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BLOCK PRECONDITIONERS FOR THE MARKER-AND-CELL
DISCRETIZATION OF THE STOKES-DARCY EQUATIONS*

CHEN GREIFt AND YUNHUI HE?

Abstract. We consider the problem of iteratively solving large and sparse double saddle-point
systems arising from the stationary Stokes—Darcy equations in two dimensions, discretized by the
Marker-and-Cell (MAC) finite difference method. We analyze the eigenvalue distribution of a few
ideal block preconditioners. We then derive practical preconditioners that are based on approxima-
tions of Schur complements that arise in a block decomposition of the double saddle-point matrix.
We show that including the interface conditions in the preconditioners is key in the pursuit of scala-
bility. Numerical results show good convergence behavior of our preconditioned GMRES solver and
demonstrate robustness of the proposed preconditioner with respect to the physical parameters of
the problem.
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1. Introduction. The numerical solution of coupled fluid problems has at-
tracted a considerable attention of researchers and practitioners in the past few
decades, in large part due to the importance of these problems and the computa-
tional challenges that they pose. The Stokes—Darcy model is an example of such a
problem, and is the topic of this paper. The equations describe the flow of fluid across
two subdomains: in one subdomain the fluid flows freely, and in the other it flows
through a porous medium. The interface between the subdomains couples the two
flow regimes and plays a central physical, mathematical, and computational role. It
poses a challenge because the flow behaves significantly differently in terms of scale
and other properties in each of the subdomains, and an abrupt change of scale may
occur at the interface. There are several relevant applications of interest here: flow
of water through sand and rock, flow of blood through arterial vessels, problems in
hydrology, environment and climate science, and other applications; see, e.g., the
comprehensive survey [14].

As far as the numerical solution of the equations is concerned, methods that solve
the problem for the entire domain at once have been developed, as well as domain
decomposition methods or iteration-by-subdomain methods, which solve separately
the Stokes and the Darcy problems in an iterative fashion [15, 40, 29, 10, 9, 2, 36,
22, 27]. Different types of discretizations have been applied: finite element methods
[26, 48, 12, 33, 5], finite difference/volume methods [41, 43, 31], and other methods
[47, 18].

The Marker-and-Cell (MAC) scheme belongs to the class of finite difference meth-
ods, and is our focus in this work. MAC was proposed in [21] for the Stokes and
Navier—Stokes equations. To achieve numerical stability, the scheme uses staggered
grids in which the velocity and pressure are discretized at different locations of a
grid cell. MAC has been used extensively for fluid flow problems, and a significant
effort has been devoted to studying this scheme for Stokes—Darcy, the coupled Navier—
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2 C. GREIF AND Y. HE

Stokes and Darcy flows [28], Stokes—Darcy—Brinkman equations [45], the compressible
Stokes equations [17], and other multiphysics applications [30, 16]. A review of the
Marker-and-Cell method can be found in [35].

As shown in [37, 34, 41] and several other references, the MAC scheme has a few
advantages. It is well-tested and well-understood for standard fluid flow problems, and
it allows for a relatively simple implementation. For the Stokes problem, it has been
shown that the MAC scheme can be derived directly from a finite element method [20].
For the Navier—Stokes problem, MAC can be interpreted as a mixed finite element
method of the velocity-vorticity variational formulation [19]. Recent papers prove
numerical stability and convergence of the Stokes—Darcy equations [43, 45]. In this
paper we use the discretization introduced in [43].

Preconditioners for GMRES for the Stokes—-Darcy model discretized by the mixed
finite element method have been proposed in [8]. In [13] an indefinite constraint pre-
conditioner was studied. In [4] an augmented Lagrangian approach is used and a
field-of-values analysis is performed. For multigrid solvers, the main challenge lies
in designing effective smoothers for the coupled discrete systems. In [31], the au-
thors develop an Uzawa smoother for the Stokes—Darcy problem discretized by finite
volumes on staggered grids. The recent paper [32] provides an interesting descrip-
tion of some challenges that arise with various formuations of the problem. The
authors show that standard preconditioning approaches based on natural norms are
not parameter-robust, and they propose preconditioners that utilize non-standard and
non-local operators, which are based on fractional derivatives. For additional useful
references on solution approaches for solving the problem, see [42, 4].

In this work, we focus on preconditioning for the stationary Stokes—Darcy prob-
lem discretized by the MAC scheme. We propose block-structured preconditioners,
perform a spectral analysis of the preconditioned operators, and show that they are
suitable for preconditioned GMRES. Taking advantage of the sparsity structure of
the matrix and using the coupling equations, we develop inexact approximations of
the Schur complements and show that the iterative scheme is robust for a large range
of the physical parameters.

In Section 2 we review the continuous Stokes—Darcy equations and in Section 3
we describe the MAC scheme for discretizing them. We develop block preconditioners
and their inexact versions in Section 4. In Section 5 numerical results are presented.
Finally, we draw some conclusions in Section 6.

2. Governing equations. We consider the coupled Stokes—Darcy problem in a
two-dimensional domain comprised of two non-overlapping subdomains, Q = Qg4 J Q;
see Figure 1. In the bounded domain 25 we have a free fluid flow, and in Q4 the flow
is in a porous region. The flows are coupled across the interface T'.

The Darcy equations in two dimensions for porous medium flow are given by

(2.1a) K 'u?+Vpl=0 inQy,
(2.1b) V-ul=f inQy,
where u? = (u?,v?) is the velocity and p? is the fluid pressure inside the porous

medium. K is the hydraulic (or permeability) tensor, representing the properties of
the porous medium and the fluid. Throughout this paper we will assume K = kI,
where £ > 0 and I is the identity matrix. This amounts to treating the porous medium
as homogeneous and isotropic, and we call xk the permeability constant.
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Qg

Qa

Fic. 1. Two-dimensional domain for the Stokes—Darcy problem. The interface is marked by T.

Denoting ¢ = p? we combine (2.1a) and (2.1b) into
(2.2) —V-(kV¢) = f* in Q.
The free-flow problem is described by the Stokes equations

(2.3a) —vAu® +Vp® = f° in Qg
(2.3b) V-u®=0 in Qs,

where u® = (u®,v®) is the fluid velocity vector, p® is the fluid pressure, and v is the
fluid viscosity.

Denoting (¢, u,p) = (p?, u®,p*), Equations (2.2)—(2.3) give us the Stokes-Darcy
problem in primal form:

(2.4a) —kAp = f1 in Qy,
(2.4Db) —vAu+Vp=f* inQ,,
(2.4c) V-u=0 in Q.

This is an alternative formulation to the one given by Equations (2.1) and (2.3), and
we will focus from this point onward on this primal form. The problem is completed
by setting interface conditions and imposing boundary conditions.

