Reasoning Under Uncertainty:
Variable elimination
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(Textbook Chpt 6.4)
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Lecture Overview

* Recap Intro Variable Elimination

* Variable Elimination
* Simplifications
* Example

e Where are we?
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Bnet Inference: General

» Suppose the variables of the belief network are X,..., X .

-@ Is the query variable

Y=V ..., Yi=v,are the observed variables (with their values)
«Z,, ""Zk, are the remaining variables

» What we want to compute:  P(Z|Y, =V;,...,Y; =Vv,) &~

» We can actually compute: P(Z,Y;=Vv,,...,Y; =V,
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Inference with Factors

/
-
We can compute Pz, YV,=v,, ...,Y,=v) by

» expressing the joint as a/factor,«

4
FZ Y)Y, Zp..,2 )<
*assigning Y,=v,, ..., Y=V,
*and summing out the variables Z,, ...,Z,

L
P(Z,Y,=V,,.. =V :12 Z t_(in’ i Ly, "Zk‘)levl,...,Yj:vj
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Variable Elimination Intro (1)
P(ZY, =V, Y =v) =D > T (YY1 2 L)y v

- Using the chain rule and the definition of a Bnet, we
can write P(X, ..., X )as P(X. | pX.)
AT s

* \We can express the joint factor as a product of
factors

A2, Y0.Y, ZpnnZ) TTf(X,,pX,)
=1

% n
PZ,Y, =V, Y, =v,) =Y 2Hfm
— 'z Z, ti=1 =Ygy,
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Variable Elimination Intro (2)

Inference in belief networks thus reduces to
computing “the sums of products
@)

®
P(Z,Y,=V,,...Y;=v,)=> - ZHf(x,,pX) @

1\ Zy Z, | i= Yi=Vy,enn Y=V

1. Construct a factor for each conditional probability.

2. In each factor assign the observed variables to
their observed values.

3. Multiply the factors

4. For each of the other variables Z, € {Z,, ..., Z.}
sum out Z;
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» Variable Elimination
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How to simplify the Computation?

* Assume we have turned the CPTs into factors
and performed the assignments

‘f(Xi, pXQ—) f (varsXi)
f(C D,G)c =t—>77L(QD>

Z ZHf(X PXi Nz »Z ZHf(varsX)

Zy Z, i=1

/I%s’r\ocus Wnce

Zf(c D)x f (A,B,D)x f(AE E)xf(D)

/
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How to simplify: basic case

Let’s focus on the basic case. % f (varsXi)
Z,) i=1

% f(C,D)x f(A B,D)x f (A E)x f (D)
ﬂv can we compute efficiently?
Factor out those terms that don't involve Z, !

{ Hf_(varsxi)}{z_ Hf_(varsxi)J
ko ey 2, ) NP Tea
> £ ()< (D) > %HAB Dyx%@
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General case: Summing out variables
efficiently }

v
S S xeex £ =Y Y (fxeex fig fi+1><...><fij
> fo @W

Now to sum out a variable £, from a product 7, ... xf, x f of
factors again partition the factors into two sets o
+ F: those that do w ot combriiZ

e F:those that 2 ©

k> S STF STF
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Analogy with “Computing sums of

products”

This simplification is similar to what you can do in basic
algebra with multiplication and addition

- |t takes_74 multiplications or additions to evaluate the
expression

ab+ac+ad+}a eh+arfh+agh.

* This expression be evaluated more efficiently....

a>(b+rcrdih(e $&+g§>?_

OPW&’{O S
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Variable elimination ordering
/s there only one way to simplify? 10 u/

P(G,D=t) =%, 5 {A.G) f(B,A) (C,G) f(B,C)

P(G,D=l) =L{A (A, G)/\ZB f(BA)2:1C,G)B,C) )

P(G,D=Y) = 3, f1A,G) 3 (C,G) 3, B,C) f(B.A)
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Variable elimination algorithm: Summary

-
P2 Y., ;/Z )~
To compute P(Z/ Y,=v,,... , Y~V )
1. Construct a factor for each Condltlonal probability.

