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2 What is GMRES? Bla |

Quoting Saad and Schultz (1986):

We present an iterative method for solving linear systems,
which has the property of minimizing at every step the norm of
the residual vector over a Krylov subspace. The algorithm is
derived from the Arnoldi process for constructing an
U>-orthogonal basis of Krylov subspaces.

Quoting Wikipedia:

In mathematics, the generalized minimal residual method
(usually abbreviated GMRES) is an iterative method for the
numerical solution of a nonsymmetric system of linear equations.
The method approximates the solution by the vector in a Krylov
subspace with minimal residual. The Arnoldi iteration is used to
find this vector.
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8. Some References (Very Incomplete) m

contributing to the understanding of GMRES in various situations:
o Starke (1997)
@ Chan, Chow, Saad and Yeung (1998)
@ Chen, Kincaid and Young (1999)

Klawonn (1998)

Ernst (2000); Eiermann and Ernst (2001)

Sarkis and Szyld (2007)

Pestana and Wathen (2013)
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8. Some References (Very Incomplete) m

contributing to the understanding of GMRES in various situations:
o Starke (1997)
@ Chan, Chow, Saad and Yeung (1998)
@ Chen, Kincaid and Young (1999)
e Klawonn (1998)
e Ernst (2000); Eiermann and Ernst (2001)
@ Sarkis and Szyld (2007)
@ Pestana and Wathen (2013)
and in Hilbert space (but with A € £(X)) in particular:
e Campbell, Ipsen, Kelley and Meyer (1996)
e Moret (1997)
o Calvetti, Lewis and Reichel (2002)
e Gasparo, Papini and Pasquali (2008)
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8. Purpose/Plan of This Talk m

o re-derive GMRES with natural algorithmic ingredients
@ draw inspirations from a Hilbert space setting (PDE problems)
@ obtain 'canonical GMRES’

o locate GMRES variants in the literature in this framework

@ to sort out my own personal lack of knowledge/confusion about these
variants

@ Hilbert space analysis matters
(— recall talk by W. Zulehner for instance)

@ even though in this talk everything is finite dimensional
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8. Problem Setting

Ax=bin R" Ax=bin X*

A € R™" (non-singular) A€ L(X,X") (non-singular)
X Hilbert space

inner product (-, )um

m
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.8_  Problem Setting m

Ax =binR" Ax =bin X*

A € R™" (non-singular) A € L(X,X™) (non-singular)

R" also a Hilbert space X Hilbert space

inner product (-, )y inner product (-,-)m

(u,v)y=u' Mv (u, v)m = (u, Mv)x x- )
(B ) =2 (B [ ag-s) (X ) == (X3 - 1a-2)

The inner product (-, ) in X,
the inner product (-, -)p-1 in X,
the Riesz map M € L(X, X™),
and its inverse M~ € £(X*, X)

uniquely define each other.
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.8_  Problem Setting m

(primal) quantities in X — iterates, errors

(dual) quantities in X* — rhs, residuals
Ax=binR" Ax=bin X*
A € R™" (non-singular) A€ L(X,X") (non-singular)
R" also a Hilbert space X Hilbert space
inner product (-, )pm inner product (-,-)um
(u,v)m = u"Mv (v, vIm = (u, Mv)x x-
M-1 M71 *
(R [I-[lm) (R =) (X3 l-llwa) (X5 M-l

The inner product (-, -)um in X,
the inner product (-, -)p-1 in X7,
the Riesz map M € L(X, X7),
and its inverse M~ € £(X*, X)

uniquely define each other.
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5 5=l

)

V = Hi(QR?), Q = 13(Q)

/uVu:Vvdx
JQ

/

a(u,v)

—/pdivvdx:/F-vdx
, Q

(F)v)

/d|vuqu—0
uq)

m
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8. Example: Oseen (Saddle-Point Problem) m

o 2 ; y Au=a(u,-)e V"
+ * u e Vv _ *
-0 |

Bu=b(u,-)e Q"
V = H(Q:R), Q = 3(®) Bp=b(,p) € V"

/uVu:Vvdx—i—/(Vu-U)-vdx—/pdivvdx:/F-vdx
JQ , Q , Q

(v.p) (Fv)
/ divugdx =0
uq)

a(av) n(uv)
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.B. Ingredients of 'Canonical GMRES'

The residual is always going to be r :== b — Ax € X",

m

© Krylov subspaces
Due to A € L(X, X™) we cannot form

Ki(A  ;r):= span{r, Ar , A%r oL ALy

Preconditioned GMRES Revisited Vancouver 7/ 32



8. Ingredients of 'Canonical GMRES' Bla |

The residual is always going to be r :== b — Ax € X", J
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The residual is always going to be r := b — Ax € X", J

© Krylov subspaces
Due to A € L(X, X*) we have to use

Ke(AP7Y;r) == span{r, AP71r, (AP71)?r, ..., (APTHK"1r} c X

where P € L(X, X") non-singular is a "preconditioner’ (required!).