The interface conditions can be thought of as a boundary layer through which
the velocity changes rapidly. The following three interface conditions are often used
to couple the Darcy and Stokes equations at the interface I':

(2.5a) v = —ng—z;

ov

2. — =2

(2.5b) p—¢ Vo
v {ou Ov

Equation (2.5a) is a mass conservation condition, and it guarantees continuity of
normal velocity components. Equation (2.5b) is a condition on the balance of normal
forces, and it allows the pressure to be discontinuous across the interface. Finally,
(2.5¢), the Beavers-Joseph-Saffman condition, provides a suitable slip condition on
the tangential velocity.
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4 C. GREIF AND Y. HE

The physical and mathematical properties associated with the interface conditions
have been extensively studied in the literature; see, e.g., [46, 24]. A central challenge
in the solution of the Stokes—Darcy equations is that the equations governing each
domain are fundamentally different. This difficulty is manifested especially when the
parameters involved, specifically the viscosity coefficient v and permeability constant
K, differ from each other by a few orders of magnitude.

3. Discretization. The Marker-and-Cell scheme [35, 17] is an established and
popular discretization technique that has been extensively used in the solution of
fluid flow problems [45, 41, 43]. The components of the velocity and the pressure
are discretized at different locations on the grid, in a way that aims at accomplishing

numerical stability. Figure 2 shows the location of the discrete variables for (2.2)—
(2.3).

m O m O m O m O m A A A A
m O m O m O m O m A A A A
P O ®» O ®m O ®m O m N A A A

FiG. 2. The locations of the unknowns on the staggered grids. Left: the Stokes variables: [] —
u, O —v, O — p; Right: the Darcy variable: A — ¢.

The stability and convergence order of the MAC discretization for the Stokes—
Darcy equations have been established in the literature. In [43], a MAC scheme is
developed and a stability analysis is performed for the velocity and the pressure, and
error estimates are given for uniform grids. Let the two subdomains have the same
length, L, in the y direction. By [43, Theorem 4.1], if the meshsize h satisfies

. VK 2«

(3.1) hsmm{%, L}’

then first-order convergence is guaranteed. In some of the tests in that paper second-
order convergence was in fact experimentally observed. Our discretization follows
the discretization of [43]. In Section 5 we provide a brief experimental study of
convergence order. We note that in [41] the authors use a finite volume technique
for the tensor format of the fluid operator near the interface and prove that under
the assumption that the solution is sufficiently smooth, second-order convergence is
obtained in the Ly-norm for both velocity and pressure of the Stokes and Darcy flows.

3.1. Discretization at interior gridpoints for Stokes. Suppose the Stokes
domain is given by [xrsninv xfnax] X [yrsninv yrsnax]’ with mfnax - mfnin = yrsnax - yﬁnin' We
consider a uniform mesh with n + 1 gridpoints in each direction, yielding meshsize
— xrb;ain _ yrézﬂax — yﬁain
n n '

S
h — xmax

For simplicity, throughout we assume that the Stokes and the Darcy domains are
both square and are of the same size. We assign double subscripts to the gridpoints,
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Fic. 3. Discretization of interior gridpoints for the Stokes equations. The gridpoints about
which the discretizations are given are marked with bigger circles. The red circles mark u variables
and the blue circles mark v variables. The black circles denote pressure.

which mark their locations on the grid. Throughout we will assume that, for a function
f(z,y) for example, a value written as f; ; corresponds to an approximation or an
exact evaluation of the function at x = ih and y = jh. The same applies for a ‘half
index.” Here, let us highlight the different locations of the grid where the discretization
takes place. Given a double index (3, j), in the MAC configuration the discrete solution
for the corresponding u variable is denoted as u; ; +1 and for the corresponding v
variable it is denoted as v, 14+ Figure 3 provides a schematic illustration of the
discretization for the interior variables.

To further describe the discretization, it is useful to write the Stokes momentum
equation (2.4b) in scalar form:

Pu  %u op .

. (G ) et
. — 6271)_’_@ +a£_ S
Y\ o2 oy? oy ¥

where f7,i = 1,2 denote the vector-components of f° corresponding to the velocity
components v and v. Using centered differences for the first and second derivatives,
the corresponding discretization for the first equation in (3.2) at gridpoint (ih, (j—i—%)h)

is given by

P;_1 41
i—5,Jt3

(“i+1,j+; TU 1l T3 T 1 4“i,j+§) N Pyl el —
—V

- - = Digey

whereas the discretization for the second equation in (3.2) at gridpoint ((i + 3)h, jh)
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is

h2 h :(fig)ﬂ_%’j'

(”i+;,j+1 TO L -1 TV T V1~ 4Ui+;,j) N Pipl i+l —Pipd ;1
Given the staggered grid configuration, we have n(n — 1) gridpoints for u and the
same number for v, but the internal indexing is different between those two velocity
components. For the u variables, the interior gridpoints correspond to (x;, Yji 1 ), 1<
i<n—1,0<j7<n-—1, and for the v variables the interior gridpoints correspond to
(xH%,yj),OsiSn—l,l <j<n-1.

Boundary conditions. If Dirichlet boundary conditions are given, the values for
the u gridpoints are prescribed for the vertical boundary points corresponding to i = 0
and ¢ = n. For the horizontal boundary values corresponding to the u variables, since
the discrete values closest to the top boundary, i.e., with respect to j = n, appear as
Ui 1,1 <@ <n—1, and are not right on the boundary, we define ghost variables
Uiy, 1 Si<n—1, and use an average

Uit t Uyl

1, which is

,N—3

to assign the boundary conditions. It follows that Uipyl = 2Uin — Uiy 1
used in the discrete Stokes equations for w, , 1 This follows a standard approach;
see, for example, [11]. The points near j = 0 are treated separately as part of the
interface conditions; see Section 3.3.

As for the v variables, for j = 0 see Section 3.3, which describes the interface
conditions. For j = n the Dirichlet boundary conditions are prescribed directly. For
the discrete values v and Uy 1 g 1 <7 <n—1, we use averages

J

V=35 TV Un—45 U+t
U(),j = f and ’Un7j = f
respectively, from which we extract the ghost variables v_1 ; and v, . 1 . and substi-
y 3] n+3,J

tute them in the discrete Stokes equations, analogously to the u variables.
For example, the discretization of the second equation in (3.2) at gridpoint (%h, h)
is given by

v E v v1 9 —4v
—11 T U T ULy T UL, — AUy P

1 11
v h2 + . h =2 = (fés)%,lv

where v_ 11 is a ghost variable, which can be eliminated by the linear extrapolation

(07%’1 —HJ%J)/Q = 19,1 = vp(0, h), the given Dirichlet boundary condition. Using this
equation to eliminate the ghost variable, we obtain
Vs +U1Lg+ VL, —DV1y P13z —p1a 2000 1

(3.3) — v 2 2 h2 2 2 + 272 h 272 — (fés) h2

3.2. Discretization at interior gridpoints for Darcy. The discretization
for the Darcy variable, ¢, is simpler than the discretization for Stokes. Here we
work on Q4. The Darcy domain is given by [,  2¢ . ] x [y, v%..]- We assume
d d

_ d _ d . . . . . .
T ok — Toin = Ymax — Yonin and consider a uniform mesh with meshsize h, similarly to

the Stokes subdomain (for simplicity we will assume throughout that the Stokes and
the Darcy meshsizes are equal):

1+

1
2

d d d d
— Tmin _ Ymax — Ymin

n n

h — xIIlaX
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FiG. 4. Discretization of the variables near the interface. The ghost variables that are to be
eliminated are marked in red.