2. Set the observed variables to their observed values.
3. Given an elimination ordering, simplify/decompose

f product
sum of products (2 :\)'L"">
4. Perform products and sum out £

5. Multiply the remaining factors (all in ? o )
6. Normalize: divide the resulting factor 7(2) by 2, 7(Z).
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Lecture Overview

* VVariable Elimination

* Example
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Variable elimination example

Compute P(G [ H=h,).
_PGCH) =2,

llllll

G\
é I CPSC 322, Lecture 30
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Variable elimination example

Compute P(G | H=h,).

llllll

Chain Rule + Conditional Independence:
T P(GH) = 3, 5cneri PIAP(BIA)P(C)P(DIB,C)P(EIC)P(FID)P(GIF, E)P(HIG)P(I|G)
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Variable elimination example (step1)

-— 0 -— -

/ .

e

-, A

s

llllll

11111

* (A

- f(BA)

* AC)

- 14(D,B,C)
* T(E.C)

* Is(F. D)

* 1(G,F.E)
* IAH,G)

* i5(1,G)

Compute P(G | H=h,).
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Variable elimination example (step 2)

Compute P(G | H=h,).
Previous state:

;;;;;;

Observe H :
P(G,H=h,) = 3 gcoeri TolA) F(BA) F(C) F(D,B,C) f,(E,C) f5(F, D) fi(G,F.E) Io(G) f¢(1,G)
N ew ¢xzdo

A * 1A - 1,(G)
¢ - £,(BA)
B - + £(C)
¢ Pl « £,(D,B,C)
L + L(EC)
¢ &  4F, D)
R - G/

KN s

« fofl,

i i 8(/,.G)
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Variable elimination example (steps 3-4)

Compute P(G | H=h,).
Previous state:

111111

)

P(GH=h,) = 1,(G) 31 S, 1o(F, D) 35 5,1x(1,G) S 1(G,F,E) S £(C) 1(D,B,C) F(E, 5§ 54T A) F(BA)

* I(A) * 14(G)
- £,(BA)

+ {C)

* 14(D,B,C)

 I(E,C)

* I5(F, D)

T

* Is(G,F.E)

T — O ~— 0 >
\O

* 15(1,G)
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Variable elimination example(steps 3-4)

Compute P(G / H=h, ). Elimination ordering A, C, E, I, B, D, F.
Previous state:

P(G H=h,) =1(G) 22 15(F, D) 252,5(1,G) 214G F.E) 2-(C) f5(D,B,C) f,(E,C) 2 J1,(A) f,(BA
Eliminate A: ’ e o ;\02 ’ ’ fw

PIGH=h) = 5lG) 225 HF. D) X3 lB) 2/110) Xe lHGF.E) 2¢HC) HDBO) E O,

/ A
« £(G)

i * f10(B)
Y « £(C)
¢ C « £(D,B,C)
b s  (EC)
,L E « £(F, D)
F « 7(G,F,E)
N

G
¥ X < 1,(,G)
H I
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Variable elimination example(steps 3-4)

Compute P(G / H=h, ). Elimination ordering A, C, E, I, B, D, F.

Previous state:
P(G.H=h,) = 5(G) 3 3, fy(F, D) 351,0(B) 3, 14(1,G) S G.F,E) 3o (C) £5(D,B,C) £,(E,C)

Eliminate C:
P(G H=h;) = 1y(G) 2 2p1s(F, D) 25 fm(B)Z/’fe(/,G)_g To(G,F.E) 1,(BDE)

* 1o(G)
A
¢ * f10(B)
i *f,5(B,D,E)

D
,L « f(F, D)
F « 7(G,F,E)
N
G
¥ X < 1,(1,G)
H I
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Variable elimination example(steps 3-4)

Compute P(G / H=h,). Elimination ordering A, C, E, I, B, D, F.

Previous state:
P(G.H=h,) = 15(G) X 3, Iy(F, D) 35 t,(B) 3,141, G) S 1o(G,F,E) f,o(B,D,E)
Eliminate E:

P(G,H=h;) =1(G) 2 2p15(F, D) 2511o(B) 15(B.D,F,G) 2,1(1,G)

« (G

o
¢ * f10(B)
B
¢ {
D/l f15(B.D,F,G)
,L E  £(F, D)
5
N

G
¥ X - 1,(,G)
H I
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Variable elimination example(steps 3-4)

Compute P(G / H=h, ). Elimination ordering A, C, E, |, B, D, F.

Previous state: P(G ,H=h,) =1(G) 22, 15(F, D) 25F,,(B) f,.5(B.D,F,G) 2, f41,G)

Eliminate I:
P(G,H=h,) =1{(G) [,,(G) 22 T5(F, D) 251o(B) f,5(B,0,F,G)
* 1/(G)
A
¢ * f10(B)
B
&
¢ / l +f,4(B,D,F,G)
E « 1(F, D) "114(G)

E\Q/’ﬁ-(—U
/ _

Pt
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Variable elimination example(steps 3-4)

Compute P(G / H=h,). Elimination ordering A, C, E, I, B, D, F.

