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Abstract

We review compressive sensing and its extension to claetific and
joint signal recovery. We present an overview of compressatsing,
followed by some simulation results on perfect reconsiondior sparse
signals. We review previous work on compressed signal ifitzatson

and discuss relations between the two earlier papers.|¥sinad discuss
joint signal reconstruction for compressed sensing.

1 Introduction

Compressive sensing involves talking randomized prajectif a signal. It is now well
known that the signal can be reconstructed back using a smalber of measurements
with optimization methods. Our motive in this report is tgiesv some important results of
compressive sensing. We are interested in the theory of exssipe sensing and extensions
to the classification and distributed estimation. Theregaiite a lot of literature available
for the theory of compressive sensing. The work of Donohaakt.and Candes et.al. is
quite insightful in our view, and we review these two papdisere are some preliminary
work on compressed classification of which we review the wadrRavenport et. al. and
Nowak et. al. In addition, we also review the work on disttdsicompressed sensing.

Contributions To summarize we make the following contributioifd) We review the the-
ory of compressed sensing discussed in [8], [5], [3]. We @sfompressed sensing, review
methods, and show results on signal recovéB) We review compressed classification
discussed in [9],[7]. We compare results of these two papetsshow that there are some
relations between these results. We verify results of [&]) We review the joint signal
reconstruction discussed in [11] and verify the simulation

2 Compressive Sensing : Overview

In this section, we present an overview of compressed sghsised on [8], [5], [3].

Measure of SparsityLet = be a vector ifR”™. Suppose there is an orthonormal basis
{®; :i=1,...,N} for RYN. This basis can be an orthonormal wavelet basis, a Fourier
basis or even euclidean basis vectors. A measure of spasigg K -sparse is defined in
[5]. A vectorz is said to bef{-sparse if it can be represented as a linear combinatidt of



vectors from the basi. However note that this is a very restrictive definition, diogsn'’t
include many real-wold signal. A better way to define spansibuld be to say that the
signal is sparse if: is “well-approximated” by a linear combination &f vectors from the
basis®. A more precise definition is given in [8]. Lét = (x, ®;) are the projections aof
on the basi®, then the vectox: can be said to be sparse in badidf for some0 < p < 2
and for someR > 0,

1, = (10.) " < R ®

A trivial example is a “bounded” sparse signal in euclideasi for which||z||; < R
whereR is the bound on each value.

Information Operator and Reconstruction Algorithm Let X denote the set of vectors
of interest. In compressive sensing, we are interestedsigdiag an information operator
Iy : X — RM that samples information from the vector. The sampler isogeption of
the vector orR™: Iy (z) = ({1, 2), ..., (Cum,x)). We are also interested in a reconstruc-
tion algorithmA,, : R™ — R™ which reconstructs the signal back. Finally, we want a pair
of optimal information operator and optimal recovery altfon such that it minimizes a
function of ||z — A, (I,(x))||, for somep over allz € X. In the existing literature, the
object of interest are the sparse signals satisfying onkeo§parsity measure. From now
on, we will denote the set df -sparse vectors a% .

Exact Recovery of K -Sparse SignaldVe now consider some results for compressed sens-
ing of sparse signals. Although these results are first meg [6] and [5], the discussion

in [3] are easier to understand, hence we follow the disounssi[3](although all the papers
have almost identical results). We considek esparse vectar € X k. It is shown that a
matrix ® € RM>N which followsRestricted Isometry ProperRIP), is an information
operator, and given the measuremepts: &z we can reconstruct the vector, with high
probability, by solving the following linear program:

min ||z||;  subject todz =y 2

RIP means that any two well-separated signal®ih remains separated upon projection
to RM. Formally ® satisfies RIP of ordeK if for everyz € X, the following inequality
is satisfied for some > 0:

M _ ||Pz] M
<1_6)\/;§ BB S<1+6)\/; 3)

be a projection fronR”™ to RM. Itis now known that various matrices satisfy this property
if M = O(Klog(N/K)), for example, an i.i.d Gaussian matrix (see [5] more exas)ple

Exact Recovery of NoisyK-Sparse Signaldf measurements are noisy, then a measure
of sparsity can be defined in terms of the perturbation cabgewise, for e.glle||;, < e.