We assign negative grid indices for the y variables: —n < j < 0. At the gridpoint
((i + 2)h, (j + 3)h), the discretization for (2.4a) is given by

Pivtj=t T Pirtgrd T Pirggrs T Pimtgrt ~Dirigrt\
—K 12 =(f )i+%,j+%'

3.3. Discretization of interface conditions. The interface conditions (2.5)
present a few challenges. We use ghost variable to discretize our variables, as illus-
trated in Figure 4. There is a significant difference between the way the u variables
and the v variables are handled on the interface. This is because the discrete v vari-
ables lie precisely on the interface, whereas the discrete u variables do not.

Following [43], the interface conditions are discretized as follows. For 1 < i < n—1:

i — 9.
® Inass COnSerVathn, V=—K @
Gig11 — P11
3.4 V.1 = —K 272 2 2
( ) i+ 35,0 h ’

e balance of normal forces, p — ¢ = 2v52:
oy

(3.5) Py

e Beavers-Joseph-Saffman (BJS) condition, u = £ (‘;—Z + %)

Ul +U; Ly (UL = U1 Uiyl T ULy
(3.6) 5 = ( W + W ) .

Equations (3.4)—(3.6) are coupled with the discretized Stokes and Darcy equa-
tions. The discretized Darcy equations for ¢, 1 involve the ghost values, ¢, 11
which can be eliminated using (3.4).

The discretized equations for interface variables v, 10 are formed using (3.5).
The discretized Stokes equations for the u; 1 variables involve the ghost values, U 1,

1
2

which can be eliminated using (3.6).
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8 C. GREIF AND Y. HE

3.4. The linear system. Putting together the equations for the interior grid-
points and the interface conditions and incorporating boundary conditions, we obtain
a double saddle-point system of the form

Ag -GT 0 n g1
(3.7) G A, BT ||un|=|92],
0 B 0 Dh g3

where A4 corresponds to —x/\ for the Darcy equation and A(# AT) is the dis-
cretization of —v/A for the Stokes equations coupled with the discretized interface
conditions. The last block row in (3.7) corresponds to the (negated) divergence-free
condition. Due to the boundary and interface conditions, the coefficient matrix in
(3.7) is nonsymmetric. Double saddle-point systems of a similar form have been ex-
tensively studied recently [6, 23, 8], but the focus has mainly been on symmetric
instances. In this paper we offer new insights into the nonsymmetric case.

The linear system (3.7) has 4n2 — n unknowns, and we have Aq € R"' *"° A, €
R(an_”)x@"z_"), Ge R(an—n)xnz’ and B € R *"° In the sequel we describe the
structure of the submatrices of (3.7). To avoid ambiguity when it may arise, when
necessary we attach subscripts to identity matrices to indicate their sizes.

The matrix A;. The matrix A4 can be naturally partitioned as a 2 x 2 block
matrix having the following structure:

A A
o - (G de) memad - A

where Ay € ROT=mx(=n) 4,0 e Rnx(*=n) A, 00 € R™" and

K

50 1)

Agor = —

The second block row of Ay, namely (Ag21 Aqg22), corresponds to the discrete n
equations for ¢ near the interface I', and it is coupled with the discrete interface
variables v, which appear in GT'; see (3.7).

The matrix A,. The matrix A, is a 3 X 3 block matrix with the structure

A A 0
(3.9) As=1| 0 A Ay |;
0 Az Az

Figure 5 depicts the dimensions of the blocks.

The matrix A is (n? —n) x n, as can be inferred from Figure 5, and it is mostly
zero. It is comprised of an (n — 1) x n upper bidiagonal block stacked on top of an
(n? —2n + 1) x n zero block. The bidiagonal block is given by c- bidiag[1, —1], where
h2(22+iha)' This matrix represents the discretization of the discrete function values
u; 1, 1 <i<n—1, which interact with the interface variables v; 1 o, using (3.6).

The matrix Ass, which corresponds to the interface v variables, has dimensions
n x n and a simple structure: it is equal to a scaled identity matrix with }ZL—Z

The blocks of A satisfy Ay = AT}, Agy = AL, A3z = AL, and

C =

2v 1
Agg = —1I,, Az = (—A, 0), Az = §A2T3'

277/7
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n 0 |Ag|l Ao

n®—n 0 |Asa| Ass

Fic. 5. Block structure of As.

Notice that while both A;; and Ags are (n? — n) x (n? — n), their internal block
structures are different, due to the staggered grid. The matrix Ay; (which corresponds
to the u variables) is block tridiagonal with n blocks of dimensions (n — 1) x (n — 1),
whereas Az (which corresponds to the v variables) is block tridiagonal with n — 1
blocks of dimensions n x n each.

The coupling matrix G. The equations for the u, 1 variables are coupled with

1,5
the discrete interface variables v, 1 o, which are represented by the matrix G in (3.7).
GT is a 2 x 3 block matrix with the following attractively simple structure:

(3.10) GT = (8 B g/h 8).

The nonzero block arises from the discretization of ¢; 1 _1, using (3.4).

The matrix B. The matrix B is a standard discrete divergence operator given
by

3.11 B= (B, By, B,)eRV*@’-n p _ In/h\ ¢ gnxn.
v 0

Dirichlet boundary conditions are given by
u’® =gp on 08,
¢ = g‘li) on 0€)y.

Neumann or mixed boundary conditions are also commonly considered; see, for ex-
ample, [31, 41, 43] and the references therein.

3.5. Properties of the matrices. Let us rewrite the linear system (3.7) in a
form that symmetrizes the off-diagonal blocks:

A4, GT 0 on g1
G _As BT —up | = g2
0 B 0 Ph —g3

This manuscript is for review purposes only.
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10 C. GREIF AND Y. HE

Let
A, GT 0
(3.13) K=|G —-A, BT
0 B 0

The blocks of K satisfy a few useful properties.
1. A, is nonsymmetric and positive definite.
2. (G BT) has a one-dimensional null space spanned by an all-ones vector of
size 2n2.
B has full rank.
4. If we consider Neumann boundary conditions for the Darcy problem, then Ay
is symmetric positive semidefinite with a one-dimensional null space spanned
by all-ones vector. K is nonsymmetric and singular with a one-dimensional
e

null space spanned by | 0 |, where e is the vector of all ones of length n? and
e

0 is the zero vector of length 2n? — n.

5. If we consider Dirichlet boundary conditions for the Darcy problem, then Ay
is symmetric positive definite, and K is nonsymmetric and nonsingular.

For simplicity, in this paper we consider Dirichlet boundary conditions.

