TheQuadratic AssignmentProblem
TheQAP is theproblemof assigninga setof facilitiesto a setof locationswith

givendistancesbetweenthe locationsandgivenflows betweenthe facilities.The
goalis to placethefacilitiesonlocationsin suchawaythatthesumof theproducts
betweenflows anddistancesis minimal. Given < facilities and < locations,two<KJL< matrices+�$�MON98;:QP and R
$
MOS,TIUFP , whereNA8?: is thedistancebetweenlocations

" For example,the algorithmicschemeof Figure1 doesnot capturethe applicationof
ACO algorithmsto network routingproblems(for anexamplesee[7]).
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/ and 1 and S,TIU is the flow betweenfacilities V and W , the QAP is the problemto
minimize

X &ZY�-[$ \] 8_^ � \
]
:0^ � S,8;:`Nbadc 8fe adc :0e (1)

whereY is anarbitrarypermutationof thesetof integers gbh9)jikiki`),<ml (corresponding
to anassignmentof facilities to locations),and Ym&(/2- givesthe locationof facility /
in Y . Intuitively, S,8;:nN adc 8_e adc :Ee representsthe costcontribution of simultaneouslyas-
signingfacility / to location Yo&(/2- andfacility 1 to location Ym&p1q- .

TheQAP is an � � -hardoptimizationproblem[41] andit is consideredoneof
thehardestoptimizationproblems.To date,instancesof size <sr�tvu cangenerally
not be solved to optimality andonehasto apply heuristicalgorithmswhich find
very high quality solutionsin a reltively short computationtime. The instances
on which we will test ��� AS are taken from the QAPLIB benchmarklibrary
(accessibleat http://serv1.imm.dtu.dk/˜sk/q apli b/ ).

2.3 ApplyingAntSystemto theTSP

WhenapplyingAnt System(AS) to the TSP, arcsareusedassolutioncompo-
nents.A pheromonetrail w`8;:x&zyE- , where y is the iterationcounter, is associatedwith
eacharc &(/0)213- ; thesepheromonetrails aremodifiedduring therun of thealgorith-
m throughpheromonetrail evaporationandpheromonetrail reinforcementby the
ants.Whenappliedto symmetricTSPinstances,pheromonetrails arealsosym-
metric( wn8?:v&{yE-|$}w,:I8I&zyE- ) while in applicationsto asymmetricTSPs(ATSPs)possiblywn8?:v&{yE-�G$~w,:I8I&{yE- .
2.3.1 Tour Construction

Initially, � antsareplacedon � randomlychosencities.Then,in eachconstruc-
tion step,eachantmoves,basedon a probabilisticdecision,to a city it hasnot yet
visited.This probabilisticchoiceis biasedby the pheromonetrail w`8;:x&zyE- andby a
locally availableheuristicinformation �x8;: . Thelatteris a functionof thearclength;
AS andall otherACO algorithmsfor the TSPuse ��8;:�$�hC�v798;: . Ants prefercities
which arecloseandconnectedby arcswith a high pheromonetrail andin AS an
ant � currentlylocatedat city / choosesto go to city 1 with aprobability:

���8;: &zyE-[$ M wn8?:v&{yE-IPp���qM?�x8;:,P�����f�0�.�� M?w`8 � &zyE-FP � �qM?�x8 � P � if 1K4�� �8 (2)

where � and � aretwo parameterswhich determinetherelative importanceof the
pheromonetrail andtheheuristicinformation,and� �8 is thefeasibleneighborhood
of ant � , thatis, thesetof citieswhichant � hasnotvisitedyet.Eachant � storesthe
citiesvisitedin its currentpartialtourin a list, thatis,eachanthasalimited memory
which is usedto determine� �8 in eachconstructionstepand thus to guarantee
thatonly valid Hamiltoniancyclesaregenerated.Additionally, it allows theant to
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retraceits tour, onceit is completed,sothatit candepositpheromoneon thearcsit
contains.

2.3.2 PheromoneUpdate.
After all antshave completedthe tour construction,the pheromonetrails are

updated.This is donefirst by lowering the pheromonetrails by a constantfactor
(evaporation)andthenby allowing theantsto depositpheromoneon thearcsthey
havevisited.In particular, theupdatefollows this rule:

wn8?:v&{y��}hC-�$����kw`8;:�&zyE-�� �]� ^ �v� w �8;: &zyE- (3)

wheretheparameter� (with u��~�K��h ) is thetrail persistence(thus, h �¡� models
theevaporation)and � w �8;: &zyE- is theamountof pheromoneant � putson thearcsit
hasusedin its tour. Theevaporationmechanismhelpsto avoid unlimitedaccumu-
lationof thepheromonetrails.While anarcis notchosenby theants,its associated
pheromonetrail decreasesexponentially;thisenablesthealgorithmto “forget” bad
choicesover time. In AS, � w �8;: &zyE- is definedasfollows:

� w �8;: &zyE-�$
¢£¤ £¥ hC�v¦ � &{yE- if arc &(/E)F1q- is usedby ant � in iteration y

u otherwise
(4)

where¦ � &zyE- is thetour lengthof the � th ant.By Equation4, thebettertheant’stour
is, the morepheromoneis received by the arcsbelongingto this tour. In general,
arcswhich areusedby many antsandwhich arecontainedin shortertourswill
receive morepheromoneandthereforewill morelikely bechosenin future itera-
tionsof thealgorithm.In this sensetheamountof pheromonewn8?:v&{yE- representsthe
learneddesirabilityof choosingthecity 1 to moveto whenanantis in city / .
2.4 ApplyingAntSystemto theQAP

TheAS applicationto theTSPcanbeextendedto theQAP in a straightforward
way. The main differenceis in the definition of the solution componentswhich
for the QAP are given by the assignmentsof facilities to locations.Hence,the
pheromonetrails w`8;:x&zyE- in the QAP applicationcorrespondto the desirability of
assigninga facility / to a location 1 .

For thesolutionconstruction,it canbeconvenientto useapreorderingof thefa-
cilities (or, equivalently, thelocations)andassignfacilities in thegivenorder. The
decisionpointsarerelatedto theassignments:at eachdecisionpoint anantprob-
abilistically decideson which location the next facility shouldbe put. In AS for
the QAP, thesedecisionsaredoneaccordingto Equation2 usinga QAP-specific
heuristicinformation[30]. In thiscasethefeasibleneighborhood� �8 of ant � com-
prisesthoselocationswhicharestill free.Thesingleconstructionstepsarerepeated
until a completeassignmentis obtained.The pheromoneupdateis doneasin the
TSPapplication.
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2.5 ImprovementsoverAntSystem

AS hasbeencomparedwith othergeneralpurposeheuristicson somerelative-
ly smallTSPinstanceswith up to 75 cities.Someinitial resultswereencouraging
andhave shown the viability of the approach;for example,AS could be shown
to achieve bettertour qualitiesthanothernature-inspiredalgorithms,suchasSim-
ulatedAnnealingor GeneticAlgorithms [14]. However, for larger TSPinstances
AS givesa very poor solutionquality comparedto state-of-the-artalgorithms.A
first improvementover AS, calledtheelitist strategy for Ant System(ASe) [8,14],
givesa strongadditionalreinforcementto the solutioncomponentsbelongingto
thebestsolutionfoundsincethestartof thealgorithm;this solutionis denotedasWj§E¨ (global-bestsolution) in the following. This is realizedby addinga quantity© � X &ªW §D¨ - , where© is thenumberof elitist antsand

X &ªW §D¨ - is thesolutioncostof W §D¨ ,
to thearcsusedin W §D¨ aftereachiteration.Somelimited resultspresentedin [8,14]
suggestthattheuseof theelitist strategy with anappropriatenumberof elitist ants
allows AS to find bettertoursandto find themearlierin therun. Yet, if too many
elitist antsareused,thesearchconcentratesearlyaroundsuboptimalsolutionslead-
ing to a prematurestagnationof thesearch.Searchstagnationis definedin [14] as
the situationwhereall antsfollow the samepathandconstructthe samesolution
overandoveragain,suchthatbettersolutionscannotbefoundanymore.

Other improvementsover AS include Ant Colony System(ACS) [18,12] and
therank-basedversionof Ant System(ASrank) [5]. In ACSand ��� AS, thebest
solutionsfoundduringthesearchareexploitedby allowing only oneantto update
thetrails aftereachiteration,while in ASrank a fixednumberof antsof thecurrent
iteration– the betterthe antsareranked in the currentiteration,the moreweight
they aregiven for the trail update– andtheglobal-bestant areallowedto update
thepheromonetrails.

3 Search spacecharacteristics

All improvedACO algorithmshave oneimportantfeaturein common:they ex-
ploit the bestsolutionsfound during the searchmuchmorethanwhat is doneby
Ant System.Also, they uselocalsearchto improvethesolutionsconstructedby the
ants.The fact thatadditionalexploitationof thebestfoundsolutionsprovidesthe
key for animprovedperformance,is certainlyrelatedto theshapeof thesearchs-
paceof many combinatorialoptimizationproblems.In thissection,wereportsome
resultson the topologyof searchspacesof TSPandQAP instanceswhich partly
explain the observed performancedifferencesandmotivatesimportantaspectsof
thealgorithmicdesignof ��� AS.

3.1 Analysisof FitnessLandscapes

Centralto the searchspaceanalysisof combinatorialoptimizationproblemsis
the notion of fitnesslandscape[42,53]. Intuitively, the fitnesslandscapecan be
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imaginedasa mountainousregion with hills, craters,andvalleys. A local search
algorithmcanbepicturedasa wandererthatperformsa biasedwalk in this land-
scape.In a minimizationproblemsuchastheTSPor theQAP, thegoal is to find
the lowestpoint in this landscape.Theeffectivenessof a givensearchstrategy for
thewandererstronglydependson theruggednessof thelandscape,thedistribution
of thevalleys andcratersin the landscape,andthe overall numberof valleys and
craters.Formally, thefitnesslandscapeis definedby

(1) thesetof all possiblesolutions« ;
(2) anobjective functionthatassignsafitnessvalue

X &ZWC- to every W¬45« ;
(3) aneighborhoodstructure� ­B«�J*« .

Thefitnesslandscapedeterminestheshapeof thesearchspaceasencounteredby
a local searchalgorithm.Theneighborhoodstructureinducesa distancemetricon
the set of solutions;the distance7®&ZW9)¯Wj°±- betweentwo solutions W and Wj° can be
definedastheminimumnumberof movesthathaveto beperformedto transformW
into W ° .