In such cases, the signal can be reconstructed back fronuneeasntyy = dx + e, by
solving the following program:

min ||z||;  subjectto]|®Pz —y|| <€ 4

Note that both the programs given by Eq. (2) and (4) can besddby reformulation as a
linear program with linear/quadratic constraints. Vasi@oftware packages are available
to solve these optimization problems (for a list of softwaee [1]). We usedi -magic for
our implementation [2].

ResultsWe verify the results given in [5] for sparse signals. We usedd; -magic opti-
mization routines to get these plots. We consider both rengnoiseless case. For signals
without noise, we také&v = 1024 with a sparsityK’ = 50 samples, and for noisy case we
setN = 512 with K = 20 with noises? = 0.05. We conside® to be a matrix with i.i.d.
Gaussian entries. Fig. 1(a) shows the original and reasetstl signals with\/ = 250
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Figure 1: Top row contains results for signals without npishile bottom row containes
results for signal with noise. (a) Perfect reconstructibéra sparse signal (b) MSE vs
number of measuremenid (c) M.,,;, vs K; thick line showsM,,,;,, while the thin line
showsO(K log(N/K) scaled to match the starting point &f,,;,, curve.

and M = 120 for signals without noise and with noise. We see that thensgfroction is
perfect. Fig. 1(b) shows the plot of empirical mean-squarerdMSE) computed with
different measurements of lengi. Because of the large computation time, we only did
50 simulations to obtain each point in MSE curve. We obsdraethe mean square error
drops to zero af\/ = 220 for signals without noise, and a = 100 for noisy signal.
Next we find the minimum value Q¥ at which we get perfect reconstruction as a function
of K, the sparsity measure. For this purpose, we compute the M6#afious K and
M. For each value of<, we visually findM,,,;,, at which MSE drops to zero. Fig. 1(c)
shows the plot (thick line show&/,,;, while the thin line show®) (K log(N/K) scaled

to match the starting point af/,,,;,, plot). We see that the minimum value df follows
O(K log(N/K), which verifies the results.

3 Compressive classification

We now review the work on application of compressive senfinglassification. We are
interested finding out the effect of compressive sensinglassification, and obtain the
bound on performance. There has been some work in the areaxdmple comparison
between active learning and compressed sensing by Nowak. etHowever most of the
work is applied to special signals. We will discuss the rssinl [9] which is the most
general case. We also find that a preliminary result puldish§7] supports and justifies
the results presented in [9]. Hence we review both [7] andqd@d verify the results shown
in these papers.

Classical DetectorWe first discuss a classical detector and then described howna
pressed detector can be derived using the same approachus lsely that there are two
hypotheses concerning the signal; that it is present in tbasarements or it is not. The
classical Neymon-Pearson (NP) detector involvilssdihood ratio testwvhere the sufficient
statisticst = (y, x) is compared against a thresheldHerey are the measurementsjs
the signal of interest ang is set to achieve certain probability of false alarm rBte< «
for some0 > o < 1. Itis easy to show that (for example, see [10]):

Pp(a) = Q(Q™"(a) — VSNR) ®)



whereQ(-) is the flipped version of standard Gaussian cumulativeidigton function.

Compressed DetectorAs described in [7], this theory can be easily extended tactse
when the measurements are made using a compressed saraplerc8nsider the follow-
ing hypothesis:

Ho @ y=n (6)
Hi : y=®(x+n) @
wheren ~ N (0, 0?) is white Gaussian noise. It is straightforward to show thahis case

the sufficient statistics is= (y, ®z). Itis shown in [7] that for some > 0, the probability
of false rate is approximately given by the following eqaati

Pp(a) = Q(Q™(a) — vV M/NVSNR) ®)
Comparing Eg. (8) and (5), we can see that the performandealdtector will be deteri-

orated withM decreasing (as expected), and the rate of performancedddigna depends
on SNR.

Compressed ClassifierThese results have been generalized for a multi-classifigass
where we have a séf = {z,} of signals. It is straightforward to show that the detection
rule is = min,,cx ||y—Px;||2. Thereis animportant point here. We discussed in Section
2 that the matrix approximately preserves the distances in transformatiavever for
classification the distances are not preserved, rathiérmly shrunkenThis can be easily
seen in the following theorem proved in [7]: for any sigmabnd typical values of, with
probability at least — §, the following holds for all;,

M _ [[®(@ — i)l M
a-oy < <00y ?

Also because of the dependence on SNR, effect of noise campléfiad with the trans-
formation.