©w

LEMMA 3.1. All eigenvalues of As, which represents the Stokes equations and
interface equations and is given in (3.9), are positive.

Proof. The eigenvalues of A are a union of the eigenvalues of A;; and
o Ay Az _ (A2 243,
A32 A33 A32 A33 ’

. . . . .= I, 0
The matrix E is symmetrizable by a diagonal matrix D = (0 \/§In2n) , and

therefore its eigenvalues are real. Since A;; is symmetric and diagonally dominant
with positive elements on its diagonal, its eigenvalues are positive.
Let Asy = v/2A35. The block LDLT decomposition of £ = DED ™ is

b ) lhs 28 et B
Ass  Asg Az Ass T2y 0  Agz— Az Ay AL N0 I, /-

A simple calculation shows that

- .~ 1 _
Ags — Az Ag) Ay = Ass — 5 (A2 0)" A% (— A2 0)

%I, 0
_ [ nEin

Thus, the above matrix is the same as As3 except the top left n x n block, and we
now discuss the structure of that specific block of Ass.

The first and nth rows of A3z have three nonzero elements [—v/h?, 5v/h?, —v/h?],
where the value 5 is due to Dirichlet boundary conditions; see (3.3). Rows 2 ton —1
have four nonzero elements [—v/h? 4v/h?, —v/h? —v/h?], where the positive values
are located at the diagonal position and we have diagonal dominance here. It follows
that all eigenvalues of A, are positive, as required. 0

This manuscript is for review purposes only.
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294 Next, we state a rank property of B, which will be used later in our spectral
295 analysis. The proof is omitted.

296 LEMMA 3.2. Define

207 (3.14) B= (B, B,)eR"*m

208 where my = (2n% —n) —n = 2n? — 2n. Then, rank(B) = n? — 1 and the nullity of B
209 is (n —1)2.

300 4. Block preconditioners. Block factorizations of the double saddle-point ma-
301 trix K defined in (3.13) motivate the derivation of potential preconditioners. We write

Ag GT 0 I 0 0\ /A¢ 0 0\ /I A'GT 0
G -A, BT|=|GA;" I of{fo =S5 o0]fo I -8, 'BT
0 B 0 0 -BS;' 1J\0 0 S/\o 0 I
T D U
302 4.1
(4.1 Ag 0 0\ /I AJ'GT 0
=G -8 0]]o I -S7'BT |,
0 B S/ \0 0 I
LD U
303 where
304 (4.2) Si = A, + GAJ'GT
305 and
306 (4.3) S, = BS;'BT

07 are Schur complements.

308 In (4.1) we have written two forms of factorizations. The first factorization is a
09 block LDU factorization, where L is unit lower triangular, D is block diagonal, and
310 U is unit upper triangular. The second factorization is a block decomposition where
311 the lower block-triangular matrix is simply the product of LD in the LDU block
312 factorization. We use these forms to consider block preconditioners. The Appendix
313 provides additional options.

314 Ideal preconditioners we consider and analyze are:
Ag 0 O Ag 0 O Ag 0 0
315 Ml = 0 Sl 0 s MQ = G Sl 0 s Mg = G —Sl 0
0 0 S5 0 0 S 0 B 5
316 The choice of M1 is based on the matrix D of the LDU factorization of K. Since

317 K is nonsymmetric and G is an interface matrix that contains important physical
318 information on the coupling effect between the Stokes and Darcy equations, it seems
319 to make sense to consider block triangular preconditioners that contain G in the (2,1)
320  block. The choice of My amounts to a relatively modest revision of M7, where the
321 interface matrix G is added as the (2,1) block. The matrix M3 is equal to LD in
322 (4.1).

323 Recall from Section 3.5 that if Neumann boundary conditions are considered for
324 the Darcy problem, then the matrix A, is positive semidefinite with a one-dimensional

This manuscript is for review purposes only.
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12 C. GREIF AND Y. HE

null space spanned by the all-ones vector. The singularity presents a challenge for the
design of preconditioners, and we do not further pursue this scenario in this paper.
As previously mentioned, we focus on Dirichlet boundary conditions, for which Ay is
symmetric positive definite and the Schur complements are well defined. The matrix
M is symmetric positive definite.

4.1. Spectral analysis. There is an increasing body of literature on symmetric
double saddle-point systems. Block diagonal preconditioners have been extensively
analyzed [1, 3, 6, 7, 8, 25, 38, 39, 44], including bounds on the eigenvalues and theo-
retical observations on their algebraic multiplicities. The double saddle-point matrix
considered in this paper bears similarities, but it has a few distinct features due to its
nonsymmetry.

THEOREM 4.1. The matriz ./\/ll_llC has the following eigenvalues and algebraic
multiplicities:
(i) 1 with multiplicity n*> — n;
(ii) —1 with multiplicity (n — 1)?;
(iii) =155
In addition:
(a) At most n eigenvalues are larger than 1.

(b) At most n eigenvalues are located at (0, 1)\{_1%‘/5}

with multiplicity n®> — n for each.

Proof. By direct calculation,
I A'GT 0
MK =|5'G —-S;tA, S;'BT
0 S,'B 0
Let (xT yT ZT)T be an eigenvector of Ml_llC associated with eigenvalue A, that is
I AJ'GT 0 x
STia —-S7'A, ST'BT |y )=
0 S,'B 0 z

IS IS

We thus have

(4.4a) 4+ A;'GTy = A,
(4.4Db) SrlGr — ST Agy + ST'BT 2 = )y,
(4.4c) (BS;'BT)™'By = \z.
(i) eigenvalue A = 1: When y = z = 0, (4.4) is reduced to
T =\,
S 'Gx =0,

which means that A = 1 is an eigenvalue of Ml_llC with Gz = 0. Since the null space
of G has dimension n? —n, see (3.10), A = 1 is an eigenvalue with multiplicity n? —n.

ii) eigenvalue A = —1: If x = z = 0, then (4.4) is reduced to
4.5a) A7 Gy =0,

4.5b) —ST Ay = My,
4.5¢) By = 0.

(
(
(
(
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We have Ay = S; — GA;'GT. Using (4.5a), we rewrite (4.5b) as

—Sfl(Sl - GA;lGT)y =—y+0=N\y,

which means that A = —1. Next we prove that such y # 0 exists. From (4.5a) and
(3.10), we see that y has the following structure

Y1
y= 01,
Y2
where y; and ys can have any value, as long as they are not simultaneously zero.
Now, we consider (4.5¢). Then, y1,y, satisfy B (y] y2~T)T = 0 (see (3.14)). From

Lemma 3.2 we know that the nullity of B is (n — 1)2, which is the multiplicity of the
eigenvalue —1.