Thedistributionof localminimaandtheir relativelocationwith respectto global
optimais an importantcriterion for theeffectivenessof adaptive multi-startalgo-
rithmslikeACO algorithms.For analyzingthis aspectof thefitnesslandscape,the
correlationbetweensolutionfitnessandthedistanceto optimalsolutionshasbeen
studied[3,24,34]; in the literatureon geneticalgorithmsthis correlationis also
calledthefitness-distancecorrelation(FDC) [24]. Thiscorrelationcanbecaptured
by thecorrelationcoefficient,which is definedas:

�®&ª² )Q³´-[$ Cov &(²µ),³´-¶
Var &ª²�-m� ¶ Var &ª³´- (5)

whereCov &ª² )Q³´- is thecovariancebetweentherandomvariables² and³ which
probabilisticallydescribethe fitnessand the distanceof local optima to a global
optimum,while Var denotesthevariance.This correlationcoefficient canbeem-
pirically estimatedby substitutingthe covarianceand the variancevaluesby the
respectiveempiricallymeasuredones.TheFDCanalysishasshown to beveryuse-
ful in the context of studyingthe effectivenessof adaptive algorithmsand their
design[3,4,34].Note that for minimizationproblems,a high, positive correlation
betweenthesolutioncostandthedistanceto theglobaloptimumindicatesthatthe
smallerthe solutioncost, the closerare the solutions– on average– to a global
optimum.Hence,if a problemshows a high FDC, algorithmscombiningadaptive
solutiongenerationandlocal search,may be expectedto performwell. For ACO
algorithms,this is thecasebecausethemostimportantguidancemechanismof A-
CO algorithmsis the solutionquality of the solutionsconstructedby the ants—
thebetterasolution,themoreits solutioncomponentswill bereinforced.Yet, if no
suchcorrelationexistsor, evenworse,if costanddistancearenegatively correlat-
ed,thefitnessgivesonly little or no guidancetowardsbettersolutionsandon such
problemsACOalgorithmmayperformpoorly.
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Fig. 2. Fitness-distanceplots for symmetricTSPinstances.Eachof the plots is basedon
2500localoptima.Theplotsarefor theinstancesrat783 (left) andfl1577 (right). The¸ -axisgivesthedistanceto theclosestglobaloptimum,the ¹ -axisrepresentsthepercentage
deviation from theminimal tour length.

3.2 FDC Analysisfor theTSP

ThesymmetricTSPis oneof themostwidelystudiedproblemsin termsof search
spaceanalysis[25,37,3,4].A gooddistancemeasurebetweentwo tours W and W ° is
given by the numberof differentarcs,that is, 7®&ZW9)¯W ° -º$»<s�¼>½g3&(/0)213-�¾�&(/E)F1q-�4W@¿À&z/0)F1q-Á4ÂW ° l�> (where < is thenumberof cities).A first studyof thecorrelation
betweenthesolutionqualityandthedistanceto theglobaloptimumhasbeendone
in [3]. Additionally, plotsof thesolutioncostversusthedistanceto theclosestglob-
al optimumhave shown to bea very illustrative tool for thegraphicalpresentation
of thecost-distancerelationship[3,24,34].Here,we exemplify resultson theFDC
analysisusingsomeinstanceswhicharelargerthanpreviouslystudiedones.

For our investigationwe usea 3-opt local searchalgorithm[27]. This local
searchalgorithmproceedsby systematicallytestingwhetherthe currenttour can
beimprovedby replacingat mostthreearcs.Straightforward3-opt implementa-
tionsrequire Ã´&(< " - exchangesto beexamined.Sincethis is too time-consumingin
practice,weuseanumberof standardspeed-uptechniques[1,32,23]whichachieve
a sub-quadraticalgrowth of the local searchtime with instancesize.In particular,
we restrictthesetof examinedmovesto acandidatelist of afixednumberof near-
estneighbors;here,asadefault wesetthis numberto 40.Additionally, weapplya
fixedradiusnearestneighborsearch[1,23].

For someinstancesseveralglobally optimal solutionexist. To partially address
this issue,for eachof theseproblemswe generateda numberof globally optimal
solutions,then eliminateddoublesand in our FDC analysiswe usethe distance
to theclosestof theseglobal optima.(Note that the numberin the instancename
givesthenumberof cities.)Figure2 givesplotsof thepercentagedeviationfromthe
optimumversusthedistanceto theclosestglobaloptimum.All plotsshow astrong
positivecorrelationbetweensolutioncostandthedistancefrom theclosestoptimal
solution — better local minima tend to be closer to the global optimum. Some
summaryresultsfor theFDCanalysisaregivenin Table1, in particular, theaverage
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Table1
Resultsof the FDC analysison symmetricTSP instancesbasedon 2500 3-opt local
optima.We reportthe instancename,theaveragepercentagedeviation from theoptimum
(Average(%)), thenumberof optimalsolutionswhichareusedin theFDCanalysis( ÄÁÅÇÆQÈ ),
the averagedistancebetweenlocal optima( É�Ê�ËkÌ,Í � U ), the ratio betweenÉ�Ê�ËkÌQÍ � U and the
instancesize Î , the averagedistanceto the closestglobal optimum( ÉxÊCËdÌ,Í ÅÇÆQÈ ), the ratioÉxÊCËdÌ,Í ÅÇÆQÈªÏ Î andthefitness-distancecorrelationcoefficient ( Ð � U ).

instance Average(%) ÑÓÒÇÔFÕ ÖD× §2ØIÙdÚ?Û ÖI× §2ØDÙkÚ?ÛFÜ \ ÖI× §2ØDÙ ÒÇÔFÕ ÖI× §2ØDÙ ÒÇÔFÕ Ü \ Ý Ú?Ûlin318.tsp 3.56 1 75.83 0.228 67.25 0.211 0.469

rat783.tsp 4.85 119 249.32 0.318 204.24 0.261 0.624

pcb1173.tsp 5.91 7 328.93 0.280 274.34 0.234 0.585

d1291.tsp 6.96 27 206.27 0.160 159.19 0.123 0.631

fl1577.tsp 8.16 27 330.75 0.210 267.25 0.169 0.450

pr2392.tsp 5.71 12 660.91 0.276 552.49 0.231 0.538

distancebetweenlocal minima andto the averagedistanceto global optima,the
respectiveratiosto themaximumpossibledistance,andthecorrelationcoefficients
are given. Interestingly, the ratio betweenthe averagedistanceof tours and the
instancesize(column NAÞAßvÌ,Í � UD�x< in Table1) is very small; this fact indicatesthat
locally optimaltoursin theTSPareconcentratedaroundasmallregionof thewhole
searchspace(thisparticularityhasalsobeenobservedbefore[25,37,3,4]).Also, the
correlationcoefficientsareall statisticallysignificant.Note that the generalityof
theseresultsdoesnotdependontheparticular3-opt algorithmused.Whenusing
2-opt or the morepowerful Lin-Kernighanheuristic(LK) for the local search,
againa stronglysignificantFDC, which wasslightly weaker whenusing2-opt
andstrongerwhenusingLK, hasbeenobservedfor theinstancesexaminedin [3].

3.3 FDC Analysisfor theQAP

For the QAP it is known that thereareseveral differenttypesof instancesand
thattheparticularinstancetypehasaconsiderableinfluenceontheperformanceof
heuristicmethods[50]. Accordingto [50], theinstancesof QAPLIB which we use
in this articlecanbeclassifiedinto thefollowing four classes.&(/F- Unstructured, randomly generatedinstances.Instanceswith thedistanceand

flow matrixentriesgeneratedrandomlyaccordingtoauniformdistribution.These
instancesare amongthe hardestto solve exactly. Nevertheless,most iterative
searchmethodsfind solutionswithin hà�át9â from thebestknown solutionsrel-
atively fast[50].&z/Z/2- Grid-baseddistancematrix. In thisclassof instancesthedistancematrixstems
from a < � Jã< ! grid and the distancesare definedas the Manhattandistance
betweengrid points.Theseinstanceshave multiple global optima(at least4 if< � G$ < ! andat least8 if < � $ < ! ) dueto thedefinitionof thedistancematrices.&(/ª/Z/2- Real-life instances.Instancesfrom this classareinstancesfrom practicalappli-
cationsof the QAP. Real-life instanceshave in commonthat the flow matrices
have many zeroentriesandtheremainingentriesareclearlynot uniformly dis-
tributed.

10



Table2
Resultsof theFDC analysisfor QAP instancesfrom the4 classesdefinedin this section.
Givenaretheinstanceidentifier (thenumberin the instancenameis thenumberof facili-
ties),theflow dominancefd äÇå æ , thedistancedominanceddäÇçèæ andthesparsity(sp). The
remainingentriesgive summaryresultsof theFDC analysisof theQAP searchspace.In
particular, Average(%) is theaveragepercentagedeviation from thebestknown solution,ÄéÅÇÆQÈ is thenumberof optimalsolutionsusedin theFDC analysis,ÉxÊCËdÌ,Í ÅÇÆQÈ is theaverage
distanceto theclosestoptimum, É�Ê�ËkÌQÍ ÅêÆ¯ÈªÏ Î is theratio betweenthisaverageinstanceand
theinstancedimension,and Ð � U is thecorrelationcoefficient.

instance ë Ì cíì e ë Ì c±î e U Æ Average(%) Ñ�ÒÇÔ2Õ ÖI× §2ØDÙ ÒÇÔFÕ ÖI× §2ØDÙ ÒÇÔFÕ Ü \ Ý Ú?Ûunstructured, randomly generated(i)

tai60a 61.41 60.86 0.011 4.71 1 58.82 0.980 0.025

tai80a 59.22 60.38 0.009 3.76 1 78.90 0.986 0.022

Instanceswith grid-distances(ii)

nug30 52.75 112.48 0.316 4.18 4 25.93 0.864 0.262

sko56 51.46 110.53 0.305 2.96 4 51.62 0.922 0.254

sko64 51.18 108.38 0.308 2.70 8 58.88 0.92 0.303

real-life instances(iii)

bur26a 15.09 274.95 0.223 0.32 96 21.12 0.812 0.027

bur26c 15.09 228.40 0.257 0.42 96 22.31 0.858 0.569

els19 52.10 531.02 0.637 36.61 1 16.85 0.887 0.550

kra30a 49.22 149.98 0.6 7.76 257 25.23 0.841 0.251

ste36a 55.65 400.30 0.707 12.01 8 30.98 0.861 0.295

real-life lik e instances(iv)

tai60b 76.83 317.82 0.548 7.92 1 56.88 0.948 0.366

tai80b 64.05 323.17 0.552 6.15 1 77.47 0.968 0.150

tai100b 80.42 321.34 0.552 5.34 1 95.23 0.952 0.546

&(/ªÞï- Real-life-like instances.Sincethereal-life instancesin QAPLIB areof a rather
smallsize,a particulartypeof randomlygeneratedproblemshasbeenproposed
in [50]. Theseinstancesaregeneratedin sucha way that the matrix entriesre-
semblethedistributionsfoundfor real-lifeproblems.

To differentiatebetweentheclassesof QAPinstances,theflow dominancestatistic
fd canbeused.It is definedas:

fd &(+.-|$ðhdu9u.��ñò.) where

ò $ h< ! � \]8f^ � \
]
:E^ � NA8?: and ñ $ óôôõ h< ! �~h � \]8_^ � \

]
:0^ � &ªN98;:|� ò -

A highflow dominanceindicatesthatalargepartof theoverallflow is exchanged
amongrelatively few items.Randomlygeneratedproblemsfrom class(i) have a
ratherlow flow dominance,whereasreal-life problems,in general,have a rather
high flow dominance.To capturethe structureof the distancematrix, a distance
dominance(dd) can be definedanalogously. Additionally, real life problemsof-
ten have sparseflow matrices,hencethe sparsity of the flow matrix, definedas
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W � $=<�ö¯�x<�! , where <�ö is the numberof zeromatrix entries,cangive additional
informationon theinstancetype.

