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Abstract—As VLSI fabrication technology progresses to 65nm
feature sizes and smaller, transistors no longer operate as
ideal switches. This motivates verifying digital circuits using
continuous models. This paper presents the verification of the
high-speed, toggle flip-flop proposed by Yuan and Svensson [1].
Our approach builds on the projection based methods originally
proposed by Greenstreet and Mitchell [2], [3]. While they were
only able to demonstrate their approach with two- and three-
dimensional systems, we apply projection based analysis toa
seven-dimensional model for the flip-flop. We believe that this is
the largest verification to date of a digital circuit using non-linear
circuit-level models.

In this paper, we describe how we overcame problems of
numerical errors and instability associated with the original
projection based methods. In particular, we present a novel
linear-program solver and new methods for constructing accurate
linear approximations of non-linear dynamics. We use the toggle
flip-flop as an example and consider how these methods could
be extended to verify a standard cell library for digital design.

I. I NTRODUCTION

Deep-submicron technologies simultaneously confront de-
signers with transistor behaviors that require circuit-level mod-
els to produce working designs and with integration densities
that require working at high-levels of abstraction. Due to
leakage currents, small transistors do not operate as the ideal
switches that have been the foundation of synthesis and switch-
level simulation tools for the past twenty years. Other deep-
submicron challenges include crosstalk, power-supply noise,
and random parameter variations. Current design tools do
not provide a satisfactory way of dealing with these issues.
Typically, coarse approximations or heuristics are used to
validate designs, an approach that simultaneously sacrifices
performance and fails to guarantee working silicon. Formal
methods can help address these challenges by verifying proper
behaviors at low-levels of abstraction and ensuring that the
abstractions of these low-level behaviors to higher levelsof
abstraction are sound.

A circuit with a continuous model has an uncountably
infinite state space, typicallyRd where d is the number of
nodes in the circuit. Furthermore, the non-linear differential
equations that describe circuit behavior do not have closed
form solutions; thus, purely symbolic methods are unlikely
to succeed for circuit-level verification. To address these
problems, tractable approximation methods are needed. To
ensure soundness, these approximations must over approxi-
mate the reachable space. While such approximation-based
techniques cannot be complete, we want the approximations to
be accurate enough that the verification method can be applied
to real designs. Finally, the reachability computations must be

sufficiently efficient as to enable the verification of real designs
in a tolerable amount of time.

The current work builds upon the projection based methods
for a tool called “Coho” originally proposed in [2], [3].
Coho represents a region inRd by its projection onto two-
dimensional subspaces. The intuition behind this approach
is that the input/output behaviors of digital circuits can be
captured by these projections that correspond to pairs of
causally related variables.

The framework presented in [2], [3] was only applied to
simple two- and three-dimensional models due to numerical
conditioning problems that often occurred in solving the
linear-programs that were used when calculating the reachable
space. We present our solution to these numerical problems.
We also describe places where the original formulation for
Coho resulted in large over approximations and present re-
finements that enable much more accurate calculations.

We apply our modified version of Coho to the verification
of a toggle flip-flop that was originally presented by Yuan
and Svensson [1]. This toggle is a relatively simple circuit
consisting of nine transistors and seven nodes. This makes it
similar in size to many cells in a typical library for standard
cell design. For example, if a design has a critical timing
path that cannot be satisfied by gate sizing or local logical
changes, a designer might identify a custom logic function
that could be implemented to achieve an acceptable delay.
In current design flows, adding a cell to the library is an
arduous task, in large part due to the large number of circuit
simulations that must be manually run and checked; the time
required to perform such simulations is often unacceptable
for the project schedule. Thus, a design team in this situation
can be forced to either make large architectural changes or to
lower performance targets. Having verified the toggle, we can
realistically hope to verify cells that a designer wants to add
to a cell library. Similar opportunities to improve the design
flow arise when trying to satisfy cross-talk requirements, when
using dynamic or highly-skewed logic gates, when integrating
self-timed circuits in a synchronous design, etc.

The toggle is an attractive first example for circuit-level
verification because it has an interesting sequential behavior
that we can specify very precisely in both discrete and con-
tinuous formulations. It exhibits a critical race which places
demands on the accuracy of the approximations made by any
reachability tool. Finally, with seven nodes, it presents an op-
portunity to verify discrete properties of a seven-dimensional,
non-linear system. We are not aware of any previous examples
of verifying digital circuit behaviour from non-linear circuit



models for circuits of more than four nodes.