(iii) eigenvalues A = %‘/5: If x =0,y # 0,z # 0, then (4.4) is reduced to

(4.6a) A'GTy =0,
(4.6b) —ST Agy + STTBT 2 = Ny,
4.6¢ BST!BT)"'By = \z.
(4.6¢) (BS;

Using Ay = S; — GA;'GT and (4.6a), we rewrite (4.6b) as

—STH(S1 = GAJ'G )y + S BTz = —y + 57 ' BTz = )y,

which gives y = H#/\SleTz. Substituting y into (4.6¢) gives

1
1+ A

1
(BS; 'B")"'By = m(BSleT)_lBSleTZ = z = Az

It follows that 1%\ = A. Then we have A = %\/g From (4.6a) we have GTy = 0,

which means we have a set of n? — n linearly independent vectors y here. It follows
that the pair of eigenvalues _112"/5 have multiplicity n? — n each.

Next, we prove that the number of eigenvalues that satisfy A > 1 is at most n.
From (4.4a), we have

1

(4.7) T = ﬁAglGTy.

We claim that GTy # 0. This can be shown by contradiction, as follows. If GTy = 0,
from (4.4a), we would have x = 0. At this point, if z = 0, then from the proof of
(ii) it would follow that A = —1, which contradicts our assumption that A > 1. So
z # 0. If y # 0, from the proof of (iii), we would have A = %ﬁ, which contradicts
our assumption that A > 1. So y = 0. However, this leads to z = 0, which is a
contradiction. Thus, GTy # 0, that is, y ¢ ker(GT). Since rank(GT) = n, there are
at most n such linearly independent vectors y. From (4.4c), we have

z = (ABS;'BT)~"1By.

So the space spanned by the eigenvectors (xT yt zT)T has dimension at most n.
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14 C. GREIF AND Y. HE
Next, we claim that there are n? eigenvalues in the interval (0,1). Substituting
(4.7) into (4.4b) and solving for y gives

1 —1
y = (HGAleT + A1 + As> BT 2.

Since BT is full rank, it follows that z # 0; otherwise, y = x = 0. Thus, z is in
the range of BT. Note that BT has rank n?. The space spanned by the eigenvectors

T . . _
(xT yt zT) has dimension at most n?. From (iii), we know that 1%‘/5 has

multiplicity n? — n, so the number of eigenvalues in (0, 1)\{_1%‘/5} is at most n? —

(n? —n) =n. |

Remark 4.2. For symmetric block diagonal preconditioners applied to symmetric
double saddle-point systems, spectral studies provide results on the boundedness away
from zero of all the eigenvalues of the preconditioned matrices; see, e.g., [6, Theorem
3.3]. In Theorem 4.1 we do not know the location of 2n —1 of the 4n* —n eigenvalues.

THEOREM 4.3. The eigenvalues of MQ_IIC are
(i) 1 with multiplicity n?;
(ii) —1 with multiplicity n* — n;
) %\/g with multiplicities n? each.

Proof. Tt can be shown that

A7t 0 0
Myt = =S7tGA;Y Ssttoo |,
0 0 Syt

and it follows that

I AJ'GT 0
M'Kk=10 -1 S'BT
0 S;y'B 0

Let (mT yT ZT)T be an eigenvector of M3 'K associated with eigenvalue \, that
is,

1 A;lGT 0 T T
0 I S*BT|[y]=Xly
0 S;'B 0 z z
We rewrite the above as
(4.8a) r+ A7'GTy = A,
(4.8b) —y+S7'B 2 = My,
(4.8¢) (BST'BT)™'By = \z.
It is obvious that (a:T y? zT)T = (xT 0 O)T where x # 0 is an eigenvector

of M5'K with A = 1. Since = € R™ *1 we have that A = 1 is an eigenvalue with
multiplicity n?.

If \=—1and y # 0, from (4.8b) we have S7* BTz = 0. Tt follows that BTz = 0.
Since BT has full rank, z = 0. From (4.8¢), we have By = 0. Since B € R™ x(2n°—n)

has rank n?, the null space of B has dimension 2n? —n —n? = n? —n.
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PRECONDITIONERS FOR MAC STOKES-DARCY 15

If A # —1, from (4.8b) we have By = 1J%\BSleTz. Using (4.8c), we have

1_%\2 = Az. Thus, z # 0 and A> + A\ —1 = 0, that is, A = %‘/5 Since z # 0 € R"ZXI,
the eigenvalue —1 has multiplicity n?. 0

Finally, the spectrum of the preconditioned matrix associated with M3 is given
as follows.

THEOREM 4.4. All of the eigenvalues ofMgllC are 1, and the minimal polynomial
of this preconditioned matriz is p(z) = (z — 1)3.

Proof. Using the notation of (4.1), the result follows immediately since M3 ' =
(LD)~'LDU = U. 0

4.2. Approximations of the Schur complements. The choices M;, My,
and M3 as preconditioners are too computationally costly to work with in practice,
so we seek effective approximations. Specifically, in order to make the solver prac-
tical, we investigate the structure of the Schur complements S; and Ss, and derive
approximations that are easier to compute and invert.

4.2.1. Approximations of S;. To find good approximations of S; in (4.2),
we seek approximations for the action of its additive components, namely Ay and
GA;'GT.

Given the sparsity structure of GT, (3.10), it follows that GA;lGT is given by

000
(4.9) GAJ'GT =0 T 0],
00 0

where T' is an n x n matrix, to be approximated.

Our first (naive) approximation is to take a scaled identity. To that end, we take
the diagonal approximation (diag(44))™" ~ A7 and ignore the corrections near the
boundaries: T' ~ =1, with 7 = 1, because the diagonal elements of Ag 99 in (3.8) are

3
3k/h?. The resulting approximation of S is

N An A1z 0
(4.10) Si=| 0 Axp+ I, A
0 Aso Ass

In our numerical experiments we have found that this simple approach is effective

for a limited range of the physical parameters x, v, and h. For a larger range of the

parameters it is necessary to consider a more sophisticated alternative, as we do next.
Suppose the Cholesky decomposition of Ay is given by

Ay =FFT,

and let GA;'GT = WTW, where W = F~'GT. Taking the block structure of G
into consideration, we partition F' as follows:

Fy, 0
F=
<F21 F22> ’
where Fi1 € R(?*—n)x(n*=n) a4 Fyy € R™*™, It readily follows that

0 0 0
W=<0 Fgi/h 0)
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16 C. GREIF AND Y. HE

and
T = (F5 Fh)/n?,

where Fby is an n X n lower triangular matrix.

In practice, since the Cholesky factorization is too expensive to compute, we
compute an incomplete Cholesky factorization of A4 with a moderate drop tolerance.
We then replace Fyo by the corresponding incomplete factor, which we denote by Fbso.

Using the above approach, we denote the corresponding approximation to S; as

R A11 ~A12 - 0
(4.11) Si=1{ 0 Ap+(F5 F5')/h?  Asg
0 Aszo Ass

We stress again that the second block-row has only n rows, and therefore the inversion
operations involved in the (2,2) block are not computationally costly with respect to
the overall computational cost of the numerical solution scheme. We have found this
approach to be robust with respect to a large range of k, v, and h; see Section 5.