Our FDC analysisof theQAP searchspaceusesa 2-opt algorithmwhich ex-
aminesall possibleexchangesof pairsof facilities.ThedistancebetweensolutionsY and Y ° is measuredasthenumberof itemsplacedon differentlocations,that is,7®&ZY÷)QY ° -|$ø>ígC/�¾bY�8ùG$�Y °8 l�> . Wemeasurethedistanceto theoptimalsolutionsif they
areavailable,otherwiseweusethebestknown solutions.Notethatfor instancesof
class &z/Z/F- , &(/ª/Z/2- , and &z/ZÞ3- with up to 80 itemsthecurrentlybestknown solutionsare
conjecturedto beoptimal.

For the FDC analysisof the QAP searchspaceonehasto take into considera-
tion the fact thatmany instanceshave multiple optimal solutionswhich may, due
to symmetriesin thedistancematrix like in instancesof class &z/Z/2- , beat maximal
possibledistance< . Hence,on suchinstancesonehasto measurethe distanceto
theclosestglobaloptimumto getmeaningfulresults.As theexactnumberof glob-
al optimafor the QAP instancesis not known, we determineda (possiblylarge)
numberof optimal(or bestknown) solutions.Thefitness-distanceanalysisfor the
QAP is basedon 50002-opt local optima(identicalsolutionshave beenelim-
inated).Somesummaryresultsaregiven in Table2, whereadditionally the flow
dominance,thedistancedominance,andthesparsityof eachinstanceareindicat-
ed.Figure3 shows scatterplotsof thefitness-distancecorrelationfor oneinstance
of eachproblemclass.

Thefitness-distanceanalysisshowscleardifferencesbetweenthedifferentprob-
lem classes.For class &z/F- , the correlationcoefficients are almostzero for all in-
stances.Hence,the solutionquality givesonly very little guidanceandon these
instancesACO algorithmscanbeexpectedto performratherpoorly. For theother
threeclasses,significantcorrelationsbetweenthesolutioncostandthedistanceto
an optimal solutionexist. The only exceptionis instancebur26a for which the
correlationcoefficient is notsignificantlydifferentfrom zeroat the0.01level.Note
that for instanceswith a high flow or distancedominanceandhigh sparsity, alsoa
significantFDC canbeobservedwhich suggeststhat thesesimplermeasuresmay
beusedasindicatorsfor ahighFDC.

In summary, wecanconcludethat— onaverage— thebetterthesolutionquality
the closera solutionis to an optimal solutionin real-life QAP instancesandalso
in thoseof classes&(/Z/2- and &z/ZÞ3- . Theseinstancesshow a structurein thefollowing
sense:Theoptimalsolutionsdeterminethepreferredlocationsof items.Hence,the
morelocationsfor itemsa solutionhasin commonwith an optimal solution,the
betterwill bethatsolution,onaverage.As wehavearguedbefore,suchasignificant
correlationalsoindicatesthepotentialusefulnessof anACOapproachto theQAP.

Comparingthe resultsof the FDC analysisfor the TSPandthe QAP onemay
observe two main differences.First, the ratio betweentheaveragedistanceof the
localminimafrom theclosestoptimalsolutionandtheinstancedimension,for both
problemsgivenby < , is muchsmallerfor the TSPthanfor the QAP. Second,the
correlationcoefficientsfor theTSPinstancesaresomewhatlargerthanfor theQAP.
Basedontheseobservationswecanconcludethatlocalminimain theQAPappear
to bespreadover largepartsof theQAP searchspace,while for theTSPthey are
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Fig. 3. Fitness-distanceplots for four QAP instances,onefrom eachinstanceclass.From
top left to bottomright: tai60a (class äêûZæ ), sko64 (class äêûzûZæ ), kra30a(class äêûzûzûZæ ), and
tai60b (class äêûzÊAæ ). The numberin the instancenameis the numberof facilities. The
plots show 5000 2-opt solutionsfor eachinstance;the ¸ -axes gives the distanceto the
closestglobaloptimum,while the ¹ -axesindicatestheabsolutesolutioncost.

concentratedonarelatively smallsubspace;also,thesolutionqualityof QAPlocal
minima tendsto give somewhat lessguidancethanfor the TSP. Hence,the QAP
shouldbe relatively moredifficult to solve thanthe TSP, which is in accordance
with theobservedhardnessof theseproblemsin practice.Additionally, thefactthat
local minimain theQAPsearchspacearemorescatteredsuggeststhatin theQAP
caseeffectivealgorithmsneedto doastrongersearchspaceexplorationthanin the
TSPcase.

4 ����� –����� Ant System

Researchon ACO hasshown that improvedperformancemaybeobtainedby a
strongerexploitationof the bestsolutionsfoundduring the searchandthe search
spaceanalysisin theprevioussectiongivesanexplanationof this fact.Yet, using
agreediersearchpotentiallyaggravatestheproblemof prematurestagnationof the
search.Therefore,the key to achieve bestperformanceof ACO algorithmsis to
combinean improved exploitation of the bestsolutionsfound during the search
with aneffective mechanismfor avoiding earlysearchstagnation.����� –���÷�
Ant System,which hasbeenspecificallydevelopedto meettheserequirements,
differsin threekey aspectsfrom AS.
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&(/F- To exploit the bestsolutionsfound during an iterationor during the run of the
algorithm,aftereachiterationonly onesingleantaddspheromone.Thisantmay
be the onewhich found the bestsolutionin the currentiteration(iteration-best
ant) or the one which found the bestsolution from the beginning of the trial
(global-bestant).&z/Z/2- To avoid stagnationof thesearchtherangeof possiblepheromonetrailsoneach
solutioncomponentis limited to aninterval M?w min )0w maxP .&(/ª/Z/2- Additionally, wedeliberatelyinitialize thepheromonetrails to w max, achieving in
this waya higherexplorationof solutionsat thestartof thealgorithm.
In thenext sectionswediscussthedifferencesbetween��� AS andAS in more

detailandreportcomputationalresultswhich demonstratetheeffectivenessof the
introducedmodificationsin improving theperformanceof thealgorithm.

4.1 Pheromonetrail updating

In ��� AS only onesingleantis usedto updatethepheromonetrailsaftereach
iteration.Consequently, themodifiedpheromonetrail updaterule is givenby

wn8?:v&{y��}hC-�$����kw`8;:�&zyE-�� � w best8;: ) (6)

where � w best8;: $ hC� X &ZW best- and
X &ªW best- denotesthe solution cost of either the

iteration-best( W 8 ¨ ) or the global-bestsolution ( Wk§D¨ ). Using onesingleant for the
pheromonetrail updatewasalsoproposedin ACS [12]. While in ACS typically
only W §D¨ is used(althoughsomelimited experimentshave alsobeenperformedus-
ing W 8 ¨ ), ��� AS focuseson theuseof theiteration-bestsolutions.

Theuseof only onesolution,either W 8 ¨ or Wj§D¨ , for thepheromoneupdateis the
mostimportantmeansof searchexploitationin ��� AS. By this choice,solution
elementswhich frequentlyoccurin thebestfoundsolutionsgeta large reinforce-
ment.Still, a judicious choicebetweenthe iteration-bestand global-bestant for
updatingthepheromonetrails controlstheway thehistoryof thesearchis exploit-
ed.Whenusingonly W §D¨ , thesearchmayconcentratetoo fastaroundthis solution
andtheexplorationof possiblybetteronesis limited, with theconsequentdanger
of getting trappedin poor quality solutions.This dangeris reducedwhen W 8 ¨ is
chosenfor thepheromonetrail updatesincetheiteration-bestsolutionsmaydiffer
considerablyfrom iterationto iterationandalargernumberof solutioncomponents
mayreceiveoccasionalreinforcement.Of course,onecanalsousemixedstrategies
likechoosingW 8 ¨ asadefault for updatingthepheromonesandusing W §E¨ only every
fixednumberof iterations.In fact,aswewill show later, whenusing ��� AS with
local searchfor solvingsomeof the largerTSPor QAP benchmarkinstances,the
beststrategy seemsto betheuseof adynamicalmixedstrategy which increasesthe
frequency of using Wj§D¨ for thepheromoneupdateduring thesearch(seeSection5
for details).
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4.2 Pheromonetrail limits

Independentof thechoicebetweenthe iteration-bestandtheglobal-bestant for
thepheromonetrail update,searchstagnationmayoccur. Thiscanhappenif ateach
choicepoint, thepheromonetrail is significantlyhigherfor onechoicethanfor all
the others.In the TSPcase,this meansthat for eachcity, oneof the exiting arcs
hasa muchhigherpheromonelevel than the others.In this situation,due to the
probabilisticchoicegovernedby Equation2, anantwill preferthis solutioncom-
ponentover all alternativesandfurtherreinforcementwill begivento thesolution
componentin thepheromonetrail update.In sucha situationtheantsconstructthe
samesolutionoverandoveragainandtheexplorationof thesearchspacestops.

Obviously, sucha stagnationsituationshouldbe avoided.Oneway for achiev-
ing this is to influencetheprobabilitiesfor choosingthenext solutioncomponent,
which dependdirectly on thepheromonetrails andtheheuristicinformation.The
heuristicinformationis typically problem-dependentandstaticthroughouttheal-
gorithm run. But by limiting the influenceof the pheromonetrails onecaneasi-
ly avoid therelative differencesbetweenthepheromonetrails from becomingtoo
extremeduring the run of the algorithm.To achieve this goal, ��� AS imposes
explicit limits w min and w max on theminimumandmaximumpheromonetrails such
thatfor all pheromonetrails wn8;:x&zyE- , w min �Bw`8;:v&{yE-ü�Bw max. After eachiterationonehas
to ensurethat thepheromonetrail respectsthelimits. If we have w`8;:x&zyE-éý w max, we
set w`8;:v&{yE-Á$þw max; analogously, if wn8;:x&zyE-è��w min, we set wn8;:x&zyE-µ$6w min. Also notethat
by enforcing w min ýÿu andif �x8;: � � for all solutioncomponents,theprobability
of choosingaspecificsolutioncomponentis never0.

Still, appropriatevaluesfor thepheromonetrail limits have to bechosen.In the
following we will proposea principledway of determiningthesevalues.Yet, first
we introducethe notion of convergencefor ����� –����� Ant Systemwhich is
neededin the following. We say that ��� AS hasconverged if for eachchoice
point,oneof thesolutioncomponentshasw maxasassociatedpheromonetrail, while
all alternative solutioncomponentshave a pheromonetrail w min. If ��� AS has
converged, the solution constructedby always choosingthe solutioncomponen-
t with maximumpheromonetrail will typically correspondto the bestsolution
found by the algorithm.The conceptof convergenceof ��� AS differs in one
slight but importantaspectfrom the conceptof stagnation[14]. While stagnation
describesthe situationwhereall antsfollow the samepath,in convergencesitua-
tionsof ��� AS this is not thecasedueto theuseof thepheromonetrail limits.

Wenow refineour conceptof convergenceby showing thatthemaximumpossi-
ble pheromonetrail is asymptoticallybounded.
Proposition 4.1 For any w`8;: it holds:

�����È��	� w`8;:x&zyE-�$�w`8;:é�Bw °max $ hhµ�¡� � hX &ZW ÅÇÆQÈ - (7)

Proof: Themaximumpossibleamountof pheromoneaddedafterany iteration
is hC� X &ªW ÅÇÆQÈ - , where

X &ªW ÅêÆ¯È - is theoptimalsolutionvaluefor a specificproblem.
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Hence,by Equation6 the discountedpheromonetrail up to iteration y corre-
spondsto

w max8?: &{yE-|$ È] 8f^ � � È Íb8 � hX &ªW ÅÇÆQÈ - �á� È �kwn8?:v&(uA-
Asymptotically, because����h , this sumconvergesto

hhµ� � � hX &ZW ÅÇÆQÈ -
In ��� AS, we set the maximumpheromonetrail w max to an estimateof the

asymptoticallymaximumvalue.This is achievedby using
X &ªWj§E¨F- insteadof

X &ªW ÅÇÆQÈ -
in Equation7; eachtime a new bestsolution is found, w max is updated,leading
actuallyto adynamicallychangingvalueof w max&{yE- .

