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Abstract

In this paper, we discuss two important matrix inversion lemmas and it’s appli-
cation to derive information filter from Kalman filter. Advantages of Information
filter over Kalman filter are also discussed.

1 The Model

Consider the following model state-space model:

Xe 1 = AeXe + Bywy

1
Yo =GCGxt+ vt @

where, x; € 0" is the state vector, y; € O™ is the output vector, w; € O™ and v € O™M
are the state and measurement noise vectors respectively. We assume that the initial
state vector and the noise vectors are i.i.d Gaussian random variables, Xo ~ N(g, Zo),
w; ~ N(0,Q), v ~ N(0,R;), where, 3o, Q; and R; are symmetric, positive definite
matrices. For simplicity, E (viw{ ) =0, E (Xow{ ) = 0and E (xov{ ) = 0, where E( ) is
the Expectation operator. We define, ¥ = {y1,...,ys}. Further, we use the following
definitions for the conditional expectations of the states and the corresponding error
covariances: ;s = E (x¢|Ys) and Rs = E (Xt — Rgjs) (Xt — Xyjs) T [¥s).

2 Matrix-Inversion Lemma

Consider P € O™, Assuming the inverses to exist, we have the following Matrix
inversion lemmas:

1. I+PC'TRIC)P=(Pt+CTRIC) 1=P-PCT(CPCT +R)ICP  (2)
2. (I+PC"RIC)"IPCTR ! = (P 14+CTRIC)ICTR I =PCT(CPCT +R) 1)

The second equation is a variant of Eg. (2). Proof of these are given in Appendix.



3 Classical Kalman filter
The filtered state estimates are given as,

Xgp = K1t Pt\t—lcT (Cpt\t—lcT +R) My - CXyt-1) 4)
Rt = PRp1—Rp1CT(CR 1CT+R)CRy 4 (5)

where the Kalman gain is, K; = B._1C" (CR;_1CT + R)~*. The one step ahead state
prediction is obtained as,

Xer1t = Ayye, Rt = AtPt\tAtT +BQiB! (6)

with initial condition X1j0 = 0 and Py = Zo.

4 Information Filter

S
vector. As described in (Mutambara 1998), for a Gaussian case, inverse of the covari-

ance matrix (also called Fisher information) provides the measure of information about
the state present in the observations.

Direct application of matrix inversion lemma given by Eqg. (2) and (3) on the
Kalman filter gives us the following correction and prediction equations for informa-
tion filter:

Define Zs = F’t‘*1 and zs = Pt‘*slfq‘s, called information matrix and information state

L = Ztlt—1+CtTRtleta Zt\t:Zt|t—1+CtTRflCt @)
L = ('*JtBtT)At_TZt\ta Zt+1|t:(|*\]tBtT)St 8

where § = AT PtﬁlA(l and J = SBi(B{ §B; + Q1)1 The Kalman gain is given as
Ki = Zt‘tC[T R L. For detailed proof see (Anderson and Moore 1979) or (Mutambara

1998).
Another form as given in (Mutambara 1998), is as follows

Zy = Zypiti, Zp=Zyp-1t+h ©)
Zie = LeapZoag, Zoa= [AtztftlAtT +Q) ! (10)

where Ly 1 = ZHl‘tA{Z[Ttl. Also iy = GTR Yy and Iy = T R71C,, and are called “in-
formation vector and matrix associated with the observations y;”.
Some advantages of the Information filter over Kalman filter are listed here:

1. Computationally simpler correction step.

2. Although the prediction equations are more complex, prediction depends on a
propagation coefficient which is independent of the observations. It is thus easy
to decouple and decentralize.



3. There is no gain or innovation covariance matrices and the maximum dimension
of a matrix to be inverted is the state dimension, which is usually smaller than
the observation dimensions in a multi-sensor system; (CPt‘t,lcT +R) in Kalman
filter and (B'SB; + Q') in Information filter. Hence it is always preferable to
employ information filter and invert smaller information matrices than use the
Kalman filter and invert the larger innovation covariance matrices.

A few more points are discussed in (Anderson and Moore 1979), page 140.

A Proof for matrix inversion lemma

For Eq. 2, first step is immediate. For second step we verify, (I + PC'R™IC)[I —
PCT(CPCT +R)"IC] =1,

LHS = (I+PC'RIC)[I —PCT(CPCT +R)"IC]
= (I+PC'TRIC)— (1+PCTRIC)[PCT(CPCT + R)~IC]
= (I+PC'RIC)-(1+PC"RIC)(1 +CRC TP 1)L
= (+PCTRIC)-PC'RIC(C'RC TP L+ )(I+CIRC TP 1)L
|

which completes the proof of Eg. (2).
For Eq. (3), multiply Eq. (2) by CTR™%,

(I1+PCTRIC)"IPCTR = (P14 CTRIC)"IcTR 1 =P-PCT(CPCT +R)~ICPCTR? (11)
Now note that CPCTR~! = (CPCT +R)R 1 — 1, substituting which in the above equa-
tion, we get Eq. (3).
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