@ Inner product (-,-)y in X for Arnoldi
Since Kx(AP~Y; r) C X* holds, orthonormality is defined w.r.t. W1,

© Inner product (-,-)p in X for residual minimization
Since r € X* holds,

r||pm-1 will be the quantity minimized.
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2 The Arnoldi Process Bla |

The Arnoldi process (here displayed with modified GS) generates

an orthonormal basis of the Krylov subspace Kx(A  ;rn):
Input: Matrix A (or matrix-vector products), initial vector rg
Output: ONB vy, s, ... with span{vl,...,vk} = Kk(A i)
1: Set o
: vi =
' (ro, fo>1/2
2: for k=1,2,... do
3:  Set vgy1 = Awv // new Krylov vector
4. forj=1,2,...,kdo
5: Set hj k== (Vit1, vj) // orthogonal. coefficients
6: Set Vi1l = Vikt1 — hj’k vj
7:  end for
. .f 1/2 ) _ 1/2
8:  Set hes1k = (Vieras V1) /] = (Vis1, Vier)
Vik+1

9:  Set vgi1 =
k+1,k
10: end for
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2 The Arnoldi Process Bla |

The Arnoldi process (here displayed with modified GS) generates
a W-orthonormal basis of the Krylov subspace KCx(AP~L; rp):

Input: Matrix A, P~1, W1 (or matrix-vector products), initial vector r; € X*
Output: W 1-ONB vy, v»,... € X* with span{vl, ce vk} = Kx(AP Y rp)
1: Set _w
: vy =
' <f0, fo>1/2
2: for k=1,2,... do
3:  Set vgq1 = Awv // new Krylov vector
4. forj=1,2,...,kdo
5: Set hj k== (Vit1, vj) // orthogonal. coefficients
6: Set Vi1l = Vsl — hj’k %
7:  end for
. .f 1/2 y) _ 1/2
8:  Set his, 6 = (Vier1, vis1)? /) = (Vir1s Viesa)
9:  Set vy = Al
k+1,k
10: end for
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Both v; and z; = W1y, need to be stored due to MGS.
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Both v; and z; = W1y, need to be stored due to MGS.
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B The Arnoldi Process

In matrix form the Arnoldi process reads

\ \
ho 1 Vo = AP1 %1

where H is the upper Hessenberg matrix

Preconditioned GMRES Revisited
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0

Vancouver

c Rk+1)xk.
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\ \ \
1
his16 |0 o v | = AP Vi

where H is the upper Hessenberg matrix
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\ \ \
1
his16 |0 o v | = AP Vi

| | |
or Vi 1H=AP 1V,

where H is the upper Hessenberg matrix
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B Residual Norm Minimization m

By design, xx — xp € p~1 Kk(APfl; ro)
and therefore r, —rp € AP71 Kk(APfl; ro) = range APV,
Hence
Ikl = [|ro — AP VAF]3, v € RK
= |lro = Vi1 Hy|[5, due to AP~V = Vi H
= HHI’OH‘/V—I vi — Vk+1H)7||i/,,1 since vi = ro/||roll -2

= || Viexa (Ilrollw - & — HY)Hi/,,I
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B Residual Norm Minimization m

By design, xx — xp € p~1 Kk(APfl; ro)
and therefore r, —rp € AP71 Kk(APfl; ro) = range APV,
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= |lro = Vi1 Hy|[5, due to AP~V = Vi H
= HHI’OH‘/V—I vi — Vk+1H)7Hi/,,1 since vi = ro/||roll -2

= || Viexa (Ilrollw - & — HY)Hi/,,I

The Arnoldi-inner product W~ is mathematically irrelevant and can be
chosen for algorithmic convenience. Here we are led to choose W := M,
which from now on we assume.
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B Residual Norm Minimization m

By design, xx — xp € p~1 Kk(APfl; ro)
and therefore r, —rp € AP71 Kk(APfl; ro) = range APV,
Hence
1y, |2 S
I3y = [[ro — AP Vi[5, v € R
= |lro = Vi1 Hy|[5, due to AP~V = Vi H
12 :
= rolly—s vt = Visr H7| o since v = ro/llroll s
. )
= Vit (llrollas— & = H7) [}
=||lrollp-2 & — Hy’Hg by M~!-orthonormality.
The Arnoldi-inner product W~ is mathematically irrelevant and can be

chosen for algorithmic convenience. Here we are led to choose W := M,
which from now on we assume.
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B Short Recurrences m