II. RELATED WORK

The problem of verifying systems with a combination of
discrete and continuous models has been a focus of the hybrid
systems research in the past ten years. This section first
examines prior work in verifying circuits and hybrid systems
and then examines the prior work on Coho upon which our
current research is built.

A. Verification of Hybrid Systems

One of the earliest tools for verifying hybrid systems was
HyTech[4], [5]. Based onlinear hybrid automata[6], HyTech
models continuous variables as piecewise linear functions
of time. While non-linear systems can be approximated by
piecewise linear ones [7], the number of pieces required to
obtain a given degree of accuracy grows exponentially with the
dimensionality of the system, exacerbating the high complex-
ity of the model-checking algorithm. Even with the simplistic
assumptions that each variable evolves as a piecewise linear
function of time, nearly all properties of linear hybrid automata
are undecidable [8], [9]. Thus, heuristics and approximation
methods are required for verifying real circuits.

The ideas in HyTech have been extended recently by Frehse
in the implementation PHAVer [10]. PHAVer uses arbitrary
precision integer and rational arithmetic to avoid problems of
numerical overflow that limited HyTech. Furthermore, PHAVer
uses the Parma Polyhedra Library [11]. PHAVer has verified
larger problems than HyTech could including a non-linear,
tunnel-diode oscillator circuit and a VCO [?]. We are not
aware of any applications of PHAVer to digital circuit designs.

The d/dt tool [12] performs reachability analysis of con-
tinuous or hybrid systems modeled by linear differential in-
clusions of the form ofdx/dt = Ax + Bu, whereu is an
external input taking values in a bounded convex polyhedron.
d/dt represents the reachable sets as non-convex orthogonal
polyhedra [13], i.e. finite unions of full-dimensional, fixed
size hyper-rectangles, and approximates the reachable state
using numerical integration and polyhedral approximation. To
the best of our knowledge, all examples computed withd/dt
have been low, dimensional, with two- or three-dimensions,
which we believe reflects the high-complexity of representing
the reachable space as an explicit set of hypercubes. Earlier,
Kurshan and McMillan [14] used a similar approach, for the
verification of a simple arbiter, a four-dimensional, non-linear
problem.

CheckMate[15] is a Matlab based tool for modeling, sim-
ulating and verifying properties of a class of hybrid systems:
threshold-event-driven hybrid systems. Checkmate can model
systems with non-linear dynamics by computing a convex
polyhedral approximation of the reachable region. Checkmate
has recently been used to verify simple circuits including a
tunnel-diode oscillator and a Sigma-Delta modulator [16],both
modeled with three-dimensional state spaces. As with PHAVer,
we are not aware of any applications of Checkmate to digital
circuit designs or to circuits with higher dimensional models.

B. Coho

Coho represents reachable sets withprojectagons. A pro-
jectagon is the high dimensional (and potentially nonconvex)
bounded polytope formed by the intersection of a collection
of prisms. Each prism is unbounded in all but two dimensions,
and in those two dimensions the cross-section of the prism is
a bounded polygon. The projection polygons are not required
to be convex; thus, non-convex, high-dimensional objects can
be represented by projectagons. The high-dimensional object
represented by a projectagon is the set of all points that satisfy
the constraints of each projection. As an example, Figure 1
shows how a three-dimensional object (the “anvil”) can be
represented by its projection onto thexy, yz, andxz planes.
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Fig. 1. A Three-Dimensional “Projectagon”

The basic ideas behind Coho’s reachability analysis are
straightforward. We require that the time derivatives for the
state variables are finite and therefore that trajectories are
continuous. This, the extremal trajectories emanate from the
faces of the projectagon. At each time step in its reachability
analysis, Coho derives a convex polytope that contains all
points within a preset distance of the current projectagon.
Coho then derives bounds on the time derivatives of the state
variables within this polytope, and uses these to determine
a time step size for which all trajectories are guaranteed to
remain in the polytope. Coho then moves each face according
to its maximum outward derivative to obtain a projectagon that
contains the reachable space at the end of the time step. We
describe these steps in greater detail below.

Let P0 denote the projectagon for the reachable space at the
beginning of a time step, and letλ be a positive real.‘ To derive
a convex polytope that contains all points within distanceλ
of P0, we observe that the convex-hull of a projectagon is
contained in the projectagon obtained from the convex hulls
of each of the projection polygons. Thus, Coho computes the
hulls of these two dimensional polygons. Coho then moves all
edges of these hulls outward byλ. These bloated hulls are the
projection polygons of a projectagon that contains all points
that are within distanceλ of the original projectagon. We call
this bloated version of the original projectagonPbloat . Coho
representsPbloat as a linear program.