To determinereasonablevaluesfor w min, we usethe following assumptions(the
first is basedon empiricalobservationsin someinitial experimentsfor theTSP):&(/F- Thebestsolutionsarefound shortlybeforesearchstagnationoccurs.In sucha

situationtheprobabilityof re-constructingtheglobal-bestsolutionin onealgo-
rithm iterationis significantlyhigherthanzero.Bettersolutionsmay be found
closeto thebestsolutionfound.&z/Z/2- The main influenceon the solutionconstructionis determinedby the relative
differencebetweenupperand lower pheromonetrail limits, ratherthanby the
relativedifferencesof theheuristicinformation.

Notethat thevalidity of thefirst assumptiondependsstronglyon thesearchspace
characteristicsof the problemasdiscussedin the previous section.It implicitely
meansthataroundgoodsolutionsthereis a reasonablechanceto find evenbetter
ones.In fact,for theTSPthis is true(seealsoSection3.2).Thesecondassumption
is takenbecausein thefollowing derivationof a systematicway of setting w min we
will neglect the influenceof the heuristicinformation on the probabilitiesgiven
by Equation2. This is possibleif theinfluenceof theheuristicinformationis low,
which, as is typically donein ��� AS, is the caseif the parameter� is chosen
ratherlow or if noheuristicinformationis usedatall.

Giventheseassumptions,goodvaluesfor w min canbefoundby relatingthecon-
vergenceof the algorithm to the minimum trail limit. When ��� AS hascon-
verged, thebestsolutionfoundis constructedwith a probability � best which is sig-
nificantlyhigherthan0. 
 In thissituation,anantconstructsthebestsolutionfound
if it makesateachchoicepoint the“right” decisionandchoosesasolutioncompo-
nentwith maximumpheromonetrail w max. In fact, theprobability � dec of choosing
the correspondingsolutioncomponentat a choicepoint directly dependson w max

and w min. For thesakeof simplicity, let usassumethat � dec is constantatall decision
points.Then,an ant hasto make < timesthe “right” decisionand,hence,it will


 Intuitively, we require � best to be relatively large and later give numericexamplesof
reasonablevaluesfor � best for thethe ��� AS applicationto theTSP.
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constructthebestsolutionwith aprobabilityof � \dec. By setting

� \dec $ � best (8)

wecandetermine� dec as

�
dec $ �
 � besti (9)

So, given a value for � best, we can now determineappropriatesettingsfor w min.
On average,at eachchoicepoint an ant hasto chooseamongavg$ <��9t solution
components.Then,the probability � dec of makingthe right decisionaccordingto
Equation2 canbecalculatedas�
�

dec $ w maxw max ��& avg �Bhd-o�kw min
(10)

Solvingthis equationfor w min yields

w min $ w max �q&Ih � � dec-& avg �~hC-o� � dec
$ w max �q&Dh � �
 � best-& avg �~hC-o� �
 � best

(11)

Note that if � best $ h , then w min $Hu . If � best is too small, it mayhappenthatby
Equation11 w min ýáw max. In thiscaseweset w min $~w max whichcorrespondsto using
only theheuristicinformationin thesolutionconstruction.Basedon Equation11,
we candeterminew min, givena valuefor � best. Choosingvaluesfor � best is directly
relatedto theamountof explorationdoneby ����� –���÷� Ant Systemwhenit
hasconverged.Thus, � best providesa goodway of investigatingthe effect of the
lower trail limits on theperformanceof ����� –����� Ant System.

In Section4.4.2we will investigatetheproposedsettingsof w min andwe experi-
mentallyshow theusefulnessof thelower trail limits.

4.3 Pheromonetrail initialization

In ��� AS we initialize the pheromonetrails in sucha way thatafter the first
iterationall pheromonetrails correspondto w max &IhC- . Thiscaneasilybeachievedby
settingw�&ªu9- to somearbitrarily highvalue.After thefirst iterationof ��� AS, the
trails will be forcedto take valueswithin the imposedbounds,in particular, they
will besetto w max&DhC- . This typeof trail initializationis chosento increasetheexplo-
rationof solutionsduringthefirst iterationsof thealgorithm.To illustratethis fact,
considerthefollowing example:Dueto thetrail evaporation(determinedby param-
eter � ), afterthefirst iterationtherelative differencebetweenthepheromonetrails
on solutioncomponentswill differ by a ratio of at most � , after thesecondby � ! ,
etc.If, onthecontrary, thepheromonetrailswouldbeinitialized to their lower lim-
its w min, therelativedifferencesbetweenthepheromonetrailswould increasemuch

� Equation10 is obtainedfrom Equation2 by requiringthatthesolutioncomponentwith
pheromonetrail � max is chosenandwehaveavg�	� othersolutioncomponentswith associ-
atedpheromonetrail � min.
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morestrongly;in particular, in thislattercase,theratiobetweenw min andtheamount
of pheromonedepositedon a solutionelementis &Ihé�@�q-|�ï&ªNAÞAßL� � Ì����D-E�Ó&Dhà� � Ì���� ).
With the empirically chosenparametersettings,this ratio is significantly higher
thantherelativedifferenceamongthepheromonetrail wheninitializing thephero-
monetrails to w max. For example,with theparametersettingschosenfor theexper-
imentalinvestigationin thenext section,in thefirst casethis factorwould amount
to 6.44,while wheninitializing thepheromonetrails to w max it correspondsto 1.02.
Thus,theselectionprobabilitiesof Equation2 evolvemoreslowly wheninitializing
thepheromonetrails to w max and,hence,theexplorationof solutionsis favored.The
experimentalresultspresentedin Section4.4.3confirmtheconjecturethatthelarg-
er explorationof the searchspacedueto setting w�&ªuA-�$ w max improves ��� AS’
performance.

4.4 Experimentswith ����� –����� AntSystem

In this sectionweexperimentallystudytheeffectivenessof thethreemainmod-
ificationsof ��� AS comparedto AS andtheinfluenceof specificparameterset-
tingson ��� AS performance.TheexperimentalstudyusestheTSPasexample
applicationandhereweuse��� AS without local search;for adetailedoverview
of the resultsobtainedwith ��� AS with local searchfor the TSP we refer to
Section5. All theexperimentswereperformedwith a ceterisparibusassumption,
thatis, in eachexperimentonly onesinglefactoris variedand,hence,performance
differencescanonly beattributedto thevariationof this singlefactor.

Unlessexplicitly indicatedotherwise,the following default parametersettings
are used.We choose� $ tq)Q� $ h9),� $ < (where � is the numberof ants)
and � $�uïi���� , an evaporationratewhich resultsin a ratherslow convergencefor��� AS.Thepheromoneupdateis doneusingonly theiteration-bestant.Thephe-
romonetrail limits werechosenasproposedin Section4.2 with � best $�uïiíu�� . The
antsstarttheirsolutionconstructionfrom arandomlychosencity andthey usecan-
didatelists of length20 which containthenearestneighborsorderedaccordingto
nondecreasingdistances[1,28,40].Whenconstructinga tour, anantchoosesprob-
abilisticallyaccordingto Equation2 thenext city amongthosein thecandidatelist,
if possible.Only if all themembersof thecandidatelist of acity havealreadybeen
visited,oneof theremainingcitiesis chosen.In this lattercasewedeterministically
choosethecity for which M w`8;:v&{yE-IP � �qM?�x8?:QP � is maximum.

TheTSPbenchmarkinstancesareall taken from TSPLIB; for all instancesthe
optimalsolutionvalueis known. We will refer to thebenchmarkinstancesby the
identifier usedin TSPLIB which indicatesthe numberof cities (instanceeil51
has51cities,etc.).

4.4.1 Parametervaluesfor �
To examinethe influenceof differentvaluesof thepheromonetrail evaporation

rate � , whichdeterminestheconvergencespeedof ��� AS towardsgoodsolution-
s,wepresentcurvesfor thetradeoff betweentheaveragesolutionqualityversusthe
numberof tourconstructionsfor thetwo TSPinstanceskroA100 andd198 using
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Fig. 4. Influenceof the parameterÐ on the tradeoff betweenthe numberof tour con-
structions(given on ¸ -axis) and the solutionquality (given on ¹ -axis) on TSPinstances
kroA100 (left) andd198 (right). Notethelog-scaleon thex-axis;theupperandleftmost
partsof thecurveswerecut off to focuson theimportantdetails.

differentsettingsof � averagedover25and10 independentexecutionsof thealgo-
rithms,respectively. Themaximumnumberof tour constructionsis t��vuvu¬�d< and �
is variedbetween0.7and0.99.

In Figure4, it canbeobservedthatfor a low numberof tourconstructions,better
toursarefoundwhenusinglower valuesof � . This is dueto thefact thatfor lower� thepheromonetrailsonarcswhicharenot reinforceddecreasefasterand,hence,
thesearchconcentratesearlieraroundthebesttoursseensofar. If � is high,toofew
iterationsareperformedto reachmarkeddifferencesbetweenthepheromonetrails
onarcscontainedin highqualitytoursandthosewhicharenotpartof thebesttours.
For a largernumberof tourconstructions,however, usinghigher � valuespaysoff,
becausethe algorithmis ableto explore longer the searchspace.Additionally, it
is interestingto note that with more tour constructionsthe averageperformance
increasesgenerallyfor all valuesof � . This is mainly dueto theeffect of thelower
trail limits (seealsonext section).

4.4.2 Lowerpheromonetrail limits
To investigatetheeffectivenessof thelower trail limits, wecompareexperimen-

tal resultsobtainedby systematicallyvarying � best (asproposedin Section4.2)and
without usinglower pheromonetrail limits ( w min $ÿu ). As before,we allow a max-
imum t��vuvu��ï< tour constructions,which is sufficient to achieve convergenceof
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��� AS onevery instance.

Table3
Computationalresultsfor systematicallyvarying � best andwithout lower pheromonetrail
limits ( � min � � ). Givenaretheaveragetour length,averagedover 25 runs,andin paren-
thesisthepercentagedeviation from theoptimaltour length.Notethatthesmaller� best the
tighterarethetrail limits. Thebestresultsareindicatedin bold-face.

instance Æ best
^éö"! öFöFö � Æ best

^éö"! öFö � Æ best
^.ö"! ö � Æ best

^éö"! � # min ^Áö
eil51 428.5(0.59%) 428.0(0.46%) 427.8(0.43%) 427.7(0.39%) 427.8(0.43%)

kroA100 21344.8(0.29%) 21352.8(0.33%) 21336.9(0.26%) 21353.9(0.34%) 21373.2(0.43%)

d198 16024.9(1.55%) 15973.2(1.22%) 15952.3(1.09%) 16002.3(1.41%) 16047.6(1.70%)

lin318 42363.4(0.80%) 42295.7(0.64%) 42346.6(0.75%) 42423.0(0.94%) 42631.8(1.43%)

Theaveragesolutionqualitiesobtainedonfour symmetricTSPinstancesaregiv-
enin Table3. For all instancestheaveragesolutionquality is alwaysbetterif lower
trail limits areused.��� AS’s performanceseemsto bequiterobustwith respect
to theparticularvaluechosenfor thepheromonetrail limits (via � best). Evenwhen
no lower trail limits areused,the resultsarequite good(compared,for example,
with theresultsgivenfor longerrunsin Section4.6 for otherAS variants).Hence,
facilitating a slow convergenceby setting � to somelarge valueand introducing
elitism seemsto be effective in practice.Yet, it shouldbe notedthat the relative
differencebetweenthe averagesolution quality obtainedwith or without lower
pheromonetrail limits appearsto increasewith increasinginstancesize.Hence,the
useof thelower trail limits in ��� AS is definitelyadvantageous.