An Upper Bound on Compressed ClassificationThe following theorem proved in [9]
gives a bound on the compressed classification: Let us sayhthaardinality of setX’
is K, and there aré/ measurements, then the probability of error is upper bodirzde
follows,

)—M/2

P(erron < (K — 1) (1 + di‘f” SNR (10)

whered,,i, = ming, ., ||z; — x]-||2. We see that the bound indeed depends on SNR and
it has an exponential relation with/, which supports the results of [7]. Surprisingly, this
relation has not been discussed in [9]. Also the classifioatile is called “empirical” in

[9], while it is just a generalization of NP detectors anddeis theoretically justifiable.

ResultsWe now show simulation results for compressed classifinaiiée verify the sim-
ulations presented in [9]. We construct the Zeby sampling a collection of linear chirp

signal given as follows:
. I x 108 ) 200 x 108

Jul@) = cos (277 2 {200 X 106} [ 400 D
So we have a sampling rate of 200 MHz, with range 1 MHz to 100 Mtk 1 Hz in-
crements. Hencé&/ = 400, M = 100. We performed compressed detection with variou
number of measurements and compute the probability of byrounning each simulation
10000 times. Results are shown in Fig. 2(left) for SNR = 2 @B)3 where we plot the log
of probability of error versug/. The figures also show the theoretical bounds. We also
plot the probability of error versus SNR (this simulatiomist shown in [9]). The results
are shown in Fig. 2(right). Note that the y-axis is logaritbrmand hence we can see that
the bound is very loose. However the results verifies thapénormance is exponentially
related to the number of measurements and SNR.

11)
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Figure 2: Compressed classification: Plot of log of Prolighilf error for various number
of observationsV/ (right) andSN R (left). Both simulated and the theoretical bounds are
shown. Note y-axis is in logarithmic scale.

4 Joint Sparsity Model and Distributed Compressive Sensing

The notion of signal being sparse in some basis has beenaijendrto the notion of an
ensemble of signals beirjgintly sparsein [4][11]. The main idea is that if some signals
contain a common information, the number of measurememtpddect reconstruction
can be decreased. In the model described in [4], the signalsssumed to be sum of two
components with one component common to all the signaldoré =1,..., J,

Tr; =20 + 2 (12)

Herezq is a K —sparse signal common to all the signalJsandz; is a K;-sparse innova-
tion. A practical example could be a set of temperature ssrggographically separated,
which measure a common temperature with a little variatiospiace. There are two other
kinds of model described in the paper, however the basicigdeame and hence we don't
discuss those here.

Joint Signal Recoveryln this discussion we assumke= 2. The measurement model is
y; = P2, We define,
Zc
_ _| ™ _|lwn | 0| | ¥ T O
[ )= [m ] )o- [ 8)e-[e 2 8
It is shown in [4] that by solving the following linear progra we can recover both the
components:

min||z|[; subjecttodVz =y (13)

However in [4] the results are produced by using a modifiedlpgny. ||z||1 + 71||z1]]1 +
va|l22]|1, where~; are found with optimization. We found that it is just becao$ehe
numerical issues in the solver, and for our implementatiencould repeat the results
without any modification of the penalty. We now describe gmuits.

ResultsWe choose a signal length of = 50 with different sparsity/X,K; and K5. We
repeat the experiments 1000 times to calculate the pratyabfl perfect reconstruction.
Results are shown in Fig. 3. We note that as the valu€ &f decreased required measure-
ments for perfect reconstruction with joint increases. @asults for joint reconstruction
are exactly same as the results described in [4], howevee $eem to be a bug in our
implementation of separate recovery. We can see that tlagatepecovery is giving much
better results than joint reconstruction for the last case. results of [4] suggests that both
the curves should come closer and closer, which is intlytiverrect.



c
S 1 -
° s
E r
= 0.8 /
c
o /
] 0.6 /
— /
b !
L 0.4 ;
[0}
Q. /
G 0.2 v
Q' 7/
s
2 0
10 20 30
M

Figure 3: Comparison of joint reconstruction with separat®nstruction for various val-
ues of sparsity

5 Conclusions

In this paper, we reviewed and verified the results on consprbsensing, classification
and joint signal recovery. We were able to repeat the resfiltse previous work and also
conduct some experiment to gain new insight on the previaugsy Our implementation
on joint signal recovery still need some work.
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