Short recurrences occur when

_(V1, AP_lvl)M_l (Vl, AP71V2)M71
(Vz, AP_lvl)Mq (V2, AP_1V2)M71

Hkk — 0 (V3, AP71V2)M—1 e c kak

0

is symmetric, i.e., when

MLAPL = p~TATM L, (SRC)J

This means that AP~! € L£(X*) is (X*, || - || -1 )-Hilbert space self-adjoint.
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B Short Recurrences m

Short recurrences occur when

_(V1, AP_lvl)M_l (Vl, AP71V2)M71
(Vz, AP_lvl)Mq (V2, AP_1V2)M71
0 (V3, AP71V2)M71

0

is symmetric, i.e., when

MLAPL = p~TATM L, (SRC)J

This means that AP~! € L£(X*) is (X*, || - || -1 )-Hilbert space self-adjoint.
Should we call the method MINRES then?
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-B_  (SRC) and the Normal Equations m

We are going to refer to GMRES as just described by
GMRES(A, P71, M1, b, x).

Recall

M1Ap1 = p-TATM L, (SRC)J

Given A and M, (SRC) always holds for the choice p~l.— H1ATM-1
where H = H' is non-singular.
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We are going to refer to GMRES as just described by
GMRES(A, P71, M1, b, x).

Recall

M1Ap1 = p-TATM L, (SRC)J

Given A and M, (SRC) always holds for the choice p~l.— H1ATM-1
where H = H' is spd. This is mathematically equivalent to
running GMRES on the normal equations (modified problem)

ATMTAx=A"M1h
with preconditioner H. In other words,
GMRES(A, H'ATM™!, M1, b, xo)
& GMRES(ATM™A, H!, ATTMA™T, ATM™1b, xo)
2N CG(ATM™IA, H T, ATM™b, xo).
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-B2_  Convergence Analysis m

In the absence of any particular properties of (A, P, M) we can use the
Jordan decomposition (with U, J € C"™*")

M2AP~IMY2 = Uy UL
Then for any polynomial p,
p(AP7Y) = MY2U p(J) U=t M~1/2
holds and thus
P(AP™Y) rol[3-a = [|Up() U M2 200
< Onax (U () UTY) [0l
= Amax (P(AP™Y) T M~ p(AP1); M) [l ro]3y-1-
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Jordan decomposition (with U, J € C"™*")

M2AP~IMY2 = Uy UL
Then for any polynomial p,
p(AP7Y) = MY2U p(J) U=t M~1/2
holds and thus
[p(AP) rolfjys = [1Up(S) U™ M2
< Onax (U () UTY) [0l
= Amax (P(AP™Y) "M p(AP™); M7Y) [Irolf3y-1-

Alternatively, using the Schur decomposition M~1/2AP~1MY/2 = U R UM
(with U, R € C"™*"™) we arrive at

(AP Y 0[5,y < o2k (P(R)) lI7ol|21
= Amax (P(AP™Y) T M1 p(AP7); M7Y) |12,
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-B2_  Convergence Analysis m

In the absence of any particular properties of (A, P, M) we can use the
Jordan decomposition (with U, J € C"™*")

M2AP~IMY2 = Uy UL
Then for any polynomial p,
p(AP7Y) = MY2U p(J) U=t M~1/2
holds and thus
P(AP™Y) rol[3-a = [|Up() U M2 200
< Onax (U () UTY) [0l
= Amax (P(AP™Y) T M~ p(AP1); M) [l ro]3y-1-

This convergence estimate depends on the complete triplet (A, P, M). J
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-2_  Normality Condition m

For AP~L € £(X*), (AP7Y)T € £(X) is its adjoint and
(AP7Y)° = M(AP7H) T M

is its Hilbert space adjoint w.r.t. (X*, |- [/p-1).
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-2_  Normality Condition m

For AP~L € £(X*), (AP7Y)T € £(X) is its adjoint and
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-2_  Normality Condition m

For AP~L € £(X*), (AP7Y)T € £(X) is its adjoint and
(AP7Y)° = M(AP7H) T M

is its Hilbert space adjoint w.r.t. (X*, |- [/p-1).

We have already encountered the (Hilbert space) self-adjointness condition
AP~ = (AP~1)°, responsible for short recursions:

M1Ap1 = p-TATM L, (SRC)J

The normality condition AP~Y(AP71)° = (AP71)°AP~! reads

AP IM(APY)TM™ = M(AP7Y)TM~1AP! (NC)J

or BB" = B'B with B= M~12Ap~1 /2,

Preconditioned GMRES Revisited Vancouver 14 / 32



8.  Convergence Analysis Under Normality M

Suppose that (NC) holds. Then with U, D € C"*" unitary/diagonal,
B=M12AptMY2 = uD UM
and for any polynomial p,
p(AP™Y) = MY2U p(D) U M1/2
holds and thus
(AP ) rolfyys = [|U (D) UM 2
< Tmax(UP(D) U [|ro][3—

2
= [maxp(\)I ] ol

where )\; are the (complex; real under the (SRC)) eigenvalues of AP~L.
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Suppose that (NC) holds. Then with U, D € C"*" unitary/diagonal,
B=M12AptMY2 = uD UM
and for any polynomial p,
p(AP™Y) = MY2U p(D) U M1/2
holds and thus
(AP ) rolfyys = [|U (D) UM 2
< Tmax(UP(D) U [|ro][3—

2
= [maxp(\)I ] ol

where )\; are the (complex; real under the (SRC)) eigenvalues of AP~L.

