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Abstract— In this report, we propose an incremental
deployment algorithm for mobile sensors. The algorithm
gives a deployment scheme maximizing coverage, which
is an important issue for a variety of applications. We
consider a simple one-dimensional problem and formu-
late a quadratic program with several constraints. The
constraints make sure that the solutions are relevant to
coverage maximization, and the algorithm keeps making
progress at every iteration. The proposed method is tested
with simulations where the algorithm shows good per-
formance. An extension to two dimensional case is also
discussed.

Fig. 1. Deployment algorithm: mobile sensors move to minimize
the overlap between the sensors.

algorithm based on greedy approach is proposed in [1]
and several other approaches are reviewed.
We present an incremental algorithm for mobile sen-

_ _ sors which is based on similar ideas as [1]. The central
We propose an incremental deployment algorithm fQfieq in this report is to formulate the coverage problem

mobile sensors. There are plenty of applications in Whigly 5 continuous optimization problem, and solve it at

protected sites for instance those containing vital assg§gmuylation as a optimization problem and solving it
from attacks and infiltration. A network of autonomoqusing traditional methods.
mobile sensors with limited individual capabilities pro-
vide an economical means to do such surveillance. Il. ONE DIMENSIONAL DEPLOYMENT PROBLEM
In these applications an important problem is to max- ' . . :
imize the coverage. Usually it's not possible to position We first _solve a s_lmple one dimensional pr_oblem
where the field of action is a line of length Consider

the sensors accurately. Hence the sensors are scatf[?\l;e%ob”e sensors deployed along the line, each with a

n th(_a area .Of interest and they may have Overlapplrs‘%nsing range dIR. The sensors are deployed initially
sensing regions. A deployment algorithm enable t%)

I. INTRODUCTION

I ) L ime 0) at arbitrary (known) positions which are denoted
sensors to position themselves while minimizing overl N .
(Fig. 1). y {xi(o)_izl._ Ea_ch sensor can move anng the line and
. L their motion is given by the following uniform speed

Several deployment algorithms do exist in “teraturr%odel'
and most of them are based on a path planning algorithm. ™
In this approach, positions which result in minimum xi(t+1) =xi(t) + vi(t) T (1)
overlap, are computed first and then a path planniterex;(¢) andv;(t) denote position and speed at time
algorithm is employed to guide the sensors to thosed T denote the sampling time. We restrict the model
position. However in a dynamically changing environby putting bounds on the speed, and hence eaeh<
ment, these algorithms present serious computational an¢t) < v.
communication issues. For example, a moving obstacleOur aim is to maximize the area covered by these
may change the path of the sensors. In such situation #emsors at every time step. In other words, we want to
optimization needs to be run again. Also the positiom®mpute the speed with which sensors should move in
of all sensors needs to be communicated to a centoatler to maximize the coverage (and hence equivalently

server, which increases the communication overhead. finminimize the overlap), i.e. to compute(t), Vi, Vt



Fig. 2. A one-dimensional deployment problem with multiple o
sensors. Sensing range is in one dimension (circles argojust
show the sensing range clearly).
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such that some measure @ferlap between the individ-
ual sensor’s sensing range is minimized. We now presefy. 3. f, when there are only two sensors. Note that the maximum

the approach. value occur at the boundary.
c(12)=1  c(23)=0
[1l. OPTIMIZATION PROBLEM FORMULATION Y
Intuitively, minimizing overlap is similar to maximiz- {@—@ @@@
ing distance between the sensors, for e.g one possibility <~ w30 -

is to maximize sum of (a measure of) distance between
the sensors. In this report, we used a 2-norm distarfdg 4. (Right) Sensor 1 and 2 have distance less than and

. . . . . . hence have overlap. But sensor 3 is far enough from both the sensor
function, which gives us the following cost-function: . Care function for pair (1,2) is 1, and for pair (1,3) and (2,3), it is

N-1 N ) 0. (Left) The range for which care function is defined to be 1 for
Jo (Vl(t)w--,VN(t)) = Z Z |:Xi(t+1)_Xj(t+].):| middle sensor.

i=1 j=i+1 @
One may also think of using 1-norm distance functiopim for positive functions will still be the sum of the
(absolute value). However we found that 1-norm doesft@Ximums (although not vice-versa). Hence in general,
give a tractable cost function. This is shown in Append#h€ maximum will be found at the boundary. We will
A. We now show that 2-norm doesn't have such pro§€€ that this will always result in the situation wherein
lems and it can be formulated as a quadratic progr#fSOrs are moving either at maximum or at minimum
(QP). speed. This may not be desirable always. However we
For notational convenience, we drop all the timstill formulate this problem as a continuous optimization
dependence (so that;(t) and x;(¢) are denoted as; and hope that this problem can be fixed later using some
andv; respectively). We denote the vector of speed bfgularization. _ _
all the sensors by = [v]...v]]”. We now prove the We now constrain the problem to remove the solutions
following proposition: which are not relevant to overlap minimization.