Faces of the projectagon correspond to edges of the pro-
jection polygons. Thus, the version of Coho described in [3]
operated on one projection polygon edge at a time. We
describe this approach here and describe our refinement of



this method in Section IV-C. For each polygon edge, Coho
constructs an oriented rectangle that contains all points within
distanceλ of the edge. The intersection of the prism for
this rectangle withPbloat contains all points within distance
λ of the current face. We call this regionPbloat , and Coho
represents it with a linear program.

Coho then calls the user supplied circuit model withPbloat .
The model returns a matrixA, vectorsb, and positive vector
u such that

Av + b − u ≤ v̇ ≤ Av + b + u (1)

for any pointv ∈ Pbloat . Based on this linearized model and
the linear programPbloat , Coho constructs a linear program for
all points reachable from the face at the end of the time step.
Coho then projects the feasible region of this linear program
back onto the basis variables for the polygon edge associated
with the face to obtain the time advanced edge. Details are
given in [3].

We now focus on those aspects of the Coho algorithm
that we had to modify in order to successfully verify the
toggle. The modifications that we made should be applicable to
other circuit and hybrid systems verification problems as well.
First, Coho makes extensive use of linear programs (LPs).
Earlier experience with Coho showed that these LPs were often
highly ill-conditioned, causing off-the-shelf linear program
solvers such as Matlab’slinprog and a direct implementation
of Simplex to fail. In Section IV-A, we describe our robust
linear program solver for the LPs that arise in Coho. Second,
Coho was originally implemented with uniform bloats for all
variables. We found that this led to both large error bounds
when linearizing the circuit model and to Coho taking very
small time steps. Section IV-B describes how we modified
Coho to use different bloat amounts for different variables.

Each time a projection polygon edge is advanced, a new
polygon is produced. The union of these “edge polygons”
forms the boundary of the projection polygon at the end of
the time step. This process can lead to a rapid increase in the
number of projection polygon edges. Section IV-C describes
how the original Coho simplified the projection polygons at
each step to control this blow-up. In the same section, we
present our modifications to the original algorithm to reduce
the amount of over approximation at critical phases of the
verification.

III. T HE YUAN-SVENSSONTOGGLE

Figure 2 shows the toggle circuit from [1]. Transistors are
labeled with their shape factors and the capacitor on theq
output represents a load equivalent to the gate capacitanceof
transistors with the a total shape factor of 36; this is the load
that the toggle places on its clock input. We use this load to
verify that the output of one toggle can drive the clock input
of another to implement a ripple counter.

The operation of this circuit can be understood by using a
simple switch model starting from a state where theφ input
is low. In this case,y is driven high,z is floating, andx is
the logical negation ofz. Figure 3 shows the state transition
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Fig. 2. Yuan and Svensson’s Toggle Circuit
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Fig. 3. State Transition Diagram for the Toggle

diagram for the toggle starting from the state wherez is high
when φ is low – the other case, withz high, is reached on
step 2 of the figure. Note that from step 2 to 3 in the figure,
all three ofx, y and z change values. This is a critical race
for the toggle. We further note that if the rise or fall times for
φ are too large, the toggle will fail.

To specify the desired continuous behavior of the toggle
circuit, we use the Brockett annulus construction [17] shown
in Figure 4. When a variable is in region 1, its value is
constrained but its derivative may be either positive or nega-
tive. Thus, region 1 of the annulus specifies a logically low
signal: it may vary in a small interval around the nominal
value for low signals. When the variable leaves region 1, it
must be increasing; therefore, it enters region 2. Because the
derivative of the variable is positive in region 2, it makes a
monotonic transition leading to region 3. Regions 3 and 4
are analogous to regions 1 and 2 corresponding to logically
high and monotonically falling signals respectively. Because
transitions through regions 2 and 4 are monotonic, traversals
of these regions are distinct events. This provides a topological
basis for discrete behaviors. Furthermore, the horizontalradii
of the annulus define the maximum and minimum high and
low levels of the signal (i.e.V0l, V0h, V1l, and V1h in
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figure 4). The maximum and minimum rise time for the signal
correspond to trajectories along the upper-inner and upper-
outer boundaries of the annulus respectively. Likewise, the
lower-inner and lower-outer boundaries of the annulus specify
the maximum and minimum fall times.