The resulting convergence estimate depends only on (A, P) and it is
independent of the norm M~ we choose for residual minimization.
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.8 |ntermediate Summary m

We have re-derived 'canonical’ GMRES from ’first principles’ and from
a Hilbert space perspective, carefully distinguishing mapping properties
and primal and dual quantities.
@ Two choices arise (for the user):

© preconditioner P € L(X, X*)
@ inner product (-, -)y-1 in X* for residual minimization
© inner product (-, -)y-2 in X* for Arnoldi (non-essential)

For the latter we fix wlog W := M for algorithmic convenience.

One application of A, P~! and M~! each is required per iteration.

(SRC) = (NC) = convergence est. in terms of spectrum of AP~1
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.8 |ntermediate Summary m

We have re-derived 'canonical’ GMRES from ’first principles’ and from
a Hilbert space perspective, carefully distinguishing mapping properties
and primal and dual quantities.

@ Two choices arise (for the user):

© preconditioner P € L(X, X*)

@ inner product (-, -)y-1 in X* for residual minimization

© inner product (-, -)y-2 in X* for Arnoldi (non-essential)

For the latter we fix wlog W := M for algorithmic convenience.

@ One application of A, P! and M~! each is required per iteration.
@ (SRC) = (NC) = convergence est. in terms of spectrum of AP~}
@ Not discussed:

e Solution of least-squares problems (by updated QR factorization).
o Under particular choices of (A, P, M) one may take advantage of
additional structure to streamline the implementation.

[— see talk by D. Szyld for an example]
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-2 Table of Contents m

© How does it Compare With. ..?
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-2_  Dual vs. Primal Krylov Subspaces m

"Canonical GMRES’ is working with the (dual, residual-based) Krylov

subspaces
K (AP 1) € X*

generated by AP~1 € £(X*). It turned out convenient to fix wlog
W .= M.

Preconditioned GMRES Revisited Vancouver 17 / 32



8.  Dual vs. Primal Krylov Subspaces

"Canonical GMRES’ is working with the (dual, residual-based) Krylov

subspaces
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Equivalently, the algorithm can be written using the (primal) Krylov
subspaces (see next two slides)
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- Dual vs. Primal Krylov Subspaces m

"Canonical GMRES’ is working with the (dual, residual-based) Krylov
subspaces
K (AP 1) € X*

generated by AP~1 € £(X*). It turned out convenient to fix wlog
W .= M.

Equivalently, the algorithm can be written using the (primal) Krylov
subspaces (see next two slides)

P K(AP™Y 1) = Ki(PA; Pl rg) C X.

'Equivalently’ means same iterates x,, same residuals r, = b — Axy, same
residual norms || ri|| py-1.
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- Dual vs. Primal Krylov Subspaces m

"Canonical GMRES’ is working with the (dual, residual-based) Krylov
subspaces
K (AP 1) € X*

generated by AP~1 € £(X*). It turned out convenient to fix wlog
W .= M.

Equivalently, the algorithm can be written using the (primal) Krylov
subspaces (see next two slides)

P K(AP™Y 1) = Ki(PA; Pl rg) C X.

'Equivalently’ means same iterates x,, same residuals r, = b — Axy, same
residual norms ||r/ps-1.

Caution: Do not confuse with 'right/left preconditioning’. There is no
such distinction in 'canonical GMRES'.
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- Using Primal Krylov Subspaces m

The Arnoldi process generates a basis {Ux} of K (P71A; P~1rp) C X with
is orthonormal w.r.t. the inner product W (mathematically irrelevant).