4.2.2. Approximation of Sy. Recall from (4.3) that Sy = BS; ' BT. Consider
§1 of (4.10), and let us further sparsify it as follows: we keep the block diagonal
part of §1 and Asg, which contains important information about the interface, and
drop the off-diagonal blocks A15 and Ass. We further replace the (2,2) block of the
approximation §1 by its diagonal part:

2v T

EQQ = ﬁlﬂ + —1,.

K

We then use this as a sparser approximation of S;:

- Ay 0 0
Si=| 0 Ay A
0 0 Ass
Then we have
AL 0 0 BT
BS;'BT" ~ (B, By By)| 0 5 —A Ay A || BY
0 0 A B]

= B, A7} Bl + B, A3 B] + ByAs, Bi — BoAz,) AysAgl Bl .
The matrix B, A7}' Bl + B, Az BT can be approximated by a scaled identity, since in
the MAC discretization we have that B,BL and ByBg are scaled second-derivative
operators in each of the variables. In fact,

1
B, ATy B] + B,A3{ B] ~ —In2on.

Then,

- I,/h\ [2v r \ ! S —
By A5y BY =< 0/ ) <h21n+ﬁfn> (In/h 0) = <2w+32r 0).
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TABLE 1
Values of n and the dimensions of the corresponding linear systems

n dimensions
32 4,064

64 16,320
128 65,508

256 261,388
512 1,048,064
1024 4,193,280

Further, we have

~ I,/h 2v T -1
BoAyy AgsAgd Bl = ( "O > (hQIn + KQ) (=251, 0) Ay B

_ 2vk I 0
— h(2vk+h2T)" T —1pT
= ( ( 6 ) 0) Az By-

This matrix contains entries that are smaller by a factor of h than BOEQJBOT and
therefore we drop it and do not incorporate it into the approximation.
Based on the above, we approximate Ss by

~ 1 K I 0 3vk+h’T I 0
. [ 2uk+h2T M — | v(2us+h2T) M .
(4.12) 8= Slnon+ ( ; 0) ( / e

4.2.3. Practical block preconditioners. Based on the discussion in Subsec-
tions 4.2.1 and 4.2.2, for our numerical experiments we will consider mostly the fol-
lowing block preconditioners:

A 0 0 A 0 0 A 0 0
Mi=[0 =8 0], Ma=|G =8 0, Ms=|G -5 o],
o 0 & 0o 0 & 0o B &

where 5; and S, are given by (4.11) and (4.12), respectively.

5. Numerical experiments. We consider three numerical examples. The first
two are taken from [43], but with a different formulation of the BJS condition. We
use those examples to perform an error validation and confirm that we observe the
expected order of the error. These two examples impose specific constraints on the
values of the physical parameters v, k.

We then move to consider a third example from [31], where there is no restriction
on the physical parameters; this allows us to investigate the convergence behavior of
our solver for a broad range of the parameters. As explained in Section 4, we assume
Dirichlet boundary conditions in all our examples. Our code is written in MATLAB.
As such, it is not optimized to maximize computational efficiency.

The dimensions of the linear systems used in our numerical experiments are given
in Table 1.

Example 1: We take Q, = [0,1] x [1,2] and Q4 = [0,1] x [0,1]. The analytical
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solution is given by

1
u = ——eYsin(nx),
7r

v = (e¥ — e) cos(mx),
p = 2¢eY cos(mz),

¢ = (e¥ — ye) cos(mx).

The interface equations (2.5) require that « = v = 1.
Example 2: We consider , = [0,1] x [1,2] and Q4 = [0,1] x [0,1]. The
analytical solution is given by

u=(y—1)*+z(y—1)+3z—1,
v=x(r—1)—0.5(y—1)% =3y + 1,
p=2x+y—1,

1)3

p=a(l-2)y-1)+ L

3 + 2z + 2y + 4.

By (2.5) it is required that « = v =k = 1.
Example 3: We consider Qg = [0,1] x [0,1] and €4 = [0,1] x [-1,0]. The
equation is constructed so that the analytical solution is given by

u=1'(y)cosz,
v = n(y) sine,
p=0,

¢ =eYsinzx,

where

Y ( @ KJ) 9
=—r—+ (-5 +2)v%
n(y) 5 2 t5)Y
Using interface condition (2.5a), there is no constraint on . Using interface condition
(2.5b), there is no constraint on v. Using interface condition (2.5c), there is no
constraint on a and v.

5.1. Convergence order study. First, we check the convergence order of the
velocity and pressure for the three examples.

Example 1: Table 2 shows the convergence rates for the values of the physical
parameters &« = v = Kk = 1. We observe second-order convergence for the velocity
and pressure components for Stokes, while for the Darcy the convergence order of ¢
is slightly lower than 2.

Example 2: Table 3 shows the convergence rates for the values of the physical
parameters @« = v = kK = 1. We observe second-order convergence for the pressure
components of Stokes and first-order convergence for the remaining components.

Example 3: Table 4 shows the convergence rates for v = 1 and x = 1072, where
we observe first-order convergence for all components. This is typical for most values
of the physical parameters that we have tested. As an illustration of the quality of
the solution, the error norms at the finest level of the discretization (512 x 512 grid)
for u,v,p, and ¢ were computed to be, respectively, 5.5027 x 1076, 6.3298 x 1076,
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TABLE 2
Convergence rates for Example 1. FEach row shows the ratio between error morms for two
adjacent grids.

ni/ny  32/64 647128 128/256  256/512
w  1.9888 1.9957 1.9983  1.9994
v 1.9895 1.9965 1.9990  1.9998
p  1.9946 1.9982  1.9994  1.9998
¢ 17136 17759 1.8198  1.8514

TABLE 3
Convergence rates for Example 2. FEach row shows the ratio between error morms for two
adjacent grids.

ni/na 32/64  64/128 128/256 256/512
w 19070 1.7649 14823  1.2078
v 20639 1.9929  1.5441  1.0405

p 20035 2.0197 2.0306  2.0009

¢

1.0139 1.0072  1.0036 1.0018

8.9076 x 107*, and 5.8343 x 107°. We note that for » = k = 1 we have observed
nearly second-order convergence rates for all components.

In summary, in all examples we observe either first or second-order convergence,
depending on the values of the physical parameters and the model problems. This is
in line with or better than the theoretically-guaranteed first-order convergence [43].
We also note that although the values of the meshsize h used in our tests do not always
satisfy (3.1), the scheme still converges and we obtain the theoretically-guaranteed
first-order convergence.

In the remainder of this section we conduct our numerical tests using Example 3.

5.2. Eigenvalue distribution of the double saddle-point matrix (Exam-
ple 3). We explore the effect of k and v on the eigenvalue distribution of K for
Example 3. We take n = 32 and vary the values of k and v. The results are shown
in Figure 6. Notice that in all examples, the magnitudes of the real parts of the
eigenvalues are significantly larger than the magnitudes of the imaginary parts.