Note that a signal may remain in regions 1 or 3 arbitrarily
long. This is essential when verifying the toggle where we
must show that the output satisfies the constraints assumed of
the input, even though the period of the output is twice that
of the input. In addition to the constraints captured by the
geometry of the annulus, we add constraints as in [20] for the
minimum time thatφ must remain in region 1 before entering
region 2, and likewise for region 3. This construction allows
a large class of input signals to be described in a simple and
natural manner.

We specify the behavior of the toggle as a safety property. In
particular, we use Coho to find an invariant subset ofR

d such
that all trajectories in this set have a period twice that of the
clock signal. This notion can be formalized using a Poincar´e
section [18]. Letφ be the continuous signal corresponding to
Φ, and letc be some constant withV0h < c < V1l. Consider
the intersection of the invariant set with theφ = c hyperplane.
These intersections form a Poincaré map [18]. We verify that
these intersections form four disjoint regions (two for rising
φ crossingc, and two falling crossings), All trajectories must
visit these four regions in the same order. Thus, theφ = c
plane partitions the invariant set of the continuous model into
four, disjoint regions that map to the four discrete states of the
discrete model.

Toggle elements can be composed to form a ripple-counter
if there is an output variable such that for all trajectoriesin the
manifold, the value and derivative of this variable satisfythe
constraints of the input ring. It must also be shown that this
output satisfies the minimum high and low time constraints.
Section V shows that the toggle circuit satisfies all of these
properties.

IV. M AKING COHO WORK

A. Solving LPs in Coho

Coho makes extensive use of linear programs (LPs), and the
original version of Coho was hindered because these LPs are
occasionally extremely ill-conditioned. The LPs in Coho have
constraints that correspond to the convex hulls of projection
polygons. These LPs are naturally written with the form

min
x

cT x s.t. Ax ≤ b (2)

where each row ofA has at most two non-zero elements. We
call such an LP aCoho LP. The dual of a Coho LP is a
standard form LP:

min
π

−bT π s.t. AT π = c (3)

Note that AT has at most two non-zero elements in any
column. In [19], Laza presented a linear-time algorithm for
solving the linear systems that arise when applying the
Simplex algorithm to the dual of a Coho LP. With Laza’s

algorithm, the tableau entries are computed from the original
data at each pivot step; the only data carried forward from one
pivot to the next is the original LP and the set of columns in
the basis. By avoiding the rank-one updates of the tableau from
the traditional formulation of Simplex, Laza’s approach avoids
error propagation from one pivot step to the next. His linear-
time linear system solver makes this approach as efficient as
traditional Simplex.

We implemented Laza’s approach and included an arbitrary
precision rational arithmetic package. Most computationsare
performed using interval arithmetic, and the arbitrary preci-
sion package is used for highly ill-conditioned bases and to
verify the final solution. Our implementation has eliminated
numerical stability problems from the LP solver. As an added
benefit, our LP solver is guaranteed to find the exact optimum
for the linear program in all cases. This guarantee allowed us
to simplify many other parts of the Coho code.

B. Better Bloating

In the original formulation of Coho, the projection polygons
were bloated equally in all directions to form the bloated
convex hull that contained the trajectories for a time step.
When verifying the toggle, we found that this resulted in large
over approximations. Depending on the circuit state, some
variables will have much larger time derivatives than others.
If the state is bloated by the same amount for all variables,
then the model will be evaluated with a much larger region
than needed for the slow moving variables, and this causes
the error term in the linear approximation of the model to be
large.

We solved this problem by linearizing the models twice at
each time step. The first phase is performed as in the original
version of Coho, but we also keep track of the maximum
magnitude of the derivative for each variable. At the end of the
first phase, our new version computes the size of the allowed
time-step. It also computes the bloat amount needed for each
variable. In the second phase, faces are moved forward in time.
In our new version, we linearize the model again for each
face based on the per-variable bloat amounts computed from
the first phase. This change enabled a dramatic reduction in
the magnitude of the error terms in the linearizations of the
model.

(b) Replace two convex vertices with one.(a) Remove a concave vertex.

Fig. 5. Simplifying Projection Polygons

C. Simplifying Projection Polygons

At the end of each time step, Coho reduces the number
of projection polygon vertices to keep their sizes tractable.
As shown in Figure 5(a), Coho can simply delete convex
vertices to produce an approximation of the original polygon.



Figure 5(b) shows the replacement of two consecutive, convex
vertices with a single vertex, again producing an over approx-
imation. Simplification serves two purposes. First it keepsthe
number of constraints in the LP for the bloated convex hull
of the projectagon small. Second, it reduces the number of
projectagon faces (i.e. projection polygon edges) that need to
be advanced at each time step. These are separable concerns.