In matrix form the Arnoldi process reads
P~LAU, = Uiy H,
where H is the upper Hessenberg matrix

_(Vl, PilAvl)W (V17 PilAVQ)W
(Vz, P_lAvl)W (Vz, P_IAV2)W .
H= 0 (V3, PflAVz)W e R(k+1)xk
: 0

The short recursion condition becomes WP~1A = (WP~1A)", which
appears to be different from (SRC) ...
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-8_  Using Primal Krylov Subspaces m

We still want to minimize
L2 .
Irellfp-2 = ||ro — AUY|| 3y y € R¥
_ 12 _
= HP 1r0 - Uk“!‘lHyHPTMflp P 1AUk - Uk+1H
_ (12 _ _
= |IP  rollw 1 — Uksr HY || oy ap 1 =P ro/|IP M rollw

= | U1 (1P rollw & — HY) |5y
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We still want to minimize
12 .
Irellfp-2 = ||ro — AUY|| 3y y € R¥
_ 12 _
= HP 1r0 - Uk“!‘lHyHPTMflp P 1AUk - Uk+1H
_ 12 _ _
= |IP  rollw 1 — Uksr HY || oy ap 1 =P ro/|IP M rollw

= | U1 (1P rollw & — HY) |5y

The Arnoldi-inner product W is mathematically irrelevant and can be
chosen for algorithmic convenience. Here we are led to choose
W:=PTM- 1P e L(X,X").
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- Using Primal Krylov Subspaces m

We still want to minimize

Irel2)-2 = ||ro — AUT] S, v € R
=P r - Uk+1H)7Hf3TM,1P P7LAU, = UxjiH
= [[1P rollw ts — UesaHY|[ppyap =P 0/ [P 2 ro]lw
= | Ukr (1P rollw & — HY) |5y 15
= HHFOHMfl & — H>7H§ by W-orthonormality.

The Arnoldi-inner product W is mathematically irrelevant and can be

chosen for algorithmic convenience. Here we are led to choose
W =P TM- 1P e L(X,X").

But then the implementations with primal/dual Krylov subspaces agree:
u; = P7Lv; holds, the Hessenberg matrices are the same, and the short
recursion conditions agree. So we continue with the original version, using
dual Krylov subspaces.
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8. What if Ae £(X)? m

The residual r := b — Ax belongs to X now. J

O Krylov subspaces
With A € £(X) we can form

Ke(A  5r) = span{r, Ar , A%r .., ALy }CX
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With A € £(X) we may still want to use a preconditioner
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but P € L(X) is optional now.
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@ Inner product (-,-)y in X for Arnoldi
Since Kx(AP~1;r) C X holds, orthonormality is defined w.r.t. W.
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8. What if Ae £(X)? m

The residual r := b — Ax belongs to X now. J

© Krylov subspaces
With A € £(X) we may still want to use a preconditioner

KW(APYr) = span{r, AP~1r, (APY)r, .. (AP"1)F1r} € X

but P € L(X) is optional now.

@ Inner product (-,-)y in X for Arnoldi
Since Kx(AP~1;r) C X holds, orthonormality is defined w.r.t. W.

© Inner product (-,-)p in X for residual minimization
Since r € X holds,

rllm will be the quantity minimized.

Preconditioned GMRES Revisited Vancouver 20 / 32



-B_  The Arnoldi Process for A € L(X, X*) m

The Arnoldi process (here displayed with modified GS) generates a
W ~-orthonormal basis of the Krylov subspace Kx(AP~!; rp):

Input: Matrix A, P~1, W1 (or matrix-vector products), initial vector r; € X*
Output: W1-ONB vy, vs,... € X* with span{vl, ceey vk} = Kx(AP~ Y 1p)

_ o Z1

1: Set zz =W lgandvyy:=—— and zy ;= ———

' ’ LT o, 2yt LT o, 2yt
2: for k=1,2,... do
3:  Set i1 = APty // new Krylov vector
4: forj=1,2,... kdo
5: Set hj k= (Vit1, Zj) // orthogonal. coefficients
6: Set Vk+1 '= V41 — hj,k %
7: end for

_ 1/2
8: Set Zy41 1= w 1Vk+1 and hk+1,k = <Vk+1, Zk+1>1/2 // = (Vk+1, vk‘Ll)Vé’l
v z

9: Set Vk41 i= bl and Zy41 = el

hrt1,k hit1.k

10: end for

Both v; and z; = W1y, need to be stored due to MGS.
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-B_  The Arnoldi Process for A € L(X) m

The Arnoldi process (here displayed with modified GS) generates a
W  -orthonormal basis of the Krylov subspace KCx(AP~L; rp):

Input: Matrix A, P~1, W  (or matrix-vector products), initial vector ry € X
Output: W- ONB vy, vy,... € X with span{vl, ceey vk} = Kx(AP Y 1)

o Z1
1: Set 7 . =W rpandvyy .= ——and zy = —
' ° LT (o, 2)t2 ERTSEE

2: for k=1,2,... do
3: Set viyq = APy, // new Krylov vector
4: forj=1,2,... kdo
5: Set hj k= (Vit1, Zj) // orthogonal. coefficients
6: Set Vil = Vkt1 — hj,k vj
7: end for

