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Problem Statement

o {Xy},>; latent/hidden Markov process with
X~ gt () and Xl (X1 = x) ~ fa (] ).

e {Y,},>; observation process such that observations are conditionally
independent given {X,},,-, and

Yol (Xo = x) ~ g0 (+[x) .

@ Objectives: Assume the observations available correspond to 6 = 6*,
obtain a recursive algorithm to estimate 6*.




o Linear Gaussian state-space model

Xy o~ N(O,l),XnIIXXn_l—i—O'VVn,
Y, = X,+o,W,

where V, <& A (0,1), W, "% A7 (0,1). In this case, we have
0= (a,0,,04).

@ Stochastic volatility model

X1 o~ N(O, 1), Xy =aX,—1+0,V,,
Yo = Bexp(X,/2) W,

where V, k¢ N(0,1), W, hig- N (0,1) . In this case, we have

0= (a,0,p).




Approaches to Recursive Parameter Estimation

o Bayesian approaches where 6 is an unknown random parameter with a
prior p (8) . In this case, inference relies on the sequence of
distributions p (60| y1.n) -

@ Point estimation based on recursive Maximum Likelihood and
pseudo-likelihood approaches.




Bayesian Approaches

@ In a Bayesian framework, 6 is an unknown random parameter with a
prior p (0).
@ At time n, inference relies on

p (9| ,VI:n) = /P (Xl:n:9| )’1:n) dx1:n
where

P (Xlzny 6‘ y1:n) xp (ylzn’ X1:n, 6) P (X1:n| 9) P (9> .

@ We know the sequence of distributions p (x1:n, 0| y1:n) up to a
normalizing constant so we can use SMC methods.




Preliminary Warning

@ We have
p(y1:0|6) p (6)
P (y1:n)
@ We have seen previously that, even for a fixed value 0, the SMC
estimate P (yi1:n| 0) of p(yi:n|0) is under favourable mixing
assumptions such that

P (9| y1:n) =

\% [ﬁ (YI:n| 9)]
P (}/I:nl 9)2

i.e. the performance degrade linearly with the time index n.

n
< .
— CNv

o Intuitively, estimating the whole posterior p (6| y1.,) is obviously more
difficult that estimating p (y1:n|6) for a specific value of 0. Hence the
SMC algorithms targetting p (6] y1.n) might not enjoy very good
convergence properties... Indeed this is unfortunately the case.




SMC Approximations

@ Numerous SMC schemes have been proposed to address this problem.

o | will only discuss schemes providing asymptotically consistent
estimates of p (x1., 0| y1:n), hence of p (0| y1.n); i.e. for n fixed we
have convergence for N — oo.

@ Approaches introducing some artificial random walk dynamics on the
parameter/making fixed-lag approximations do not satisfy this

property.




Naive SMC Scheme for Parameter Estimation

@ Sample (Xl(i),G(()i)> ~q(-|y1) and
o010 (4o )
T )

@ Resample {(Xl(i), Béi)> , Wl(i)} to obtain particles {Xl(i),6§i)}

Wl(i) IS

@ At time n > 2, sample X,Si) ~ Gy <| Yn,X,591> and

o (3 )egn (vixd)

o0, O]

@ Resample {(Xl(.i), 9(’21> : W,gi)} to obtain particles {Xl(:i,z,GS,i)}

n n




@ This is just a standard SMC scheme...

@ We have

/[5 (X].va 9’ y1:n) =

M=

Il
—

Wrg")(5<xl(:,2'9g)> (Xlzny 9) .

1

@ In particular, we have

N I
0| yi: n = W (i)
i=1 On
where 9£,i) correspond to the particles having been sampled at time 1
which have survived to the resampling steps at time 1,2, ..., n.
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Performance

@ This algorithm provides an asymptotically consistent estimate of the
targets under very weak assumptions....

@ ... and yes it is a very bad algorithm. We only sample particles in the
© space at time 1; this is followed by successive resampling steps.

o After a few time steps, we have

p (9| Y1:n) = 5@ (9)

where 95,') =0 foric {1,..., N}. This is somewhat similar to the
problem we faced before when there was no unknown parameter but
we were interested in estimating p (xi| y1:n)... but the problem is even
worse as, because of the lack of ergodicity, this error propagate itself.