Our new version of Coho computes the convex hull of each
polygon and simplifies it using the simplification shown in
Figure 5(b) to control the number of constraints in the LP
for the bloated convex hull,Pbloat . Then, we modified Coho
to advance convex sequences of edges. Coho constructs LPs
for these sequences and moves them forward in a single step.
Of course, we still need to limit the growth of the number
of polygon edges. The new Coho eliminates concave vertices
as shown in Figure 5(a). Furthermore, once Coho identifies
a convex sequence of vertices to advance, it can eliminate
vertices as shown in Figure 5(b). Because we only have the
extra edges for a single projection polygon at a time, we can
maintain a much more detailed representation of the polygon
without greatly increasing the time for the computation.

V. V ERIFYING THE TOGGLE

The verification that we present of the toggle resembles
an earlier verification result presented in [20]. There are two
significant differences in our approach and the earlier work.
Most significantly, we include nodesxx, yy and zz in our
model. This results in a seven-dimensional state space rather
than the four-dimensional model used in [20]. Second, we
model the drain-source currents of the transistors based on
tabulated data obtained from HSPICE thus our results are
based on the BSIM-3 models for the TSMC 180nm process.
In [20], a simple, first-order, long-channel, MOSFET model
was used for transistor current. Using a realistic model forced
us to address other real-world issues, most notable of which
was the leakage currents of the transistors. Thus, we added
“keepers” to nodesx, y and z. While such practicalities can
seem like a nuisance from a formal verification perspective,
they show that our approach is solidly connected to the issues
that challenge circuit designers for deep submicron processes.

We started our verification by simulating the toggle using
a circuit simulation package that we have developed for use
in Matlab. This approach had two advantages. First, we were
able to informally validate our design before embarking on the
more time-intensive effort of formal verification. Second,we
modified the simulator to generate the linearized models with
error bounds as required by Coho. Thus, we used the same
circuit description for simulation and verification.

Our specification for the toggle requires it to have an
invariant set that has twice the period of the input clock,φ.
Accordingly, our reachability calculation is carried out for two
periods ofφ. We break each of these periods into the two
phases: one for the rising transition ofφ and the time that
φ is high; and the other for the falling transition and low
time. This partitioning had two advantages. First, we estimate
a bounding hyper-rectangle for the end of each phase based

on the simulation results. With these estimates, we divide the
task of verifying the toggle into four separate proof obligations
where each obligation is of the form:

Assume that the circuit state is in hyper-rectangle
Yi at the end of phasei.
Show that the circuit state will be in hyper-rectangle
Yi+1 at the end of phasei + 1.

By showing that the last phase leads to a hyper-rectangle that
is contained in the initial hyper-rectangle of the initial phase,
we establish that the reachable set that we have computed is
invariant. Second, by separating the proof obligations, wecan
work on them in parallel. This was critical. Our current version
of Coho is a prototype, and it is quite slow. It takes about a
day to complete the reachability analysis for a single phase.
Parallel computation allowed us to complete the verification,
debug the model, and address issues of over approximation in
a reasonably timely manner.

A. Modeling the Circuit

We model transistors as voltage controlled current sources,
and all capacitors as having fixed values with one terminal
connected to ground. For transistorj, let idsj(vs, vg, vd) be
the current that flows from the drain to the source when
the voltages on the source, gate and drain arevs, vg and
vd respectively. We obtained ourids functions by tabulating
data on a 0.01 volt grid for(vs, vg, vd) ∈ [−0.3, 2.25]3 for
transistors in the TSMC 180nm, 1.8 volt, bulk CMOS process.
We ignore gate leakage which is negligible in the 180nm
process.

By Kirchoff’s current law, the total current flowing out
of each node through the capacitors connected to the node
must equal the total current flowing into the node through the
transistors. The current through a capacitor iscv̇ wherec is
the capacitance of the capacitor andv̇ is the time derivative
of the voltage across the capacitor. This yields:

V̇ = C−1 M ids(V ) (4)

whereV is the vector of node voltages (one element for each
node of the circuit);ids(V ) is the vector of drain-to-source
currents (one element for each transistor);M maps transistors
to nodes withM(i, j) = 1 if the source of transistorj is
connected to nodei, M(i, j) = −1 if the drain of transistor
j is connected to nodei, and M(i, j) = 0 otherwise.C is
the matrix of inter-node capacitances. Because we model all
capacitances as being fixed and to ground,C is fixed and
diagonal.