4.4.3 Pheromonetrail initialization
In ��� AS thetrailsareinitialized to theiruppertrail limit. To show theuseful-

nessof theproposedtrail initialization we compareit to a trail initialization at the
lowerpheromonetrail limits; thecomputationalresultsaregivenin Table4.Wefind
thatwith theproposedtrail initialization for all instances,exceptthesmallestone,
a bettersolutionquality canbe obtained;againthe differencesappearto increase
with increasinginstancesize.Hence,the higher exploration of the searchspace
achievedin this wayseemsto beimportantto achieveabettersolutionquality.

Table4
Computationalresultsfor pheromoneinitialization to the uppertrail limit ( � ä � æ � � max)
and to the lower trail limit ( � ä � æ � � min). Given are the averagetour length,averaged
over25runs,andin parenthesisthepercentagedeviation from theoptimaltour length.The
resultsfor setting � ä � æ � � max arereproducedfrom theprevious section.Thebestresults
areindicatedin bold-face.

instance # c öIex^ # max # c öIev^ # min

eil51 427.8(0.43%) 427.7(0.39%)

kroA100 21336.9(0.26%) 21362.3(0.37%)

d198 15952.3(1.09%) 16051.8(1.72%)

lin318 42346.6(0.75%) 42737.6(1.68%)
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4.4.4 Global versusiteration-bestupdate
As mentionedbefore,updatingthe pheromonetrails with W 8 ¨ may give advan-

tagesover using Wj§D¨ . We comparethesetwo choicesby runningthe sameexperi-
mentsasbefore,but alwaysusing Wj§D¨ for thepheromonetrail update.Additionally,
we investigatetheinfluenceof thelowerpheromonetrail limits by runningeachof
theexperimentswith andwithout imposinglowerpheromonetrail limits.

Theresultsaregivenin Table5.Theaverageperformancewhenusingtheiteration-
bestantsfor pheromoneupdateis significantlybetterthanusingonly the global-
bestant.Forexample,acloserexaminationof theresults(notreportedhere)showed
that theworstsolutionobtainedwith thestandardsettingsfor ��� AS wasbetter
thantheaveragesolutionqualitywhenusing Wj§D¨ with pheromonetrail limits for all
instances.In general,usingexclusively Wj§D¨ for the pheromonetrail updateseems
not to bea verygoodideafor ��� AS. Yet, thelowerpheromonetrail limits help
to significantly improve the performancewhenusing W §D¨ . Nevertheless,mixed s-
trategieswhich sometimesuse W §D¨ maybehelpful for achieving betterexploitation
of thesearchresults.Experimentson larger instanceshave shown thatusingsuch
mixed strategieswith a frequency of Wj§D¨ increasingover time may yield a faster
convergenceof thealgorithmandproduceimprovedresults.

Table5
Computationalresultsfor comparisonof global-bestupdate( $ §D¨ ) versusiteration-bestup-
date( $ 8 ¨ ) with andwithout usinglower pheromonetrail limits (indicatedby either % limits
or � no-limits).Givenaretheaveragetour length,averagedover 25 runs,andin parenthe-
sis thepercentagedeviation from theoptimal tour length.Thebestresultsareindicatedin
bold-face.

instance U �'&)( limits U+* &)( limits U �'& Í no-limits U)* & Í no-limits

eil51 427.8(0.43%) 429.2(0.75%) 427.8(0.43%) 434.1(1.89%)

kroA100 21336.9(0.26%) 21417.1(0.64%) 21373.2(0.43%) 21814.7(2.50%)

d198 15952.3(1.09%) 16136.1(2.26%) 16047.6(1.70%) 16473.7(4.40%)

lin318 42346.6(0.75%) 42901.0(2.08%) 42631.8(1.43%) 44558.5(6.02%)

4.5 Smoothingof thepheromonetrails

An additionalmechanism,calledpheromonetrail smoothing(PTS),maybeuse-
ful to increase��� AS performanceand,moregenerally, of any elitist versionsof
AS. When ��� AS hasconvergedor is verycloseto convergence(asindicatedby
theaveragebranchingfactor[17]), this mechanismincreasesthepheromonetrails
proportionallyto their differenceto themaximumpheromonetrail limit:

w-,8?: &{yE-|$~wn8?:v&{yE-÷�/.é�b&{w max&zyE-o�swn8;:x&zyE-E- with uL�0. ��h9) (12)

where w`8;:v&{yE- and w ,8;: &zyE- arethepheromonetrails beforeandafter thesmoothing.
Thebasicideaof PTSis to facilitatetheexplorationby increasingtheprobabilityof
selectingsolutioncomponentswith low pheromonetrail. Theproposedmechanism
hasthe advantagethat for .¡� h , the informationgatheredduring the run of the
algorithm(which is reflectedin the pheromonetrails), is not completelylost but
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Table6
Computationalresultsfor symmetric(upperpart) and asymmetricTSP (lower part) in-
stancesfrom TSPLIB,detailson theparametersettingsaregiven in thetext. opt indicates
theknown optimalsolutionvalueof eachinstance.All algorithmsareusingthesamemaxi-
mumnumberof tourconstructions.Resultsfor ACSaretakenfrom [18]. For eachinstance
we reporttheaveragesolutionquality, bestresultsareindicatedin bold-face.“+pts” indi-
catesthatpheromonetrail smoothingwasused.Thebestresultsareindicatedin bold-face.

instance opt 121 AS+pts 131 AS ACS ì54
rank

ì54
rank+pts ì64 e ì54 e+pts AS

eil51 426 427.1 427.6 428.1 434.5 428.8 428.3 427.4 437.3

kroA100 21282 21291.6 21320.3 21420.0 21746.0 21394.9 21522.8 21431.9 22471.4

d198 15780 15956.8 15972.5 16054.0 16199.1 16025.2 16205.0 16140.8 16702.1

ry48p 14422 14523.4 14553.2 14565.4 14511.4 14644.6 14685.2 14657.9 15296.4

ft70 38673 38922.7 39040.2 39099.0 39410.1 39199.2 39261.8 39161.0 39596.3

kro124p 36230 36573.6 36773.5 36857.0 36973.5 37218.0 37510.2 37417.7 38733.1

ftv170 2755 2817.7 2828.8 2826.5 2854.2 2915.6 2952.4 2908.1 3154.5

merelyweakened.For . $ h this mechanismcorrespondsto a reinitializationof
thepheromonetrails,while for .�$ u PTSis switchedoff.

PTSis especiallyinterestingif long runsareallowed,becauseit helpsachieving
a more efficient exploration of the searchspace.At the sametime, PTS makes��� AS lesssensitive to theparticularchoiceof thelowerpheromonetrail limit.

4.6 Comparisonof antalgorithms

In this sectionwe comparetheperformanceof theproposedimprovementsover
AS basedon longerrunsfor somesymmetricandasymmetricTSPinstanceswhich
hadbeenproposedfor theFirst InternationalContestonEvolutionaryOptimization
[2]. Thecomparisonis donebasedonthesamenumberof tourconstructionsfor all
algorithms;thisnumberis chosenas � �I<¬�¯hduvu9u9u , where��$ðh for symmetricTSPs
and ��$�t for ATSPsand < is thenumberof citiesof aninstance.

Wecomparetheperformanceof ��� AS to thatobtainedwith AS, ASe, ASrank,
andACS.Thecomputationalresultsobtainedwith ACSaretakendirectlyfrom [12]
while theresultsfor ASe, ASrank, andAS areobtainedusingour implementationof
thesealgorithms.

For ��� AS theparametersweresetto theirdefault valuesasdescribedbefore,
except that in every 10th iteration Wj§D¨ is usedto reinforcethe pheromonetrails.
Additionally, we run ��� AS with andwithout thePTSmechanism(PTSis indi-
catedby +pts); in the former case,we chose.�$ uïi7� . PTShasbeenaddedin an
ad-hocmannerwithout fine-tuningparameters.In AS we set �þ$ h9i½u , �ÿ$8�3i½u .
In ASe additionally © $ < elitist antsgive reinforcementto W §D¨ , which showedto
givebestperoformance.For ASrank weusedtheparametersettingsproposedin [6],
that is, �}$ h9),�~$9�3) and © $;: . Additionally, we alsorun ASe andASrank with� $
h9i½u for ATSPsand � $ÿt3i½u for symmetricTSPsusingthePTSmechanism;in
this casewedirectly reinitializethetrails sinceno trail limits areusedin thesetwo
algorithms.

Thecomputationalresultsin Table6 show thatgenerally��� AS achievesthe
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bestperformance.Theonly exceptionis ATSPinstancery48p , for which ASrank

hasa betteraveragepeformance.Yet, differently from ��� AS andACS,ASrank

never found theoptimal solutionfor that instance.Also, exceptfor onesinglein-
stance(d198 ) the overall bestsolution for eachinstancewas always found by��� AS. We alsomentionthaton two largersymmetricTSPinstances(att532
andrat783 ), theaveragesolutionquality producedby ��� AS wasevenbetter
thanthebestsolutionfoundby ACS[45]. Regardingtheperformanceof AS it can
beclearlyseenthatAS performsverypoorly comparedto theotheralgorithms.

The advantageof ��� AS over ACS (overall the secondbestperformingA-
CO algorithm)with respectto solutionquality is morenotableon the symmetric
instances,while on the ATSPinstancesthey performsimilarly. Interestingly, the
solutionquality obtainedwith ASe andASrank without PTSis, in general,signifi-
cantlyworsethanthatof ��� AS andACS.If PTStogetherwith alowerinfluence
of theheuristicfunction is used,bothalgorithmscatchup (theonly exceptionbe-
ing ASrank on theATSPinstances)androughlyreachthesolutionquality obtained
by ACSon thesymmetricTSPs,but they arestill worseon mostATSPinstances.
Thus,thePTSmechanismseemsto beeffective for increasingtheperformancethe
algorithms.It alsohelpsto slightly improve theperformanceof ��� AS, yet,not
asstronglyasfor ASe andASrank.

In [12] it was shown that ACS shows generallygood performanceand that
it is competitive with othernature-inspiredalgorithmsappliedto the TSP. Since��� AS achievesbettersolutionqualitiesthanACSon mostinstances,our com-
putationalresultsdemonstratethecompetitiveperformanceof ��� ASwhencom-
paredto otherimprovementsonAS aswell asothernature-inspiredalgorithms.Yet,
to obtainresultscompetitivewith thebestperformingalgorithmsfor theTSP, local
searchhasto beusedto improvesolutions.