. - — 1/2 y) _ 1/2
8: Set Zkr1 = W Vi1 and hk+1,k = <Vk+1, Zk+1> // = (Vk+1, Vk+1)W

v Z

9: Set Vi1 1= el and z; 1 = s

hrt1,k hit1.k

10: end for

Both v; and z; = W v; need to be stored due to MGS.
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-8 Residual Minimization for A € L(X, X*) m
By design, xx — xp € p~1 Kk(APfl; ro)
and therefore r, —rp € AP71 Kk(APfl; ro) = range APV,
k12,2 = [0 — AP~ Vi[5, v € R
= ||ro — Vi Hy|[5, due to APV = Vi1 H
= H||r0||,\/,_1 vi — Vk+1H)7Hir1 since vi = ro/||roll -2
S (12

= [[Vira (Irollp— & = HY) ||}

= H“ro‘|M*1 é — HYHE by M~1-orthonormality.
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-8 Residual Minimization for A € L(X) m

By design, X —xo € P K(AP7L;n)
and therefore r, —rg € AP 1K (AP71; rp) = range AP~ V.

I, = — APV, y R
= ||r0 — Vi Hy|[5, due to APV = Vi1 H
=l v — Ve H7|l}, since vi = ro/|| 0|y

= |Visa(lrolly & — HP)|3,
= HHrOHM é — HYHE by M -orthonormality.

The Arnoldi-inner product W is mathematically irrelevant and can be
chosen for algorithmic convenience. Here we are led — again — to choose
W := M, which from now on we assume.

Preconditioned GMRES Revisited Vancouver 22 /32



-8 Short Rec./Norm. Conditions for A € £(X, X*) ¥

Self-adjointness AP™1 = (AP™1)° in (X*;||-[|yy-1) is responsible for short
recursions:

M1AP~1 = p-TATM L, (SRC)J

The normality condition AP~Y(AP~1)° = (AP71)°AP~! reads

APIM (APTYHYTM =M (APH)TM AP (NC)J
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8. Short Rec./Norm. Conditions for A € L(X) m

Self-adjointness AP™1 = (AP1)°in (X ;||-[|y; ) is responsible for short
recursions:

M AP L=pPTATM. (SRC)J

The normality condition AP~Y(AP~1)° = (AP71)°AP~! reads

APIMTYAPHYTM =ML (APH)TM AP (NC)J

The convergence analysis carries over, mutatis mutandis.
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o Overview of Canonical GMRES m

Ae L(X,X*) A€ L(X)

@ preconditioner P € L(X, X") @ preconditioner P € L(X)

@ inner product M € L(X, X") @ inner product M € L(X, X")

@ Krylov subspaces @ Krylov subspaces
K (AP~ 1 rp) € X* K (AP~ 1) c X

@ Arnoldi orthonormality w.r.t. @ Arnoldi orthonormality w.r.t.
M1, apply M1 M, apply M

o residual minimization ||r ||y ) e residual minimization ||r ||y

GMRES(A, P71, M1, b, x). GMRES(A, P71, M, b, xp).
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= GMRES in the Literature |

The very frequent 'right preconditioned’ GMRES is motivated by
considering the modified problem

APy = b.

The Arnoldi process for K (AP~1; r) is typically carried out w.r.t. the
Euclidean inner product and ||r||2 = ||b — Ax]|2 is minimized.

A non-singular, P non-singular

m

[see for instance (Saad, 2003, Ch. 9.3), Matlab, PETSc, ...]
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8 GMRES in the Literature | Bla |

The very frequent 'right preconditioned’ GMRES is motivated by
considering the modified problem

APy = b.

The Arnoldi process for K (AP~1; r) is typically carried out w.r.t. the
Euclidean inner product and ||r||2 = ||b — Ax]|2 is minimized.

This corresponds to canonical GMRES with

A non-singular, P non-singular, W =M =id. J

I’S The user does not need to know whether A € £(X, X*) or A € L(X)
since M = M~ =id. (This also saves one operation per iteration.)

Iz The user cannot control which norm of the residual is being
minimized. This appears to be a restriction, which cannot be
compensated for by the preconditioner. Opportunities to satisfy (SRC)

and (NCQ are limited.
[see for instance (Saad, 2003, Ch. 9.3), Matlab, PETSc, ...]
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-2 GMRES in the Literature Il m

A small number of papers consider
Ax =b with Ae L(X,X")

where the preconditioner P := M (spd) is chosen. The Arnoldi process for
K (AP71; ry) is carried out w.r.t. the inner product W~! = M1,

[see for instance (Starke, 1997, Sect. 3), (Chan et al., 1998, Alg. 2.3), (Ernst, 2000, Ch. 9.3), ...]
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-2 GMRES in the Literature Il m

A small number of papers consider
Ax =b with Ae L(X,X")

where the preconditioner P := M (spd) is chosen. The Arnoldi process for
K (AP71; ry) is carried out w.r.t. the inner product W~! = M1,