We observe that for v = k = 1 (top left plot) the real part of the eigenvalues is
spread rather evenly (in terms of magnitudes) over both sides of the real axis. We
also notice that the eigenvalues with a negative real part are complex, whereas the
eigenvalues on the right half of the plane are real. While the imaginary parts of the
eigenvalues do not exceed approximately 2.5, the largest positive and negative real
parts are almost 10 in value.

Taking « = 0.01 and keeping v = 1 (top right plot) generates a rather dra-
matic effect on the real part of the eigenvalues; they are shifted towards the negative
axis. In our computations we have found that the eigenvalue with the algebraically
maximal real part was approximately equal to 81.9, whereas the eigenvalue with the
algebraically minimal real part was approximately —8,183.0.

Taking x = 1 and v = 0.01 (bottom left plot) shifts the real parts of the eigen-
values to be mostly positive. The scales of the imaginary parts are now smaller. The
algebraically smallest eigenvalue in this case was —0.4 and the algebraically largest
eigenvalue was approximately 8,189.5.

Finally, we show the interesting case where v = 10~% and x = 10~® (bottom right
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TABLE 4
Convergence rates for Example 8 with v = 1 and k = 1072, Each row shows the ratio between
error norms for two adjacent grids.

ni/ny  32/64 647128 128/256  256/512
U 1.0386  1.0158 1.0065 1.0027
v 1.0940 1.0458 1.0224 1.0110
P 1.0767 1.0351 1.0165 1.0079
0] 0.9750 0.9872  0.9935 0.9968
n = 32 with » = 1.00 and ~ = 1.00 n = 32 with » = 1.00 and x = 0.01
T S 2 T T T
2 w2 . X 2 XX . X
15 x X X y )X( " s x X el . XX "
1 x &X S % 1 x* XXX x %
—~ o05r . xXxXx ~ o05r L W x
= o X h X =0 X Xx X x X X
El Tk X E . o x
= 05 L x = -05[ . x Xy
1 XX % x . x xX x x
s Coxox % - 15 « xx . )
2 R s x 2 o K xx ’ .
X * X X Xx X
25 - - S - - . . . 25 - - - - - S - -
1 08 -06 -04 02 0 02 04 06 08 1 9000 -8000 -7000 -6000 -5000 -4000 -3000 -2000 -1000 0 1000
Re(\(K)) «10° Re(A(K))
n = 32 with » = 0.01 and £ = 1.00 n = 32 with v = 0.0001 and x = le — 08
0.02 T T T T T T T T 1 T T T T T T - - -
0.015 08
0.6
0.01
0.4
. 0005 x ~ 02
g H 2
< o = = of
~ 0005 x = 02t
041
-0.01
06
-0.015 08
-0.02 1
<1000 0 1000 2000 3000 4000 5000 6000 7000 8000 9000 00 80 60 -40 -20 O 20 40 60 80 100

Re(A(K)) Re(A(K))

F1c. 6. The eigenvalue distribution of KK with different values of v and k.

plot). All eigenvalues in this case are real and are spread over both axes in a rather
symmetrical fashion. The algebraically maximal value in this case was 90.0 and the
algebraically minimal one was —90.8.

The above observations indicate that the spectral properties of the coefficient
matrix highly depend on the values of the physical parameters x and v.

5.3. GMRES performance. In our numerical tests we run GMRES(20) and
stop the iteration once the initial relative residual is reduced by a factor of 10~% or
a maximum iteration count of 500 iterations has been reached. For the incomplete
Cholesky factorization of the Schur complement S;, we use a drop tolerance of 1072,

In Table 5 we report the iteration counts of preconditioned GMRES using pre-
conditioners M; and Ms. We see that these two preconditioners scale poorly with
respect to small physical parameters. To better understand this behavior, we explore
an improved version of the preconditioner, where we use the approximation S; and
exact Sy for the Schur complements in M; and Ms; we refer to the correspond-
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ing preconditioners as My, and Ma ;,, where the subscript ‘in’ is shorthand for
‘inexact.” We report the corresponding results in Table 6. We see a much better
performance. However, the cost of inverting S exactly is too high in practice, and
we seek less costly alternatives. We thus consider approximations of Ms: we use
the simple approximations S; and Sy defined in (4.11) and (4.12), respectively, and
include the block B. This is the preconditioning approach that we have found to be
the most effective.

TABLE 5
Iteration counts of GMRES(20) for the preconditioners Mi and Mo with v = 1 and varying
n and k. The symbol -’ marks no convergence to a relative residual tolerance of 10~8 within 500
iterations. The two schemes failed to converge for k < 104,

n My Mo
K 32 64 128 | 32 64 128
100 60 62 60 | 55 57 62
1007 | 67 75 87 | 62 64 70
1072 | 186 215 275 | 67 125 114

10—3 - - - 99 159 204
10~% | 444 285 - 239 78 -
10—° - - - - - -

TABLE 6
Iteration counts of GMRES(20) for the inezact versions My ;n and Ma i corresponding to

preconditioners My and Mz with v = 1 and varying n and Kk, using approximation §1 and the exact
Sa.

n| Miim,m Mo,
K 32 64|32 64
100 14 15|10 11
10-t |17 19|12 14
1072 | 25 26|15 16
1073 |33 35|17 21
107% | 34 40 | 17 21
107° | 29 38|16 21
1076 | 24 34|15 19
10-7 | 25 31|15 17
1078 |22 31|14 18

As per Theorem 4.4, the preconditioned matrix My 1K has one eigenvalue 1 with
a minimal polynomial of degree 3. We have confirmed for this ideal (yet impractical)
preconditioner that GMRES takes three iterations to converge. R

In the experiments reported henceforth, we use the approximation Sy in (4.12)
for S5; we have found this approximation to be robust with respect to the physi-
cal parameters. On the other hand, the quality of the approximation of S; has a
more dramatic effect on convergence of GMRES, as we discuss below. We consider
approximations of S7, which result in inexact versions of M1, My and Maj.

In Table 7 we show that the approximation of S based on the scaled identity
approximation of T, namely S; given in (4.10), is only effective for relatively large
values of v and k. We set v = 1 and observe a good degree of scalability (nearly
constant iteration counts) for K = 1 and k = 0.1, but convergence starts degrading
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TABLE 7
Iteration counts of GMRES(20) with an inezact version of Ms, using S2 and a scaled identity
approximation of S1 with v = 1 and varying n and k. The symbol ‘-’ marks no convergence to a

relative residual tolerance of 10~8 within 500 iterations.

n & 10 10-' 1072 1073 10=* 10=° 10°% 10" 1078
32 18 19 21 37 49 76 79 360 -
64 18 19 24 39 75 - - - -
128 19 20 25 44 280 - - - -

256 20 21 28 44 - - - - _

512 21 22 31 39 448 105 - - -

1024 22 23 31 37 464 300 - - -
TABLE 8

Iteration counts of GMRES(20) for the preconditioner /(/1\3 with v =1 and varying n and K.

