Bottom Up: Soundness and
Completeness

Computer Science cpsc322, Lecture 21
(Textbook Chpt 5.2)

Oct, 25, 2013

Assignment-2 due now
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Lecture Overview

* Recap
» Soundness of Bottom-up Proofs
» Completeness of Bottom-up Proofs
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(Propositional) Logic: Key ideas

Given a domain that can be represented with n
_propositions you have ...... interpretations (possible
worlds) Pl

(If you do not know anythi@ you Can@ In any om)_sg

If you know that someJIggigaLtoLml@are true (your

KB...). You know that you can be only in . ecpeiehon,
I\ wlndh Hae KQ Is d"rm&éf l/vloé\@ls of K@)

It would be nice to know wQat else is true in all those..

models wlfla"" logwcc/(/w @m&m/ézl
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PDCL syntax / semantics / proofs
Domain can be represented by Interpretations?

three propositions: p, g, r r g p
T T T
Z T T F
KB={ < ——F —
- < | T F —F—
P QgAr. - — ——
F T F
Models? - F —T—]
+ F —F
. . D
What is logically entailed ? =, oy, © e C

Prove G-{(C{/\ p)! Cfi“f/r/ Pz KB%@
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PDCL syntax / semantics / proofs

Interpretations
N - r q p
KB :rp gAT. \> T T T
d. T T F—
T = T
T F F
> F T T
Models LF T F
- F T
—E F F
What is logically entailed? 7R Z

Prove G=(qAp) G%C_ }46%/(9
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Lecture Overview

» Soundness of Bottom-up Proofs
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Soundness of bottom-up proof procedure

Generic Soundness of proof procedure:

Iff G can be proved|by the procedure (KB r G)
then G is logically entailed by the KB (KB E G)

For Bottom-Up proof
if < < atthe end of procedure
then G is logically entailed by the KB

e \og/u&{l/h/l endnled bv\ the KB
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Soundness of bottom-up proof procedure

Suppose this is not the case.”

1. Le@be the first atom added to C that is not entailed
by KB (i.e., that's wst™ +tue  in every model of KB)

2. Suppose Aisn't true in model@of KB.

3. Since Awas added to C, there must be a clause in
KB of form: he- b, 4. . b,

4. Each b;is true in M (because of 1.). his false in M.
So...... Hecdsse 15 talse v M

5. Therefore | ¢ ust 3 wode|

6. Contradiction! thus no such A exists.
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Lecture Overview

» Completeness of Bottom-up Proofs
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Completeness of Bottom Up

Generic Completeness of proof procedure:
If(G is logically entailed by the KB, (KB & G)

then G can be proved by the procedure (KB + G)
GCC

Sketch of our proof:

Msei(ﬁl: G. Then G is true in all models of KB.
. Thus Gis true in any particular model of KB

3. We will define_.a model so that if G is true in that

““model, G is proved by the bottom up algorithm.&< C
4. Thus KB EuG'
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Let's work on step 3

3. We will define a model so that if G is true in that

= model, G is proved by the bottom up algorithm.
< C

3.1 We will define an interpretation £ so thatif G is

true in I, G is proved by the bottom up algorithm.
21 &< C
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Let’s work on step 3.1

3.1 Define interpretation I so that if G is true in Z,
Then GE C.

\

Let | be the interpretation in which every element
of Cis Yrue  and every other atom is{x!s<

- {}
{e}

{e d}
{e a q

{e dc¢ T}
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Let's work on step 3.2
Claim: | is a model of KB (we'l call it theminimal model).

Proof: Assume that | is not a model of AB.
* Then there must exist some clause 1 < 6,1 ... 1 b,,,
in KB (having zero or more b;'s) which is{alse in .

* The only way this can occurisif b, ... b, are truwe
inl (i.e., are in C) and hisflse in (| e., is notin C)

« Butif each b;belonged to C, Bottom Up would have
added /Ato Cas well.

S0, there can be no clause in the KB that is false in
interpretation | (which implies the claim :-)




Completeness of Bottom Up
(proof summary)

If KB(Gthen KB @

. Suppose KBE G.
« Then Gis true 1u /| e wodels

e Thus Gis true ‘“t +te minimal obel

ws (- C C

..... 5out/\d\/\€§s
L
KE G |
B0
va O;ComPLCTéNEG Covnplertress
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An exercise for you pu c-§d,e <, }
Let’s consider these two alternative proof procedures

for PDCL P
{All clauses in KB with empty a-eng.
>c<lles} b<fng.
= {6, d } C« e.
f+-c
Y. C, ={All atoms in the knowledge base} e
o d.
{ed fca3al

A. Both X and Y are sound and complete

B. Both X and Y are neither sound nor complete
C. Xis sound only and Y is complete only %

D. X'is complete only and Y is sound only



An exercise for you pu c-§d,e <, }
Let’s consider these two alternative proof procedures

for PDCL P
A. C, ={All clauses in KB with empty a-eng.
bodies} b—fAg.
- {6, d } C « 6.
f+~c
B. Cg={All atoms in the knowledge base} e.
VIR d.
{é 4 Fc g a}

A1s sound only and B is complete only



Learning Goals for today’s class

You can:

* Prove that BU proof procedure is sound

* Prove that BU proof procedure is complete
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Next class

(still section 5.2)

« Using PDC Logic to model the electrical domain
« Reasoning in the electrical domain

« Top-down proof procedure (as Search!)

Midterm, this Mon, Oct 28,
we will start at 1pm sharp
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