This corresponds to canonical GMRES with

A non-singular, P=M, W =M. J

[see for instance (Starke, 1997, Sect. 3), (Chan et al., 1998, Alg. 2.3), (Ernst, 2000, Ch. 9.3), ...]
Preconditioned GMRES Revisited Vancouver 26 / 32



8 GMRES in the Literature I Bla |

A small number of papers consider
Ax =b with A e L(X,X")

where the preconditioner P := M (spd) is chosen. The Arnoldi process for
K (AP71; ry) is carried out w.r.t. the inner product W~! = M1,

This corresponds to canonical GMRES with

A non-singular, P=M, W =M. J

I’'s P = M saves one operation per iteration.

I2 Coupling the choice of residual norm and preconditioner appears to be
a restriction compared to full 'canonical GMRES'. Opportunities to
satisfy (SRC) — which amounts to A= AT — and (NC) are limited.

[see for instance (Starke, 1997, Sect. 3), (Chan et al., 1998, Alg. 2.3), (Ernst, 2000, Ch. 9.3), ...]
Preconditioned GMRES Revisited Vancouver 26 / 32



& GMRES in the Literature Ill m

Bramble & Pasciak derived a method (BPCG)—here adjusted to fit our
setting—for self-adjoint, indefinite problems with A € £(X, X*) in
saddle-point form

=
A A B
B —A

with A; > 0 (spd), Az > 0 (spsd).

[Bramble and Pasciak (1988), ...]
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-2 GMRES in the Literature Il m

Bramble & Pasciak derived a method (BPCG)—here adjusted to fit our
setting—for self-adjoint, indefinite problems with A € £(X, X*) in
saddle-point form with a particular preconditioner P and inner product M:

A BT _[A BT CJA-A 0
A_[B —AJ’ P‘[o —dl M= id

with A; > 0 (spd), A2 = 0 (spsd). The (SRC) holds by construction.
Moreover, under appropriate assumptions, the eigenvalues of AP~! are not
only real but positive.

I’S One obtains a CG-like convergence result.
Iz [[rlly-1 = [lellaps—14 is non-trivial to interpret.

[Bramble and Pasciak (1988), ...]
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&  GMRES in the Literature IV m

Klawonn extended the analysis of Bramble & Pasciak and employed
canonical GMRES for self-adjoint, indefinite problems with A € £(X, X*) in

saddle-point form

_[A BT
A= [B —t2A2:|

with A;, Ay = 0 (spd).

[see for instance Klawonn (1998) and also Simoncini (2004), . ..]
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Klawonn extended the analysis of Bramble & Pasciak and employed
canonical GMRES for self-adjoint, indefinite problems with A € £(X, X*) in
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_[A BT _
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~

0 Ay

A — A 0
0 —A

A T
Ay BA]7 -

with A;, Ay = 0 (spd).
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= GMRES in the Literature IV m

Klawonn extended the analysis of Bramble & Pasciak and employed
canonical GMRES for self-adjoint, indefinite problems with A € £(X, X*) in
saddle-point form with a particular preconditioner P and inner product M:

_[A BT _
A= |:B —t2A2:|7 i

0 —-A 0 //4\2

A — Ay 0]

A T
Ay BA]7 -

with A, Ay > 0 (spd). The (SRC) holds (although it does not seem to
have been used in the numerical experiments). Moreover, under appropriate
assumptions, the eigenvalues of AP~ are not only real but positive.

[see for instance Klawonn (1998) and also Simoncini (2004), ...]
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= GMRES in the Literature IV m

Klawonn extended the analysis of Bramble & Pasciak and employed
canonical GMRES for self-adjoint, indefinite problems with A € £(X, X*) in
saddle-point form with a particular preconditioner P and inner product M:

_[A BT _
A= |:B —t2A2:|7 i

~

0 —-A 0 A

A, T
Ay BA]7 -

A — Ay 0]

with A, Ay > 0 (spd). The (SRC) holds (although it does not seem to
have been used in the numerical experiments). Moreover, under appropriate
assumptions, the eigenvalues of AP~ are not only real but positive.

I’5 One obtains a CG-like convergence result, robustly in t € R.

12 |Irllpm-1 = [lellap—14 is non-trivial to interpret.

[see for instance Klawonn (1998) and also Simoncini (2004), ...]
Preconditioned GMRES Revisited Vancouver 28 / 32



.2 GMRES in the Literature V m

The term 'preconditioned MINRES' seems to be reserved for the setting

A=AT. Pspd, M=P. J

Certainly the (SRC) holds in this setting:
M=1AP~L = p~TAT M1 (SRC)

but it is also valid in many other situations with or without A= A".

