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Variational Inference

the true posterior distribution P(HjV).
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Variational Inference

0gP(V) = L(Q)+ KL (QjP) 8
_ P(H;V)

L@ = arieg o @
X .

KL@iP) =T Qg ©

#® Find Q(H) that maximizes lower bound L (Q) (and
hence minimizes KL divergence).

® ForQ(H)= P(HjV), KL vanishes to zero, but P(HjV)
IS Intractable (that's why variational approach).

# Trick : Consider a restricted class of Q(H), and then
L nd the member which minimizes the KL dlvergence J
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Factorized Distributions

B v -
Q(H) = | Qi(Hi) (4)

Substituting this in the expression for lower bound,

XY :
_ i tan A HV) |
L(Q) = QI(HI)IOgYiQi(Hi) (Outline)

Xy X Y X
| Qi(Hi)logP(H;V) | Qi(Hi) | log Qi (H;)
X'V X' Xy '
Qi(Hi)logP(H;V) Qi(Hi)log Qi(Hi)
i OH

X Y X
| Qi(Hi)logP(H; V) + H(Qi)
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Factorized Distributions

fNow separate out all the terms in one factor Q; . T
X X
L(Q) = Qj (Hj)flogP (H; V)i Qi (Hiy * HQ)+  H(Qi)
H, | 1Z 6]
log Q; (H;)
= KL (QjJiQj) + terms notin Q; (5)

This bound Is maximized wrt Q; when
logQj (Hj) =log Q; (Hj) = HogP(H;V)I o )+ c (6)
Now iterate, guaranteed convergence ...

o |
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Variational Bayes for Bayesian Networks
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log Q; (Hj)

-

e |
CPr = Pk \\Hf

;i(ogP(H;V)i Q(H)*T ¢
HOgP(X|jpa|)I Qi (H;) + C
i
HO%J(P(HJJpaJ)I Qi (H;)

+ " HogP(Xuja)i qp+c |
kZCm
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Exponential-Conjugate Models
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P(Y]) =
u(y) =
v() =
a( ) =

exp[ v ()u(Y)+ f(Y)+ g( )]
Natural statistics

Natural Parameter vector

Constant of integration

Example I: Bernoulli Distribution

p(X] )
logp(X] )

X(l )1 X
xlog +(1 x)log(1l )

Iog Xy +10g(
(32—3 Ij(x}> = g]{(z)_ ;
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Exponential-Conjugate Models
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P(Yj) = exp[ y()u(Y)+ f(Y)+ g( )l (14)
P(Yj ) = exp[ Tu(Y)+ f(Y)+g( )](Re-parametrization)

. - _ d
Property I: u(Y)ip(y )= 92
logp(x] ) = log ( %) +Ir)g_(]{z_; (15)
I—%Z)—% u(x) o )
= log ) = © (16)
(1 ) 1+ e

o() = logl )= log(l+e)=g() @7
| E(x) = hu(Y)iz=e(@+e) '= as) |



Exponential-Conjugate Models
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P(Yji)=expl y()u(Y)+f(Y)+ g( )l (19)
Example Il: Gaussian Distribution ! Y ! X

p(Yi) = ) Pexp 2

Y 1 1
ogp(¥] ) = 1 : 1= =2 Zlog(2)
l_y{?)_Z}| \{(22 ) &z Pz
wry YO fyv (Y)
p(XJY, ) = (2 ) 1=2 1?.29Xp#7(x Y)2

X 1 1
logp(XjY; ) = [Y;,. =2 + —(Y?+log ) Zlog(2)
'_{<§Tz}| oy 1P—— Pz

L SRR U= ox (Y; ) fx (X)

U x (X)



Exponential-Conjugate Models

o N

Property Il: Multi-linearity ! Y ! X

#
X 1 1
logp(XjY; ) = [Y;, =2 + —(Y“+log ) Zlog(2)
| X%Tz}l >{(22 } |~ R
! "U—x (X_) ax (Y; ) fx (X)
Y 1 1
= [ X;, =2] + (X ?+log ) =Zlog(2)
| XY{(ZxTZ}I \{(22 } |tz b
’ U_Y (Y—) oxy (X; ) fv(Y)
o
ogp(Yj ) = Yoo 12 Tiog)

[+ 1=2)]
I—{Z—Z} Y2
Oy @) R

uy (Y)
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Exponential-Conjugate Models
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Consider Y node and it's childrenin ! Y ! X
ogP(Yj ) = S()uy(Y)+ fy(Y)+av()
ogP(XjY; ) = X(Y; Jux (X)+ fx (X)+ gx (Y; )
= 3y OG uy (YY) + oxy (Y5 )
Recall that,
logQy (Y) = HogP(Y] )i q,v)* HogP(XjY; )i q,v)*+c

h 3Oy (Y)+ Fy(Y)+ av ()i o, y)
+h %y X Juy (Y)+ axy (Y5 )i o, vy + ©

hy()+ %y O )i gymuy (Y) + fy(Y)+
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Exponential-Conjugate Models

0gQy(Y)=hv( )+ kv (X )i o,mur(Y)+ fv(Y)+

Finally,

h ¥ ()i
h Iy (X; )i

[ ;
H X;

1=2]
= 2ji

Later is found using the property | (explain).
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Back to Bayesian Networks
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Take each node, write the expression as a function of
natural statistics of that node.

logQy (Y) X
= HogP(Yjpay)l q,(y)* HogP (Xkjpaj )i o, (v)*+ ¢
kZCm
2
X .
= 4h y()+ o 06 ) o, P uy (Y)+ fy(Y)+ o

kZCM

The compute the expectation of natural statistics of each
children node, and use that to nd the quantity in bracket.

o |
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Variational Message Passing
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Message from a parent node Y to a child node X: T
My x = huyl (20)
Message from a child node X to a parent node Y:

Mx1 v = “xy (huxi;fmj xgi2cp ) (21)

Node Y update it's posterior Q. :

X
vy = v(fmir vGizpa, )+ mjr v (22)
jZChY

o |
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Variational Message Passing
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Discussion

-

Initialization and message passing schedule.
Calculation of Lower Bound

Allowable Model

VIBES

|
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