5 Experimental resultsfor the TSP

In this sectionwe presentcomputationalresultsof ��� AS when combined
with local searchon somelargerTSPinstancesfrom TSPLIB. For thesymmetric
TSPsweusethe3-opt localsearchalgorithm(seeSection3.2).In additionto the
techniquesdescribedthere,we usedon’t look bits associatedwith eachnode[1].
Theuseof don’t look bits leadsto afurther, significantspeed-upof thelocalsearch
algorithmat only asmall lossin solutionquality.

For ATSPs,we usea restrictedform of 3-opt , called reduced 3-opt . It
considersonly thosemoveswhichdonotleadto areversalof thecity orderin which
a subtouris traversed.If subtoursarereversed,onewould have to re-calculatethe
lenghtof this subtour, leadingto highcomputationtimes.

Note that,whenapplyingACO algorithmsto the TSP, pheromonetrails ares-
tored in a matrix with Ã�&z< ! - entries(one for eacharc). Becauseof pheromone
trail evaporation(accordingto Formula3), all the entriesof this matrix have to
be updatedafter eachiteration(this is not the casein ACS). Obviously, this is a
very expensiveoperationif largeTSPinstanceswith severalhundredsof citiesare
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attacked.To speedup thepheromoneupdate,in ��� AS we applypheromonee-
vaporationonly to arcsconnectinga city / to citiesbelongingto / ’s candidatelist.
This reducesthecostof updatingthepheromonetrails to Ã�&z<�- .
5.1 Parametersettingsandappliedvariants

In preliminaryexperimentswe notedthat, if only the iteration-bestsolution is
chosenfor thepheromonetrail update,��� AS takeslong time to converge and
to find very high quality solutionswhenappliedto largeinstances;a discussionof
this issuecanbefoundin [47]. Yet,whengiving theglobal-bestsolutionahighfre-
quency

X §D¨ for thepheromonetrail update(let
X §D¨ indicatethatevery

X §D¨ iterationsWj§E¨ is allowedto depositpheromone),theinitial explorationof thesearchspacemay
be ratherlimited andworseresultsareobtained.Then,the bestperformancewas
obtainedby usingamixedstrategy in which

X §D¨ increasesovertimewithin asingle
run. To realizethis, we applya specificscheduleto alternatethe pheromonetrail
updatebetweenWj§D¨ and W 8 ¨ . In thefirst 25 iterationsonly W 8 ¨ is usedto updatethe
pheromonetrails;weset

X §D¨ to 5 for t�� � yù� <�� (wherey is theiterationcounter),
to 3 for <��5�ðy ��hCt=� , to 2 for hCt=�5�6y �øt��vu , andto 1 for y�ý�t��vu . By gradu-
ally shifting theemphasisfrom theiteration-bestto theglobal-bestsolutionfor the
pheromonetrail update,we achieve a transitionbetweena strongerexplorationof
the searchspaceearly in the searchto a strongerexploitation of the overall best
solutionlaterin therun.

The other parameterswere chosenas follows. We use � $ t�� ants(all ants
apply a local searchto their solution), �ã$Àuïi�� , �
$ h , and �6$Àt . During the
tourconstructiontheantsuseacandidatelist of size20.Weset w max asproposedin
Section4.2.Sinceherethesolutionsconstructedby theantsareimprovedby ad-
ditional local search,weusedsomewhattighterboundson theallowedpheromone
trail strengthbysettingw min $�w max�9tx< , whichroughlycorrespondsto � best $ uïiíuvu>� .

In the following we will further examinewhetherfor the hybrid algorithmus-
ing the pheromonetrail limits is sufficient to achieve very high solution quality
or whetherwith additionaldiversificationmechanismsbasedon pheromonetrail
reinitializationabettersolutionqualitycanbeachieved.In particular, westudytwo
further variantswhich differ in the degreeof searchdiversification.In the first of
these,wereinitializethepheromonetrails to w max (thiscorrespondsto setting.è$6h
in Equation12)whenever thepheromonetrail strengthsonalmostall arcsnotcon-
tainedin Wj§E¨ arevery closeto w min (as indicatedby the averagebranchingfactor
[17] which is calculatedevery 100 iterations)andno improvedsolutioncould be
foundfor 50 iterations.After therestart,theschedulefor

X §E¨ is appliedasdoneat
thestartof thealgorithm.This variantwill bereferredto as ��� AS+ri (for reini-
tialization),while theoriginal versionwithout pheromonetrail reinitializationwill
bereferredto as ��� AS-nri.

Even moresearchdiversificationis achieved if additionallyafter a pheromone
trail reinitialization, the bestsolution found sincethe reinitialisationof the phe-
romonetrails is usedinsteadof Wj§E¨ . This allows ��� AS to converge to another
very high quality solution.Still, Wj§D¨ could be betterthan the bestsolution found
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afterthereinitialisation.Thus,to re-focusthesearcharoundW §D¨ , we use W §D¨ for the
pheromonetrail updateif morethan250 iterationshave beenexecutedwithout a
reinitializationof thepheromonetrails andfor 25 iterationsno improvedsolution
hasbeenfound.(Notethatthesevaluesarechosensuchthat ��� AS mayhaveal-
readyconverged.)This latterversionof ��� AS will bereferredto as ��� AS+rs
(for restart).

5.2 Experimentalresultsfor symmetricTSPs

In this sectionwe report on experimentalresultsobtainedwith ��� AS-nri,��� AS+ri, and ��� AS+rson symmetricTSPinstancesfrom TSPLIB.Theex-
perimentsareperformedon a SunUltraSparc I 167MHzprocessorswith 0.5MB
externalcacheand192MB RAM.

The computationalresultsgiven in Table7 show that ��� AS, in general,is
ableto find veryhighqualitysolutionsfor all instances;furthermore,for almostall
instances��� AS findstheoptimalsolutionin at leastoneof theruns.This is an
encouragingresultswhich shows theviability of theantapproachto generatevery
high quality solutionsfor the TSP. Note that the computationalresultswith local
searcharealsomuchbetterthanthoseobtainedwithout localsearch,ascanbeseen
when comparingthe computationalresultsgiven in Table 7 with thoseof Table
6. Additionally, thecomputationtimeswith local searcharemuchsmaller. When
comparingthecomputationalresultsof thethreevariants,wefind that ��� AS+rs
performsbest;on mostinstancesit achievesthebestaveragesolutionquality and
theworstsolutionfoundwith ��� AS+rsis typically muchbetterthanfor theoth-
er two variants.Only on instancesd198 andfl1577 theaveragesolutionquality
of ��� AS-nri is slightly better. ��� AS-nri and ��� AS+ri show averysimilar
performance.Only on instancelin318 ��� AS+ri performssignificantlybetter
than ��� AS-nri andfound the optimal solutionin all runs.Hence,the stronger
searchdiversificationof ��� AS+rs is mainly responsiblefor the improvedper-
formance.

According to theseresults, ��� AS is currently the bestperformingant ap-
proachfor the TSP. In particular, it shows betterperformancethan ACS, when
comparingthecomputationalresultsreportedhereto thosepresentedin [12] or to
thoseof our own implementationof ACSusingthesamelocal searchalgorithmas��� AS. Onefactorwhich may be responsiblefor this fact is thatACS concen-
tratesthesearchtoostronglyaroundWj§D¨ .
5.3 Experimentalresultswith theLin-Kernighanheuristic

Thebestperforminglocal searchalgorithmwith respectto solutionquality for
symmetricTSPsis theLin-Kernighanheuristic(LK) [28] which considersa vari-
ablenumberof arcsto beexchanged.Yet, theLK heuristicis muchmoredifficult
to implementthan2-opt or 3-opt , andcarefulfine-tuningis necessaryto get it
to run very fastandproducehigh quality solutions[40,23]. Here,we usedan LK
implementationprovided by Olivier Martin to give an indicationof the solution
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Table7
Comparisonof different variantsof �
	è� –��
�� Ant Systemon symmetricTSP in-
stances.Given arethe instancename(the numberin the namegivesthe problemdimen-
sion,that is, thenumberof cities),thealgorithmused,thebestsolution,theaveragesolu-
tion quality (its percentagedeviation from theoptimumin parentheses),theworstsolution
generated,theaveragenumberof iterationsû avg andtheaveragetime ? avg to find thebest
solution in a run, and the maximumallowed computationtime ? max. Averagesare taken
over 25 trials for ÎA@0� �B�B� , over 10 trials on thelarger instances.Bestaverageresultsare
printedin bold-face.

instance Algorithm Best Average Worst 8 avg È avg È max

d198

121 AS+rs

131 AS+ri

121 AS-nri

15780

15780

15780.3(0.00%)

15780.4(0.00%)

15780.2(0.00%)

15781

15784

15781

121.2

134.2

106.7

54.9

61.7

59.9

170

lin318

121 AS+rs

131 AS+ri

121 AS-nri

42029

42029

42029

42029.0(0.00%)

42029.0(0.00%)

42061.7(0.08%)

42029

42029

42163

131.16

139.0

77.9

87.8

94.2

65.9

450

pcb442

121 AS+rs

131 AS+ri

121 AS-nri

50778

50778

50778

50905.3(0.25%)

50911.2(0.26%)

50900.9(0.24%)

50931

51047

50931

603.8

522.0

449.7

217.1

308.9

319.5

600

att532

121 AS+rs

131 AS+ri

121 AS-nri

27686

27686

27686

27701.9(0.06%)

27707.9(0.08%)

27708.6(0.08%)

27709

27756

27741

481.0

335.8

289.4

521.8

387.3

309.6

1250

rat783

121 AS+rs

131 AS+ri

121 AS-nri

8806

8806

8806

8810.9(0.06%)

8814.4(0.10%)

8816.8(0.12%)

8823

8837

8848

870.3

631.5

805.5

1336.8

965.2

1395.2

2100

pcb1173

121 AS+rs

131 AS+ri

121 AS-nri

56892

56896

56892

56906.8(0.03%)

56956.0(0.11%)

56946.3(0.10%)

56939

57120

57040

1697.2

1669.2

1138.3

3171.2

3219.5

2051.0

5400

d1291

121 AS+rs

131 AS+ri

121 AS-nri

50801

50801

50801

50812.9(0.02%)

50821.6(0.04%)

50828.8(0.05%)

50833

50838

50870

1747.8

1035.0

669.6

3203.7

1894.4

1206.9

5400

fl1577

121 AS+rs

131 AS+ri

121 AS-nri

22289

22286

22261

22305.6(0.25%)

22311.0(0.28%)

22271.8(0.10%)

22323

22358

22279

1681.7

690.7

1409.2

5348.3

3001.8

4473.9

7200

quality whichmaybereachedby usingtheLK local searchin ��� AS.
Themotivationfor applyingtheLK heuristicis theobservationmadein [51] that

for geneticlocal searchalgorithmsa muchbettersolutionquality is obtainedwith
theLK heuristicthanby using2-opt [51]. Theseresultssuggestthatthesolution
quality of ��� AS can be further increasedusing the LK heuristic.To confirm
thisconjecturewepresentcomputationalresultsfor ��� AS with LK local search
allowing a maximumnumberof 5000LK applicationson eachinstance.Sincenot
asmany local searchesaswith our 3-opt implementationcanbedone,we used
slightly differentparametersettingsthanbefore.Most significantly, we useonly
10 antsand the schedulefor using the global-bestfor the pheromoneupdateis
shortened.Here,we use C §D¨ $ED for yµ�6hF� , C §E¨ $ÿt for txu��Byµ�GD>� , and C §D¨ $
h
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for yüý0D>� . Theotherparametersettingsarethesameasbefore.
Thecomputationalresultswith respectto solutionqualityobtainedby combining��� AS with theLK heuristicaresignificantlybetterwith respectto solutionqual-

ity thanthoseusingour 3-opt implementation(seeTable8). Yet, the run-times
arehigherdueto thelocal search.