[Elman et al. (2014); Giinnel et al. (2014)]
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-2 GMRES in the Literature VI m

The very frequent 'left preconditioned” GMRES is motivated by considering
the modified problem

P 'Ax = P'b.
The Arnoldi process for Ki(P; ' A; P, ro) is typically carried out w.r.t. the
Euclidean inner product and ||P; !r|l, = ||b — AX| p-7 p-1 is minimized.
L L

This cannot be modeled in canonical GMRES except as a modified problem:

PL_lA non-singular, P=id, W=M=id. J

[see for instance (Saad, 2003, Ch. 9.3), Matlab, PETSc, ...]
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= GMRES in the Literature VI m

The very frequent 'left preconditioned” GMRES is motivated by considering
the modified problem

P 'Ax = P'b.
The Arnoldi process for Ki(P; ' A; P, ro) is typically carried out w.r.t. the
Euclidean inner product and ||P; !r|l, = ||b — Ax|| p-7 p-1 is minimized.
L L

This cannot be modeled in canonical GMRES except as a modified problem:

PL_lA non-singular, P=id, W=M=id. J

I’ The user does not need to know whether A, P belong to £(X,X*) or
L(X) since the choice P = P! =id and M = M~* = id holds.
Moreover, this choice reduces the cost per iteration.

I2 The user may not be able to factorize the desired residual metric. Not
using P nor M appears to be a restriction, which cannot be
compensated for by P;. Opportunities for (SRC) and (NC) are limited.

[see for instance (Saad, 2003, Ch. 9.3), Matlab, PETSc, ...]
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-2 GMRES in the Literature VII m

Pestana & Wathen also consider a 'left preconditioned” GMRES
P tAx = P 'b.

where A € £(X). Both A and the 'left preconditioner’ P, € L(X) are
assumed to be (X, || - ||)-Hilbert space self-adjoint w.r.t. a reference inner
product H € £L(X,X*): HA=A"H and HP, = P/ H.

This corresponds to canonical GMRES with

PL_lA non-singular, P =id J

[(Pestana and Wathen, 2013, preprint version)]
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where A € £(X). Both A and the 'left preconditioner’ P, € L(X) are
assumed to be (X, || - ||)-Hilbert space self-adjoint w.r.t. a reference inner
product H € £L(X, X*): HA= ATH and HP, = P/ H. The Arnoldi
process for Kx(P'A; P, ' ry) is carried out w.r.t. the inner product

W = HP; and ||Ptr||up, = ||b— Ax||p 1y is minimized.

This corresponds to canonical GMRES with
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Pestana & Wathen also consider a 'left preconditioned” GMRES
P tAx = P 'b.

where A € £(X). Both A and the 'left preconditioner’ P, € L(X) are
assumed to be (X, || - ||)-Hilbert space self-adjoint w.r.t. a reference inner
product H € £L(X, X*): HA= ATH and HP, = P/ H. The Arnoldi
process for Kx(P'A; P, ' ry) is carried out w.r.t. the inner product

W = HP; and ||Ptr||up, = ||b— Ax||p 1y is minimized.

This corresponds to canonical GMRES with

P;'A non-singular, P =id, W =M =HP,. J

I’5 The (SRC) holds by construction.

Iz The requirements appear to constitute a restriction compared to full

"canonical GMRES'.

[(Pestana and Wathen, 2013, preprint version)]
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.8 _  Concluding Remarks m

@ We have re-derived 'canonical GMRES’ from a Hilbert space
perspective for Ax = b in X* (and Ax = b in X).
o It appears natural that the user
O first chooses the inner product (-, -)y-1 in X* for residual minimization,
@ then the preconditioner P € L(X, X*), so that ideally (SRC) or at least
(NC) holds.
e If (NC) is achieved, then P is responsible for fast convergence
(eigenvalues of AP~ 1), while M is responsible for being able to
observe a meaningful norm of the residual.

@ Don't use Matlab or PETSc implementations of GMRES unless you
are determined to measure (and stop on) the residual norm ||r]|2, since
they make the choice M = id for you.

@ Should we say MINRES rather than GMRES when (SRC) hold?
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@ We have re-derived 'canonical GMRES’ from a Hilbert space
perspective for Ax = b in X* (and Ax = b in X).
o It appears natural that the user
O first chooses the inner product (-, -)y-1 in X* for residual minimization,
@ then the preconditioner P € L(X, X*), so that ideally (SRC) or at least
(NC) holds.
e If (NC) is achieved, then P is responsible for fast convergence
(eigenvalues of AP~ 1), while M is responsible for being able to
observe a meaningful norm of the residual.

@ Don't use Matlab or PETSc implementations of GMRES unless you
are determined to measure (and stop on) the residual norm ||r]|2, since
they make the choice M = id for you.

@ Should we say MINRES rather than GMRES when (SRC) hold?

Thank You
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