Equation 4 is the basis for our circuit modeling. To create a
linear model as in Equation 1, it suffices to linearizeids . Here,
we’ll present our initial approach. Given a linear program that
contains the bloated face for which Coho needs a model, we
obtain upper and lower bounds forvs, vg and vd. We then
compute a linear regression on the points in this bounding
box using tables of precomputed sums. Noting that theids

function has exactly one inflection, (along thevs = vd plane)
enables efficient computation of the worst-case errors of the
least-squares model. We then adjust the constant term from the



linear-regression to balance the positive and negative worst-
case errors. We now have

(C−1
M Aids)V + (C−1

M Aids)bids − (C−1
M Aids)uids

≤ V̇
≤ (C−1

M Aids)V + (C−1
M Aids)bids + (C−1

M Aids)uids

(5)
whereAids is computed from the linear regression andbids
anduids are determined by the error analysis.

This model is simple, efficient to compute and worked
fairly well for the toggle example. Section V-B describes some
specific situations where the error term from this model was
too large to complete the verification of the toggle and how
we refined the model to achieve a successful verification.

Finally, we need a model for the input signal,φ, which
is specified as satisfying a Brockett annulus. We obtained
a candidate annulus by simulating the toggle with inputs of
varying amplitude and frequency and observing the Brockett
annulus satisfied by the toggle’s output. We described this
annulus by giving polygons for the inner and outer rings.
Figure 6 shows the annulus that we used. We set the minimum
low and high times forφ to 0.5ns. The circuit model uses
the LP for the current bloated face to obtain bounds onφ.
The model computes the center path forφ in this interval,
computes the minimum, least-squares approximation of this
path, and finds the worst-case errors for this approximation.

B. The Reachability Computation

As described above, we divided the reachability computa-
tion into four phases according to the four state transitions
shown in Figure 3. Table I summarizes this analysis. We
start each phase with the projectagon for the starting hyper-
rectangle and note the bounding hyper-rectangle of the projec-
tagon for the reachable region at the end of each phase. Note
that the starting hyper-rectangle for each phase contains the
ending hyper-rectangle of the previous phase, and the starting
hyper-rectangle for the phase 1 contains the ending hyper-
rectangle for phase 4. Thus, we’ve established an invariant
set. Furthermore, the hyperrectangles for the four phases are
pairwise disjoint. Thus, this invariant set has a period of two
with respect to the clock input,φ.

Table I also lists the projection polygons that we used for
each phase. These were chosen with two considerations. First,
we chose projections that corresponded to logical dependen-
cies between changing signals. Thus, in the first phase whenz
changes, we includez vs. zz andz vs. x (because the falling
edge ofz enables a rising edge ofx). Second, we included
at least one polygon for each variable to bound the resulting
projectagon in all dimensions.

We now describe the verification of each of these phases in
greater detail.

Phase 1:(φ = 0, x = 0, y = 1, z = 1) → (φ = 1, x =
0, y = 1, z = 0): In this phase,φ makes a low-to-high
transition, andz goes from high-to-low. This phase starts with
φ = 0.2 volts at which pointφ is already in region 2 of
the Brockett annulus. This ensures thatφ̇ is strictly positive.
This phase includes the rising transition ofφ (region 2 of the

annulus) and the time thatφ is high (region 3). We compute
the union of the reachable regions for all times starting onceφ
has been high for the minimum required time. When this union
computation reaches a fixpoint, we have the reachable set for
the end of this phase. In the next phase,φ will enter region
4 of the Brockett annulus. We over approximate the annulus
by lowering the minimum high value forφ to 1.6 volts (from
1.65) during this phase of the verification. This allows us to
use a starting value of 1.6 volts forφ in the next phase which
will ensure thatφ̇ is strictly negative.

The linear model forφ̇ has large errors if the interval
for φ is too large. Thus, we “sliced” the space into regions
corresponding to0.1 volt wide intervals forφ. Consider the
scenario when Coho is working on a slice withφ ∈ [lo, hi ]
and let P0 be the projectagon at the end of a time step.
Coho divides theP0 into a portion,Plo , with φ ≤ hi and
a portion,Phi with φ ≥ hi . To obtainPlo , Coho intersects
each projection polygon that includesφ in its basis with the
φ ≤ hi half-plane. Projection polygons in other bases are left
unchanged. This ensures thatPlo ⊆ P0 ∩ {u |uφ ≤ lo}. Coho
computesPhi for the timestep in the same manner. Because
φ̇ > 0 whenφ is in region 2 of the Brockett ring, Coho will
eventually reach a time step whenPlo is empty.