Table8
Experimentalresultsof �
� AS whenusing the Lin-Kernighanlocal searchprocedure.
Given are the best,the average,and the worst solution obtainedaveragedover 25 inde-
pendentrunsfor ÎH@I� �B�B� and10 runsotherwise.We allowed a maximumof 5000LK
applications.Additionally, aregiventheaveragenumberof iterations( û avg) to find thebest
solutionin a run,andtheaveragetime ? avg to do so.

instance Best Average Worst 8 avg È avg

lin318 42029 42029.0(0.0%) 42029 29.9 298.3

pcb442 50778 50778.0(0.0%) 50778 65.7 978.9

att532 27686 27692.7(0.002%) 27704 299.1 2444.6

rat783 8806 8806.5(0.006%) 8809 345.4 1001.8

pcb1173 56892 56893.5(0.003%) 56897 289.9 3581.7

5.4 Experimentalresultsfor ATSPs

We appliedthesameversionsof ��� AS alsoto theATSP;thecomputational
resultsaregivenin Table9. Herewe only presentresultsobtainedwith ��� AS-
nri and ��� AS+rs,being the computationalresultswith ��� AS+ri almosti-
denticalto thoseof ��� AS+rs.On the asymmetricinstances��� AS-nri and��� AS+rsshow thesameperformanceon instancesry48p andkro124p . Yet,��� AS+rs could solve the two instancesft70 and ftv170 in all runsto op-
timality, which couldnot beachievedwithout theadditionaldiversificationmech-
anismbasedon pheromonetrail reinitialization.The reasonfor the performance
differencebetween��� AS-nri and ��� AS+rsmaybe that,despitethephero-
monetrail limits, ��� AS getsstuckat solutionscorrespondingto local minima
with largeattractionregionsandfor anescapefrom theseregionsthecurrentlybest
found solutionhasto be stronglyrestructured.Sinceat convergenceof ��� AS
thearcswith maximalamountof pheromonewill beratherfrequentlychosen,by a
reinitialisationof thepheromonetrails thechancesof escapingfrom suchattraction
regionsarehigher.

5.5 Discussionandrelatedwork

Accordingto thepresentedresults,��� AS is currentlythebestperformingA-
COalgorithmfor theTSP. In particular, it showsbetterperformancefor symmetric
TSPinstancesthanACSwhile ACSand ��� AS reachthesamelevel of perfor-
manceon ATSPs.In summary, the computationalresultswith the three ��� AS
variantssuggestthat &z/F- for theTSPveryhighsolutionqualitycanbeobtainedwith��� AS, &(/Z/2- thebestcomputationalresultsareobtainedwhenin additionto the
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Table9
Comparisonof JKJ AS with andwithout pheromonetrail reinitializationon someATSP
instance.Givenarethe instancename(thenumberin thenamegivestheproblemdimen-
sion,thatis, thenumberof cities;anexceptionis instancekro124p whichhas100cities),
thealgorithmused,thebestsolution,theaveragesolutionquality (its percentagedeviation
from the optimum in parentheses),the worst solution generated,the averagenumberof
iterationsL avg andtheaveragetime ? avg to find thebestsolutionin a run,andthemaximal-
ly allowedcomputationtime ? max. Averagesaretakenat leastover 25 trials. Bestaverage
resultsareprintedin bold-face.

instance Algorithm Best Average Worst M avg N avg N max

ry48p O2O AS+rs

O2O AS-nri

14422

14422

14422.0(0.0%)

14422.0(0.0%)

14422

14422

22.5

34.9

2.5

4.3
120

ft70 O2O AS+rs

O2O AS-nri

38673

38673

38673.0(0.0%)

38686.6(0.04%)

38673

38707

140.5

214.4

24.6

47.3
300

kro124p O2O AS+rs

O2O AS-nri

36230

36230

36230.0(0.0%)

36230.0(0.0%)

36230

36230

22.9

23.9

6.2

7.4
300

ftv170 O2O AS+rs

O2O AS-nri

2755

2755

2755.0(0.0%)

2757.8(0.08%)

2755

2764

147.6

124.5

46.7

39.9
600

pheromonetrail limits effective diversificationmechanismsbasedon pheromone
re-initializationareused.In general,we foundthataneffective searchdiversifica-
tion is necessaryto achieve bestperformancewhenapplyingASe or ASrank with
additionallocal search.

BecausetheTSPis astandardbenchmarkproblemfor meta-heuristicalgorithm-
s, it hasreceived considerableattentionfrom the researchcommunity. Here,we
only mentionsomeof the mostrecentwork, for a discussionof earlierwork we
refer to theoverview article by JohnsonandMcGeoch[23]. Currently, the iterat-
ed LK heuristic(ILK) is the mostefficient approachto symmetricTSPsfor short
to mediumrun-times[23]. Recently, severalnew approachesandimprovedimple-
mentationshavebeenpresentedwhichappearto performaswell or betterthanILK
for longerrun-times.Amongthesealgorithmswe find thegeneticlocal searchap-
proachof MerzandFreisleben[16,33],anew geneticlocalsearchapproachusinga
repair-basedcrossoveroperatorandbroodselectionby Walters[52], ageneticalgo-
rithm usinga specializedcrossover operator, callededgeassemblycrossover, due
to NagataandKobayashi[38], andfinally a specializedlocal searchalgorithmfor
theTSPcalledIterative Partial Transcriptionby Möbiuset.al.[36]. Someof these
algorithmsachieve bettercomputationalresultsthanthe onespresentedhere.For
example,the geneticlocal searchapproachpresentedin [33], which usesthe LK
heuristicfor the local search,reacheson averagea solutionof 8806.2on instance
rat783 in 424secondson a DEC Alpha station255MHz. Obviously, thecom-
putationalresultsfor PQP AS would alsobenefitfrom a fasterimplementationof
theLK heuristicliketheoneusedin [33,23].Yet, it is anopenquestionwhetherthe
performance(with respectto computationtime)of thecurrentlybestalgorithmsfor
symmetricTSPscanbereached.

Applied to asymmetricTSP instances,our computationalresultswith respect
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to solutionquality comparemorefavorably to theseapproaches.For example,the
solution quality we obtain with PQP AS is betterthan that of the geneticlocal
searchapproachof [33] andthesameasreportedin [52], but at thecostof higher
run-times.

6 Experimental resultsfor the QAP

In this sectionwe report on the experimentalresultsobtainedwith PQP AS
whenappliedto theQAP andcompareit with otherwell known algorithmsfrom
literature.

As outlinedin Section2.4,ACO algorithmapplicationsto theTSPcanstraight-
forwardly beextendedto theQAP. Whenappliedto theQAP, in PQP AS we con-
struct solutionsby assigningfacilities to locationsin randomorder. Dif ferently
from the TSPapplication,for the QAP we do not useany heuristicinformation
for thesolutionconstruction.In fact, it hasbeenshown that theheuristicinforma-
tion is not necessaryfor the hybrid PQP AS algorithmwhich combinessolution
constructionwith local searchto obtainhigh quality solutions[45]. For example,
whenrunning PQP AS on theTSPwithoutheuristicinformation(which is simply
achieved by setting RGSUT in Equation2) only a very slight solutiondegradation
couldbenoted.The PQP AS approachfor theQAP is astraightforwardextension
of the PQP AS+ri versionwhichhasbeendiscussedin theprevioussection.

6.1 Parametersettings

Suitableparametersettingsfor PQP AS-QAPweredeterminedin someprelim-
inary experiments.We use VWSYX ants(all antsapply local searchto thesolution
they generate)andset Z0S T\[7]6^`_;S a=[7T . The low numberof antsis motivated
by the fact that local searchfor large QAP instancesis computationallydemand-
ing, but a reasonablenumberof iterationsshouldbe performedto learn the phe-
romonetrails. The trail limits aredeterminedaccordingto Equation7, that is, we
set b max S ccedgfih cjlk7mon�p�q , andaccordingto Equation11 by settingr best SYT6[�T�T>X and
avg Stsvu�w (at achoicepointananthasto assign— onaverage— afacility to one
of sxu�w locations).

For PQP AS appliedto the QAP we usetwo different local searchalgorithm-
s. Oneis the simple2-opt algorithmbriefly describedin Section3; in the fol-
lowing, we refer to the versionof PQP AS using this local searchalgorithm as
PQP ASy d\z�{�| . Alternatively, weapplyshortrunsof therobusttabu searchalgorith-
m (Ro-TS)[49], a possibilitywhich wasfirst consideredin a geneticlocal search
algorithm[15]. This versionis called PQP ASTS; it is motivatedby the fact that
shortrunsof Ro-TStypically give higherquality solutionsthan2-opt , although
at thecostof higherrun times.In a sense,Ro-TSis a morepowerful local search
algorithmandonemayexpectbetterresultswhenusingit.

Weapplythefollowing scheduleto alternatethepheromonetrail updatebetween} gb and
} ib. For thefirst 9 iterations,we set ~ gb to 3, for iterations10 to 24 we use
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~ gb S�w , andfrom iteration25on ~ gb SGw ; asbefore,~ gb SE� indicatesthatevery �
iterations

} gb updatesthetrails.Notethat PQP AS is ratherrobustto theparticular
schedulechosen;the schedulegivenhereis not fine-tunedat all. Becausewe are
actuallyusing PQP AS+rs,we use

}-���
for the trail updateif morethan30 cycles

have passedsincethe last pheromonetrail reinitializationandfor 5 iterationsno
improvedsolutionhasbeenfound.

6.2 Computationalresults

PQP AS wasappliedto a wide rangeof QAP instancestaken from QAPLIB.
We only usedinstanceswith s���w=T , sincesmallerinstancesaretoo easilysolved.
For PQP ASTS weapplied250timesshortRo-TSrunsof length �=s . PQP ASy d\z�{�|
is thenstoppedafterthesamecomputationtimeastakenby PQP ASTS.

We comparetheperformanceof PQP AS to therobust tabu search(Ro-TS)al-
gorithm[49], to agenetichybrid(GH) methodwhichusesshorttabusearchrunsfor
the local search[15], andto HAS-QAP[21], anotherant-basedalgorithm.In [50]
it wasshown that GH performedbestthe instancesof classes�+������� and �)���\� (see
Section3),whereastabu searchalgorithmslikeRo-TSperformedbeston instances
of classes�)��� and �+����� . Ro-TSis allowed aBT�T=T h s iterations,resultingin similar run-
timesto PQP ASTS. In GH, 250shortrobust tabu searchrunsof thesamelength
asin PQP ASTS areapplied.Hence,thecomputationtimesarecomparable.HAS-
QAP is allowed 1000applicationsof a truncatedfirst-improvement2-opt local
search.Sincein [21] it is detailedthat the computationtimes for HAS-QAP are
similar to thoseof GH, theresultsof HAS-QAParealsoroughlycomparablewith
respectto computationtimesto thoseof PQP AS. In fact,ourown implementation
of that local searchalgorithmsuggeststhat HAS-QAP takesroughly 75% of the
computationtime PQP AS is given.Thecomputationalresultsfor HAS-QAPand
GH aretakendirectly from [21].