. F1100 107! 102 1073 10~* 10=° 10% 10-7 108
32 | 18 17 18 18 18 18 20 21 23
64 | 19 19 19 20 21 23 24 38 39
126 | 20 20 20 23 24 35 37 37 38
256 | 21 22 22 25 37 32 35 37 39
512 | 22 23 23 36 36 34 38 39 42

1024 | 24 25 24 39 37 41 5 60 61

for smaller values of x, with poor convergence for xk < 1074,

In Tables 8 and 9 we consider the much superior approximation of S; based on
the incomplete Cholesky factorization with drop tolerance 1072, namely S; defined
in (4.11). We see that for both values of v and varying values of , the preconditioner
M\g is quite robust, although convergence degrades as k becomes smaller. In Table
10 we replace the approximation of S; by the exact S, just to confirm that indeed,
the source of the decline in performance for small values of k is related to the quality
of the approximation of S;. We therefore expect that a better approximation, for
example an incomplete Cholesky factorization with a tighter drop tolerance, would
yield faster convergence in most cases.

Finally, in Table 11 we show that when the difference in scale between v and & is
smaller, then preconditioned GMRES with M3 performs remarkably well even when
the parameters are small.

6. Concluding remarks. We have considered the MAC discretization of the
Stokes—Darcy equations and have designed a robust and scalable preconditioner for
the corresponding linear system. Our conclusions are: (i) The MAC discretization
gives rise to attractive sparsity patterns of some of the block matrices, which we are
able to take advantage of for approximating the Schur complements. (ii) It is crucial
to include the coupling equations (interface conditions) in the preconditioner. (iii)
The nonsymmetry of the coefficient matrix is mild and it is possible to design a solver
based on spectral considerations. The analysis reveals a rich and interesting spectral
structure. The inexact block lower triangular preconditioner M3 seems promising in
terms of robustness with respect to the values of the physical parameters. Among its
attractive features is our ability to form effective and relatively cheap approximations
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TABLE 9

Iteration counts of GMRES(20) for the preconditioner ./\//73 with v = 102 and varying n and k.

K

n 10 10-' 1072 10°3% 10=* 10=° 10°% 10°" 1078
32 16 15 16 16 17 19 20 37 39
64 17 16 17 18 20 21 35 36 38
128 18 18 18 11 21 32 33 35 37
256 18 20 21 11 11 11 11 11 11
512 20 30 14 13 12 12 11 11 11
1024 20 32 16 14 13 13 12 12 12

TABLE 10

Iteration counts of GMRES(20) for the inexact version of preconditioner Mg with v = 1072

and varying n and Kk, using the exact S1 and approximation Ss.

. Fl100 107t 1072 1073 107* 10° 10 1077 1078
32 | 14 14 15 15 16 17 19 20 22
64 | 14 14 15 15 15 17 19 20 31
128 | 14 14 14 7 15 16 18 20 37

of the Schur complements S; and Ss.
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Appendix A. Related block preconditioners. We have considered several
additional options for block preconditioners, with some minor changes (e.g., sign
changes) in comparison to the ones we have analyzed in Section 4.1:

(A 0 0 (A 0 0 (A 0 0
Mi=[0 =S 0], Ma=[G -8 0], Ms=[G S 0
0 0 S 0 0 S 0 B S

We first provide a summary of the eigenvalues of the preconditioned matrices associ-
ated with the above preconditioners. The preconditioned matrix ./\/lfllC has a large
number of complex eigenvalues. The preconditioned matrix M 5 'K has three distinct
eigenvalues: the eigenvalue 1 with algebraic multiplicity 2n? — n and the complex
eigenvalues %‘/gl (12 = —1) with multiplicity n? each. Compare this with My, 'K,
which has four distinct eigenvalues, as per Theorem 4.3. The preconditioned matrix
M3 1KC has three distinct eigenvalues: the eigenvalue 1 with algebraic multiplicity n?,
the eigenvalue —1 with algebraic multiplicity n? — n, and the eigenvalues ++/2 — 1
with multiplicities n? each. We now prove these results.

THEOREM A.l. The eigenvalues of /\72_1/C are
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(i) 1 with multiplicity 2n? — n;
(ii) %‘/‘;’Z with multiplicity n® each.

Proof. The preconditioned matrix is given by

N I A'GT 0
MK =10 I —S; BT
0 S;'B 0

Let (xT yT ZT)T be an eigenvector of M; 1K associated with eigenvalue A. We

write the corresponding eigenvalue problem as follows:

(A.1la) r+ A7'GTy = A,
(A.1Db) y—S; BTz = \y,
(A.lc) (BST'BT)™'By = \z.

Let us consider the vector (xT yT zT)T = (a:T 0 O)T, where x # 0. Then
equations (A.1), along with A = 1, are satisfied and hence this vector is an eigenvector

of M;llC. Since z € R"’ *1 1 is an eigenvalue with multiplicity n?.
If A =1 and y # 0, the three equations of (A.1) are simplified to

(A.2a) A7'GTy =0,
(A.2b) BTz =0,
(A.2¢c) By =0.

Since BT has full rank, (A.2b) leads to z = 0. From (A.2c) we have By = 0. Since

2

B e R *(2n° 1) hag rank n?, the null space of B has dimension (2n%2—n)—n? = n%?—n.
From the proof of Theorem 4.1, y satisfies GTy = 0. Thus, the multiplicity of the

eigenvalue 1 with eigenvector (xT yT O)T with y # 0 is n? — n. Therefore, 1 has

multiplicity 2n? — n.
If A # 1, from (A.1b), we have By = 1 BS; ' BTz. Using (A.lc), we have

1

1_>\z=/\z.

Thus, z # 0 and

M —A+1=0,

that is A = 1£Y31 Since 2 # 0 € R"zXl, the eigenvalues %‘/SZ have multiplicity n?

2
each.
THEOREM A.2. The eigenvalues of /nglC are
(i) 1 with multiplicity n?;
(ii) —1 with multiplicity n® —n;
(i15) N2 —1 ~ 0.4142 and —~/2 — 1 ~ —2.4142 with multiplicity n? each.

Proof. The preconditioned matrix is given by
N I A'GT 0
Mk = [0 ~I S BT
0 257'syt -1
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Thus, n? of the eigenvalues of M 3 LC are 1, and the remaining ones are the eigenvalues
of

B -1 ST
H_<2521511 -1 )

We write the corresponding eigenvalue problem for H and obtain

(A.3a) —y+ S 'BT 2 = My,
(A.3Db) 25, By — 2 = \z.
If A = —1, then
STBTz =0,
28, By = 0.

Therefore, BTz = 0 and By = 0. Since B is full rank, z = 0 and y is the null space
of B with dimension (2n? —n) —n? = n? —n.
If A # —1, from (A.3a) we have y = (1 + \)~1S; * BT 2. Therefore y, z # 0. From

(A.3b), we have
(1+N)z=287"By =28 (1+N)"'S7 BTz =2(1 +\) 'z,

which gives (1 + \)2 = 2. Therefore A\ = ++/2 — 1. Since BT has full rank, the
eigenvalues ++/2 — 1 have multiplicity n? each. 0
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