For each projection polygon basis, Coho computes the union
of the polygons that it computed for this baseis forPhi to
obtain the projection polygon that it will use for that basisin
the next slice ofφ. It is straightforward to show that the union
of two projectagons is contained in the projectagon obtained
from the union of their projection polygons. Occasionally,the
polygons for two consecutive time steps will be disjoint – this
can occur when the projectagon barely crosses into theφ ≥ hi

half-space. In this case, Coho uses the bounding box of the
union as a simple, over approximation.

The transistor model from Section V-A can produce large
error bounds that include currents that flow against the drain-
to-source voltage. These non-physical behaviours allowedby
the model caused Coho to fail to verify the toggle. It is simple
to show that the circuit model has an invariant that all node
voltages are between 0 volts (i.e. ground) and 1.8 volts (i.e.
Vdd) and thatxx ≥ x, yy ≤ y andzz ≤ z. We modified Coho
to allow the user-supplied model to provide such invariants.
With these user-supplied invariants, Coho successfully com-
puted the tight bounds on the reachable region at the end of
the phase described above.

Phase 2: (φ = 1, x = 0, y = 1, z = 0) → (φ =
0, x = 1, y = 1, z = 0): In this phase,φ makes a high-to-
low transition, andx goes from low-to-high. The verification
proceeded in the same manner as for Phase 1.

Phase 3:(φ = 0, x = 1, y = 1, z = 0) → (φ = 1, x =
0, y = 0, z = 1): In this phase,φ goes from low-to-high,
and all three ofx, y, andz change their values, in the order
y ↓ → z ↑ → x ↓. This was the most challenging phase to
verify. As seen in Table I, we used ten projection polygons
for this phase instead of six as were used in the other phases.

The greatest challenge arose becausez can start its rising
transition whiley is still falling. To show that output,q of the



Start and end hyper-rectangle for each phase
Phase φ x y z xx yy zz

1, start 0.2 [0.000, 0.100] [1.700, 1.800] [1.700, 1.800] [0.000, 1.0] [0.000, 0.100] [0.000, 0.100]
1, end 1.6 [0.000, 0.002] [1.790, 1.800] [0.000, 0.014] [1.788, 1.8] [0.000, 0.004] [0.000, 0.001]
2, start 1.6 [0.000, 0.100] [1.700, 1.800] [0.000, 0.100] [1.700, 1.8] [0.000, 0.100] [0.000, 0.100]
2, end 0.2 [1.795, 1.800] [1.758, 1.800] [0.000, 0.043] [1.795, 1.8] [1.152, 1.736] [0.000, 0.003]
3, start 0.2 [1.750, 1.800] [1.750, 1.800] [0.000, 0.050] [1.750, 1.8] [0.800, 1.800] [0.000, 0.040]
3, end 1.6 [0.000, 0.001] [0.000, 0.005] [1.703, 1.800] [1.785, 1.8] [0.000, 0.002] [0.843, 1.740]
4, start 1.6 [0.000, 0.100] [0.000, 0.100] [1.700, 1.800] [1.700, 1.8] [0.000, 0.100] [0.800, 1.800]
4, end 0.2 [0.000, 0.100] [1.700, 1.800] [1.700, 1.800] [0.000, 1.0] [0.000, 0.100] [0.000, 0.100]

Projection Polygons for each phase
Phase Polygons
1 x vs. xx, x vs. z, z vs. zz, z vs. xx, φ vs. y, φ vs. yy

2 x vs. xx, x vs. y, x vs. yy, y vs. yy, φ vs. z, φ vs. zz

3 x vs. xx, x vs. y, x vs. yy, y vs. yy, y vs. z, y vs. zz, z vs. zz, z vs. z, z vs. xx, φ vs. z

4 x vs. xx, y vs. yy, y vs. z, y vs. zz, z vs. zz, φ vs. z

TABLE I
REACHABILITY SUMMARY

toggle satisfies the same Brockett annulus as used forφ (see
Section V-C), the transitions ofz need to have relatively small
rise and fall times. The time derivative ofz depends on the
values ofφ, y, z andzz. We found that onceφ was high (i.e.
greater than1.6 volts), it was helpful to slice on the value of
y. We used 0.1 volt wide slides fory as it fell from 1.3 volts
to 0.1 volts. We slicedz in the same manner but found that it
was unnecessary to slicex.