Thecomputationalresultsarepresentedin Table10 for instancesof classes�)���
and �)���e� , and in Table 11 for thoseof classes�+������� and �+���\� . In general,which
methodperformsbestdependsstrongly on the instanceclass.For the instances
of classes�)��� and �)����� the hybridsusingshort tabu searchrunsandRo-TSshow
the bestperformance;PQP ASy d\z�{�| andHAS-QAP performsignificantlyworse
thanRo-TS,GH, and PQP ASTS on instancesof class(i) andslightly worseon
instancesfrom class(ii).

Onthereal-life(like)instances,theperformancecharacteristicsof thealgorithms
arevery different.Here, PQP ASy d\z�{�| andHAS-QAPshow muchimprovedper-
formanceand,in fact, PQP ASy d\z�{�| is the bestalgorithmfor instancestaixxb
andbur26x . For example,for all instancesbur26x thebestknownsolutionvalue
is foundin every run,somethingthatcouldnot beachievedneitherby PQP ASTS

norby Ro-TS.Additionally, PQP ASy d\z�{�| findsthesebestknown solutions(which
areconjecturedto beoptimal)onaveragein 3.8secondsonaSUNUltraSparcI pro-
cessor(167Mhz)while Ro-TSfinds thebestsolutionsin eachrun only after18.5
secondsonaverage.For instancestaixxb , Ro-TSperforms,exceptfor thesmall-
estinstances,significantlyworsethanthe PQP AS hybridsor HAS-QAP. Only on
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Table10
Experimentalresultsfor heuristicalgorithmson QAP instancesfrom classes��L�� and ��L+L�� .
Wegive theaverageexcessfrom thebestknown solutionsover10 independentrunsof the
algorithms.Bestresultsareprintedin boldface.Seetext for details.

Problem
instance

Ro-TS GH HAS-QAP O2O AS-

QAPTS
O2O AS-

QAP���F�����
random problemswith uniformly distributed matrix entries (i)

tai20a 0.108 0.268 0.675 0.191 0.428

tai25a 0.274 0.629 1.189 0.488 1.751

tai30a 0.426 0.439 1.311 0.459 0.966

tai35a 0.589 0.698 1.762 0.715 1.128

tai40a 0.990 0.884 1.989 0.794 1.509

tai50a 1.125 1.049 2.800 1.060 1.795

tai60a 1.203 1.159 3.070 1.137 1.882

tai80a 0.900 0.796 2.689 0.836 1.402

random flowson grids (ii)

nug30 0.013 0.007 0.098 0.013 0.039

sko42 0.025 0.003 0.076 0.032 0.051

sko49 0.076 0.040 0.141 0.068 0.115

sko56 0.088 0.060 0.101 0.075 0.098

sko64 0.071 0.092 0.129 0.071 0.099

sko72 0.146 0.143 0.277 0.090 0.172

sko81 0.136 0.136 0.144 0.062 0.124

sko90 0.128 0.196 0.231 0.114 0.140

kra30x andste36a Ro-TScancatchupwith theotheralgorithms.
Interestingly, usingasimplelocalsearchprocedureis sufficientto yield veryhigh

qualitysolutionson thereal-life (like) instancesand,for example,for theinstances
taixxb with s�����T in almostevery run the best-known solutions,which are
conjecturedto beoptimal,arefound.Hence,for theinstanceswith arelatively high
fitness-distancecorrelationit seemstobebetterto applymoreoftenalocalsearchto
identify promisingregionsof thesearchspace.In fact,on theseinstancesPQP AS
is ableto efficiently exploit thestructureof the real-life (like) QAP instancesand
is ableto guidethelocal searchtowardsveryhighquality solutions.

One might conjecturethat the flow (distance)dominancecould be usedto i-
dentify which algorithmshouldbe usedon a particularinstance.If the flow and
distancedominancearelow, thebestchoiceappearsto be theusealgorithmslike
PQP ASTS, GH, or Ro-TS,while for high flow and/ordistancedominance,the
bestwould beto applya hybrid algorithmwith a fastlocal search.Althoughsuch
a simplerule would work reasonablywell, exceptionsdo occur. For example,al-
thoughinstanceste36a hasthe highestflow dominanceamongthe real-life in-
stances,PQP ASTS andevenRo-TSgiveslightly betteraverageperformancethan
PQP ASy d\z�{�| . Thus,moresophisticatedmeasuresof theproblemstructurehaveto
bedevelopedto predicttherelativeperformanceof differentalgorithmicapproach-
esmorereliably.
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Table11
Experimentalresultsfor heuristicalgorithmsonQAPinstancesfrom classes��L+L+L�� and ��L)��� .
Wegive theaverageexcessfrom thebestknown solutionsover10 independentrunsof the
algorithms.“n.a.” indicatesthat an algorithmhasnot beenappliedto a specificinstance.
Bestresultsareprintedin boldface.Seetext for details.

Problem
instance

Ro-TS GH HAS-QAP O2O AS-

QAPTS
O2O AS-

QAP���F�����
real-life instances(iii)

bur26a-
h

0.002 0.043 0.0 0.006 0.0

kra30a 0.268 0.134 0.630 0.134 0.157

kra30b 0.023 0.054 0.071 0.044 0.066

ste36a 0.155 n.a. n.a. 0.061 0.126

ste36b 0.081 n.a. n.a. 0.0 0.0

randomly generatedreal-life lik e instances(iv)

tai20b 0.0 0.0 0.091 0.0 0.0

tai25b 0.0 0.0 0.0 0.0 0.0

tai30b 0.107 0.0003 0.0 0.0 0.0

tai35b 0.064 0.107 0.026 0.051 0.0

tai40b 0.531 0.211 0.0 0.402 0.0

tai50b 0.342 0.214 0.192 0.172 0.009

tai60b 0.417 0.291 0.048 0.005 0.005

tai80b 1.031 0.829 0.667 0.591 0.266

tai100b 0.512 n.a. n.a. 0.230 0.114

7 Conclusions

Recentresearchin ACO algorithmshasstronglyfocusedon improving theper-
formanceof ACO algorithms.In this paperwe havepresentedPQ��� –PU��� Ant
System,an algorithmbasedon several modificationsto AS which aim �)��� to ex-
ploit morestronglythebestsolutionsfoundduringthesearchandto directtheants’
searchtowardsveryhighqualitysolutionsand �)���e� to avoid prematureconvergence
of theants’search.Wehave justifiedthesemodificationsby acomputationalstudy
of PQP AS andhaveshown thatall mainmodificationsareimportantfor obtaining
peakperformance.Our resultsdemonstratethat PQP AS achievesa stronglyim-
provedperformancecomparedto AS andto otherimprovedversionsof AS for the
TSP;furthermore,PQP AS is amongthebestavailablealgorithmsfor theQAP.

Oneof themainideasintroducedby PQ��� –PU��� Ant System,theutilization
of pheromonetrail limits to preventprematureconvergence,canalsobeappliedin
a differentway, which canbe interpretedasa hybrid betweenPQP AS andAnt
Colony System(ACS): During solution construction,the antsin ACS make the
bestpossiblechoice,asindicatedby thepheromonetrail andheuristicinformation,
with a fixed probability r and with probability a �¡r they make a probabilistic
choiceasin Equation2. With high parametervaluesof r andthefactthatonly the
iteration-bestor theglobal-bestsolutionis chosenfor thetrail update,averystrong
exploitation of the searchhistory results.WhencombiningACS’s action choice
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rule with tight pheromonetrail limits, we observeda very promisingperformance
(see[48]). Apartfrom theTSPandtheQAP, thislatterversionhasalsobeenapplied
to the permutationFlow ShopProblem[43] and to the GeneralizedAssignment
Problem[39] obtainingverygoodresults.

OnefeaturePQP AS hasin commonwith otherimprovedAS algorithmsis the
fact that thebestsolutionsfoundduringthesearcharestronglyexploitedto direct
the ants’ search.We have relatedthis featureto recentresultsof the analysisof
searchspacecharacteristicsfor combinatorialoptimizationproblems.Earlier re-
searchhasshown thatthereexistsastrongcorrelationbetweenthesolutionquality
and the distanceto a global optimumfor the TSPand for someotherproblems.
Here,we performeda fitness-distancecorrelationanalysisfor theQAP andfound
thatfor real-lifeandrandomlygeneratedreal-life likeQAPinstancesthereis asig-
nificantcorrelationbetweenthequalityof candidatesolutionsandtheirdistanceto
optimalsolutionswhile thisis notthecasefor instanceswith matrixentriesgenerat-
edaccordingto uniform distributions.This suggeststhatfor thefirst two instances
classesPQP AS mayprovideaneffectiveguidancemechanismto directthesearch
towardsthebestsolutionswhile this is not thecaseonthelatterinstanceclass.Yet,
exploitationof thebestsolutionsis not theonly remedyto achieve very high per-
forming ACO algorithms.To avoid prematureconvergence,theexploitationof the
bestsolutionshasto becombinedwith effectivemechanismsfor performingsearch
spaceexploration. PQP AS explicitly addressesthis aspect,which is possiblythe
mainreasonwhy it is currentlyoneof thebestperformingACOalgorithms.

Thereare several issueswhich seemto be worth further investigation.At the
moment,severalACO algorithmsshow a promisingperformanceon variouscom-
binatorialoptimizationproblems.WestronglybelievethatfutureACOapplication-
s will combinefeaturesof theseACO algorithms.Here, PQP AS may be a very
goodstartingpoint, sinceit is oneof the bestACO algorithmsfor combinatori-
al optimizationproblemswhich areoften usedasbenchmarksto testalgorithmic
ideas.An examplefor suchcombinationsbetweenseveralACOalgorithmsarethe
hybridsbetweenPQP AS andACSmentionedabove.Furtherpromisingideasare
theuseof lowerboundson thecompletionof partialsolutionsfor thecomputation
of theheuristicvaluesasproposedin theANTS algorithm[29] or theuseof rank-
ing for the trail updates[6]. Another issuedealswhith the settingof parameters
in ACO algorithms.In our experience,theparametersgivenherefor theTSPand
QAP applicationsperformedvery well over a wide rangeof instances.Neverthe-
less,in otherapplicationsadaptiveversionswhichdynamicallytunetheparameters
during algorithmexecutionmay increasealgorithm robustness.Finally, we defi-
nitely needa morethoroughunderstandingof the featuresthesuccessfulapplica-
tion of ACO algorithmdependon andhow ACO algorithmsshouldbeconfigured
for specificproblems.Particularly, the following questionsneedto be answered:
Which solutioncomponentsshouldbe used?What is the bestway of managing
thepheromones?ShouldtheACOalgorithmalwaysbecombinedwith localsearch
algorithms?Which problemscanbeefficiently solvedby ACO algorithms?To an-
swersomeof thesequestions,theinvestigationof searchspacecharacteristicsand
their relationto algorithmperformancemaygiveusefulinsights.
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In thisarticle,wehavetakeninitial stepsin addressingtheseissuesandprovided
startingpointsanddirectionsfor further research.It is our hopethatby following
theseroutes,ultimately theperformanceandapplicabilityof ACO algorithmscan
befurtherimproved.
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[45] T. Stützle. Local search algorithms for combinatorial problems — analysis,
improvements,and new applications. PhD thesis,Departmentof ComputerScience,
DarmstadtUniversityof Technology, Darmstad,Germany, 1998.
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