Previous state: P(G H=h,) =1y(G) F,(G) 22 5(F, D) 257,)(B) f,5(BD,F,G)
Eliminate B:
P(G H=h,) = 1y(G) [1/(G) 2 2p 1s(F, D) f15(D,F,G)

* 1(G)
i
B
3
D
,L E * 1s(F, D) f,4(G)
F\ * 15(D,F,G)

=
%

Pt
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Variable elimination example(steps 3-4)

Compute P(G / H=h, ). Elimination ordering A, C, E, I, B, D, F.

Previous state: P(G,H=h,) = f(G) f,(G) 22, 5(F, D) f,5(D,F,G)
Eliminate D:
P(G,H=h,) =1{(G) F1(G) 2 1,5(F, G)

* 1y(G)
A
.
B (!
D
¢ E *f14(G)
F
RN
* f16(F, G)

=
%

Pt
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Variable elimination example(steps 3-4)

Compute P(G / H=h, ). Elimination ordering A, C, E, I, B, D, F.

Previous state: P(G H=h,) =1y(G) ,(G) 21,5(F, G)
Eliminate F:
P(G,H=hy) Lfg(G) 114(G) f77(GA « £,(G)

-f— U0 - — -

*f14G)

/’TJ"(—U

* 1,AG)

=
%

Pt
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Variable elimination example (step 5)

Compute P(G / H=h, ). Elimination ordering A, C, E, I, B, D, F.

Previous state: P(G,H=h,) =1y(G) 7,,(G) 7,AG)
Multiply remaining factors:
P(G,H=h,) = [,5(G)

-f— U0 - — -
.,

D
g
N
G
/ \ - f15(G)
H I
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Variable elimination example (step 6)

Compute P(G / H=h,). Elimination ordering A, C, E, /, B, D, F.
Previous state:
P(G,H=h,) = f,4(G)
Normalize:

P(G[H=h,) =F4(G)/ dedom(G) f15(G)
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Lecture Overview

* VVariable Elimination

* Independence
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Variable elimination and conditional
independence

« Variable Elimination looks incredibly painful for large graphs?
 We used conditional independence...

P(Ki - Xy = T—?@ ngé(»

« Can we use it to make variable elimination simpler?

: R
aII the variables from which the query is conditional

Independent given the observations can be pruned from
the Bnet
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VE and conditional independence: Example

 All the variables from which the query is conditional
independent given the observations can be pruned from
the Bnet

%N
Y e.g., P(G [ H=v,, F= v, C=v,).
¥ S
/\ ‘ \OOHA | G 6 ls Col/\o]/LJ’\\omé /}7
¢ , 3((9"’\ , A BD
o mole,pmolp/vﬂ' drowa V= rvert

P
\‘(” \o\ocv‘@o\
Py \ ) Hee observed Vvs
W d .

H, <
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Learning Goals for today’s class

You can: Ve

 Carry out variable elimination by using factor
representation and using the factor
operations.

» Use techniques to simplify variable
elimination.

-t
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Big Picture: R&R systems

/ Environment]
( Deterministic Stochastic

Problem (r‘Arc Consistency []  ¢sP
‘Constraint |yars +  Locaroh
Stat Satisfaction) ~,nstraints  [SLS o o
. 'C-I - -3 e, ‘Belief Nets
uery Logics jaﬂ“ af(exe"“; Var. Elimination
| Search | %" ;
Sequential STRIPS (5P Decision Nets= 4
Planning oc “:?fw _ Var. Elimination
- — Searcht” ¢*"" 0| Markov Processes
Representation Value Iteration
Reasoning CPSC 322, Lecture 2 Slide 33
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Answering Query under Uncertainty

Probability Theory

Dynamic Bas;esiarl T o
Static Belief Network Network  © -

& Variable Elimination / /
/ Hidden Markov Models
Monitoring tudent Tracing in
e.g credit cards) tutoring Systems

Biolnformatics |

Natural — %ow W | “ Kviews

_ _ anguage Yow will Knew ali

Diagnostic 0CEeSSING .
Systems (e.g., Some A PP‘ ‘C&'(:;o ’

medicine Email spam filters

3
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Next Class

Probability and Time (7extBook 6.5)

Course Elements
=

 Two Practice Exercises on Bnet available.— ,/

» Assignment 4 will be available on Wednesday and
due on Apr the 8! (last class).
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