Proposition 3.1: Maximization of cost-functionfs is

equivalent to the maximization of the quadratic function ) .
q g A. Constraint | : Care function

fo(v) =v'Pv+2ply ) The function f» in Eqg. (2) treats all sensor pairs
(N —1) -1 -1 equally important. However this is not we require al-
-1 (N—-1) ... -1 ways. Consider the example shown in Fig. 4 (left), where
where P = : : . : sensor 1 and 2 are close enough, however sensor 3 is at
1 1 (N B 1) a distance more tha??; from both sensor 1 and 2. By

maximizing distance of 3 with other sensors we don't
and vectorp such that each element is given py= gain any decrease in overlap (as it doesn’t have any
N(x; — %), wherex = 3";", x;,/N. This proposition is overlap with any sensor). We would like to maximize
proved in Appendix B. only distance between 1 and 2 as there is an overlap.
Although 2-norm gives a nice quadratic cost function, Hence if two sensors are already at a distance more
an important thing to note here is that the maxim@gan 2R, then that distance should not be included in

of the function f, be unbounded. For e.g. consider ge function. For this purpose, we define a care function
simple case with only two sensors. The function Wiléij as follows:

be fo = (x1 — xQ)2. Fig. 6 shows that the maxima
is at the boundary. This will still be true when the )1 if x; —2Rs <x; <x;+ 2R,
number of sensors is increased, as the maximum of “%Ji =1 0 otherwise

(4)



Vj < Vi Vj < Vi
From this definition the range for which the sensares J ]

about is shown in Fig. 4(right). We can now modify the
cost-function as follows:

N—-1 N 9
v =3 ci,j[xi(t+1)—xj(t+1) (5) Vi< P

Vi
=1 j=i+1 "

and following the procedure similar to Proposition 3.1 % %

we can obtain a quadratic objective function:

_ _ Fig. 5. Proof for the claim for incremental improvement
fS(v) =vIPv+2ply

The matrix P and p will have similar form asP andp ¢, Constraint 111: Bound Constraints

except that the contribution from the sensors with= 0

will be zero. For e.g. for the situation in Fig. 4 wher%

Cl2 = 1,0273 =13 = 0,we will have,

Finally we have the bounds on the speed and the
oundary condition. Speed for every agent is constrained
to a rangg—v, v|, and every agent is supposed to remain

1 -1 0 2 —1 —1 7 within the field of action[0, L]. This is captured in the
P=| -1 1 0| insteadoP=| -1 2 —1 | following constraints:
0 0 O -1 -1 2

max (—x;,—Vv) <v; <min(v,L —x;) Vi (10)
Now (intuitively) if a sensor is far enough from allstacking these in a vector, we get:

the other sensors (and hence doesn't have the overlap

with any of them), then the sensor need not move at all. by <v<b, (11)

Hence for those sensors, the speed should be set to zetith b;, b,, are vectors of bounds for each sensor.

This gives us an equality constraint.

Equality Constraint: For all Sensof such thatP;, = D. Final Quadratic Program
0,Vk # i, we have, The resulting quadratic program is given below:
1 e
el'v=0 (6) max 5vTPv +plv (12)
v

Stacking these constraints into a matrix, we get equality subto Av=0 Bv<0
constraints: —v<v<v

Av=0 (7) To solve the above problem we used the package

satisfy the condition. The algorithm used is Active set method (medium-scale

optimization). A detailed description can be found in [2].
The algorithm finds a feasible point during an initial
phase, and then search for a solution along the edges
One important requirement is that the algorithm imand faces of the feasible set by solving a sequence of
provement the situation at every (time) iteration, th&quality-constrained quadratic programming problems.
means that the separations between sensors shouldRwt Equality-constrained QP it uses Null-space/range
decrease. We capture this in terms of an inequaligpace methods depending on the mafrix
constraint. It is shown in the Fig. 5 that for all; with The incremental deployment algorithm is given below:
cij = 1if x;(t) > x;(t), thenv,(t) > v;(t) to ensure
that |x;(t + 1) — x;(t +1)| < |x;(t) — x;(t)|. Hence the

B. Constraint II: Incremental improvement

INCREMENTAL DEPLOYMENT ALGORITHM

inequality constraint: 1 10
) 2 while | max fg(t) — max fg(tfl)\ <T
—Slgr(XZ' — Xj)(VZ‘ — Vj) <0 ch- =1 (8) 3 do
This can be simplified and stacked to get the foIIowing Find find¢; ; for all pairs of sensors
inequality constraints: Solve QP given by Eg. (12) to get
6 Update positions;(t + 1) = x;(t) + v} T
Bv <0 © 7 te—t+1

where rows ofB consists of constrains given by Eq. (8)We next present the results for the above algorithm.