For z to make its rising transition,zz must also rise.
Otherwise, the current through the transistor betweenz and
zz can dominate the current through the pull-up transistor for
z. We found it surprisingly challenging to show thatzz rises
at an acceptable rate. The problem occurs when bothz andzz
have wide bounds including values close to ground for each.
With wide bounds, the error term for the current through the
transistor betweenz and zz can be large. At one extreme of
this error bound, the current fromz to zz is negative which
keeps the lower bound forzz at ground. At the other extreme,
the current formz to zz is large and positive which keepsz
from rising.

We solved the negative current problem by adding a transis-
tor model that simply determines the minimum and maximum
drain-to-source current for the region around the current face.
While this model has a large error-term, it never predicts
a current of the wrong sign. We modified Coho to each
compute forward time step twice: first using the least-squares
current models and then using the min/max models. Coho
then computes the intersection of the two projectagons thatit
obtains. Because each of the projectagons contains the actual
reachable space, their intersection does as well. This preserves
the soundness of Coho while significantly reducing the errors.

Finally, we introduced the improvements in the bloat cal-
culation described in Section IV-B and polygon simplification
described in Section IV-C. With these changes, we were able to
verify this phase (and all four phases) of the toggle’s operation.

Phase 4: (φ = 1, x = 0, y = 0, z = 1) → (φ =
0, x = 0, y = 1, z = 1): In this phase,φ makes a high-to-
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Fig. 6. The Brockett Annulus forq and q̇

low transition, andy goes from low-to-high. The verification
proceeded in the same manner as for Phases 1 and 2.

C. Verifying the Output Brockett Annulus

Thus far, we have ignored theq output of the toggle in
our analysis – we simply included a load onz equal to
the gate capacitance of transistors that driveq. We verified
the operation of the inverter separately. To do so, we first
constructed the Brockett annulus for thez output.

At each time step of the verification described above, we
determined the reachable combinations ofz and ż. We note
that ż is negative monotonic inz and positive monotonic inzz.
Thus, the extremal values ofz vs. ż occur on the boundary
of the z vs. zz projection. For each edge of thez vs. zz
projection, Coho computes the linearized circuit model and
uses this model to find the reachable combinations ofz andż.
From these, we constructed a Brockett annulus that is satisfied
by z and ż.

We then perform a separate reachability analysis for the
output inverter. The input to this circuit is modeled by the
Brockett annulus derived above, and we compute the reachable



region ofq vs. q̇ as described above forz. Figure 6 shows the
result; q clearly satisfies the constraints that we used forφ.
Thus, these toggles can be composed to form an arbitarily
large ripple-counter as desired.

VI. CONCLUSIONS

We have implemented a working version of the Coho algo-
rithm for performing reachability analysis of circuits modeled
by non-linear differential equations. We used Coho to verify
a toggle flip-flop using a model that exposed all seven nodes
of the circuit and used accurate (vendor provided BSIM-3)
transistor models. We believe that our verification of a seven-
dimensional, non-linear system is the largest such verification
to date and shows the feasibility of using formal methods to
verify digital designs at the circuit level.

Coho is slow, and our immediate work will be to address
issues of performance. We are aware of obvious opportunities
for improving the performance including more efficient algo-
rithms for some of the critical operations, and re-implementing
critical pieces of code in C instead of the current Matlab
and Java implementation. Furthermore, there is abundant par-
allelism available in Coho, as each edge of each projection
polygon can be processed independently during each time step.
The multithreading capabilities of the Java part of the code
should make this parallelism readily accessible and we will
explore parallel implementations. We note that the memory
requirements for Coho are relatively modest, and unlike many
reachability tools, we don’t expect memory to be a critical
limitation in the near future.

In the process of verifying the toggle, we have iden-
tified numerous places where the over approximations of
our models and algorithms could be reduced at a relatively
low computational cost. We will explore these refinements.
This should enable the verification of more complex circuits.
While climbing up the ladder to higher-dimensional models
is challenging, we note that it is also very rewarding. The
fraction of interesting cell designs that can be modeled grows
rapidly with dimension, and we expect that a tool that could
verify circuits with ten to fifteen nodes would be adequate for
most cells in a cell-library or specialized logic functionsin a
full-custom design. Once cells are verified with specifications
that allow compositional reasoning, more traditional tools for
discrete equivalence and model checking could be used to
verify larger designs.

This first demonstration of verifying a circuit with a de-
tailed, non-linear circuit model was far from automatic. Signif-
icant human expertise was required in using Coho, improving
the reachability algorithms, modeling the circuits, and writing
the specification. This is typical for the first demonstration of
a new verification technology. We expect that as we improve
Coho and apply it to a wider range of examples, we will also
develop a more automated verification flow that will allow
these verification techniques to be used by typical circuit
designers.
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