So one alternative is to maximize the upper bound:

n—1 n
fv) = D> Ivi—vyl (15)
YN\ " (NN I
n—1 n
N = Y Y lei—ellvl (1)

i=1 j=i+1

A
O R SR

L
N
=6 -7
(oo f‘\ Lo /\m asy > iiv1lei —ej|" = (n—1)1. It's easy to see
W \\/ \\/ UU that this maximize says that all the speed term should
be chosen at the boundary (Similar to the 2-norm but it
Fig. 6. Results for a simple case: 3 sensors with range of 5m a(rngesnyt matt(?r what sign they take, which is intuitively
maximum speed 2m/sec. wrong. Consider a case with two sensors, these sensors
should not move towards each other as it will decrease
the distance and increase the overlap. But the above
IV. RESULTS FOR ONE-D CASE maximization may consider that solution also (This is
Results for a simple case witN = 3, R, = 5 and also illustrated in Fig. 5).

v = 2 is shown in the Fig. 6. We can see that in seven
time step the overlap is zero. At each time step the
QP chooses the speed which is maximum, minimufh Proof of Proposition 3.1
or zero (as qxplained in Sectiqn ll, it was expected Using the motion model Eq. (1), we can simplify each
with 2-norm distance). The algorithm was also tested f?érm in Eq. (2),
several different number of sensors, and in most of the
cases the algorithm minimizes the overlap S|gn|f|cantlyxi(t F1) —x(t+1) = Axy(t)+ [vi(t) _ vj(t)}
However one problem occurs when the sensors are too

much crowded, the algorithm doesn’t settle fast. In SUGhhere Ax;;(¢) = x;(t) — x;(t). We can expand Eq. (2)
cases setting the threshold properly helps. ! !

to get,
V. CONCLUSIONS -1 N
2 2
We formulated one-dimensional coverage problem &v) = Z [(Vi—vj) +2AXU(V¢—VJ‘)+AXU}
a quadratic program with cost function as sum of the =1 j=itl

distance function. We added few constraints to eIiminaIt
the solutions irrelevant to coverage maximization, an
to make sure that the algorithm makes improvemen

noring the lost term and using the fact= e;v (e; is
te standard basis vector), we get:

at every iteration. We found that the approach shows N—1 N
significant results, and can potentially be extended to 2- fy(v) = Z vi(e; —e;) (e; —ej)v
D case (Appendix C). i=1 j=i+1
+2Ax7(e; — e;)v 18
APPENDIX N_jl( N i) (18)
A. Problem with 1-norm = vT[ D> (ei—ej)(ei— ej)}v
We may consider taking a 1-norm distance function i=1 j=i+1
and maximize the following function: N-1 N .
il n +2[Z Z Ax;; (e ej)}v
f(V) = ‘AXZ‘]‘ + V; — Vj| (13) i=1 j=itl
; j:;—l = vIiPv+2plv (19)

n—1 n
>3 A+ |vi— vl (14) It can be verified that the” andp will have the form
i=1 j=i+1 given in the proposition 3.1

IN



C. Extension to two dimension deployment problem

In two dimensional case, eash andv; will be two
dimensional vector (elements correspondingctand y
coordinates). Following the approach similar to 1-D case
we can maximize the following function.

N-1 N

FOA), - vn() =0 D Ixit+1)—x;(t+1)[[3
i=1 j=i+1
(20)
Define P; such thatP,v = v;. P; will have the following
form:

Pi=[ 02x2...02x2 Ioxa 02x2...02x2 | (21)

with identity at the column(2i — 1). Proceeding similar
to the one-D case we can obtain the following quadratic
function:

f(v) = viPv+2plv (22)
(N-1)I -1 —I
-1 (N-11I ... -1
where P = . . . .
—I -1 o (N=DI

with each identity matrix of siz& x 2. Also the vectomp
will be with the element®i — 1 and2i will be given as
follows: P2i—1:2; = N(Xl — )_(), wherex = Z]]qul Xk/N

A similar QP can be written with the constraints. The
care function can be extended directly to two dimen-
sional and so hence also the Equality constradrnt:= 0.
The inequality constraint for incremental improvement
needs to be explored further as it is not easy to extend
using the same approach as one-dimension problem.
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