@ Theoretically, it means that we do not have a uniform convergence
result for B (0| y1.n); only the following very weak result

A
o
—~
S
~—

p:| 1/p

E H/qo(m (B (6] yi.n) — p (6] yi.0))

where ¢ (n) increases over time.




How to improve performance?

@ We can use all the advanced methods discussed previously: auxiliary
method, resample-move, block sampling.

@ Resample move is especially attractive in this context: it consists in
adding at time n an MCMC move K, (X{:n, 9/‘ xl:,,,G) of invariant
distribution p (xi:n, 0] y1:n). To keep the algorithm on-line, we can
only update a fixed number of variables; say here 6 only.

@ For example, we could use a Gibbs step

Kn (X{:n, 91| X1:n, 9) = 5)(1;,, (X{:n) P (9/‘ }/I:nyxlzn)




Resample Move SMC for Parameter Estimation

@ Sample <X(i) 9(i)> ~q(-|y1) and

P8 ) (" )ap (11")
()

@ Resample {(Xp,@é”) W(')} to obtain particles {Xl(”,éﬁ")}.

Wl(i) 1S

1
oSampIeG ~p< | y1, X())

@ At time n > 2, sample X,S) ~ Gyl (-|yn,X,521> and

o, (900 (")

RGN

@ Resample {(Xl(' 95,) ) : W(.)} to obtain particles {Xl(.i),é i)}.

)
oSampIeO P<|Y1n X(').

n n




Implementation Issues

o At first glance, this algorithm seems difficult to implement as it
requires storing the paths {Xl(:'g} SO memory requirements increase.

@ However, in many practical applications, we have

p (9| Yi:ns Xl:n) =p (9| Sp (Xlzn:}/l:n))

i.e. it depends only on a set of sufficient statistics s, (x1:n, yi1:n) Of
fixed dimension.




Example: Linear Gaussian state-space model

@ We have

Xl ~ N(Ov 1) ) Xn - “anl +vanv
Y, = Xp+o,W,
where V, <" A (0,1), W, KN (0,1).
@ Assume for sake of simplicity that only a is unknown with

p(a) = U1 (a) .
o |t is easy to check that

P(“| }/I:nvxlzn) x N (05; mn,(T%) 1[—1,1} (IX)

n—1 -1 n
2 2 2
o, = E X , Mp =0, E Xk—1Xk | -
k=1 k=2

@ In practice, we only need to store Y, xx_1xx and ZZ;} x? instead
of x1.p.

where




Resample Move SMC with Sufficient Statistics for

Parameter Estimation

. d w\ g
q(v |)/1)an 1 &

0 _ _ 0
SEREPy

)~

@ Resample { Xl(i), Géi)> , Wl(i)} to obtain {Xl(i), s1 (Xl(i),y1> ,5@} .
|
>

2, X,s') ~ Gy <o|y,,,X,§91> and

o (0 )egn (i)

W,Si) x

n

@ Resample {(X,S' Sn (Xl(:i,),,yl;n) ,9('21) , W,Si)} to obtain
(




Comments

@ This algorithm appears elegant.

@ This algorithm and some variations have already appeared several
times in the literature (Andrieu, De Freitas & D., 1999), (Fearnhead,
2002), (Storvik, 2002), (Johannes & Polson, 2007).

@ This algorithm suffers from very severe limitations and is not robust
as, once more, it relies implicitly on the SMC approximation of a
sequence of distributions p (x1:n| y1:n) of increasing dimension; the
pitfalls of this approach were first discussed in (Andrieu, De Freitas &
D., 1999), see also (Andrieu, D. & Tadic, 2005).




lllustration of the degeneracy phenomenon
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Figure: Sufficient statistics computed exactly through the Kalman smoother
(blue) and the SMC method (red).
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Figure: SMC approximation of E [6] y;.,] for N = 1000 particles (red) as a
function of n versus true value (blue). The algorithm converges towards a wrong
value.
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Additional Comments

@ These algorithms provide asymptotically consistent approximations;
i.e. for fixed n, the SMC approximation converges towards the true
target as N increases...

@ Still, it does not mean that such algorithms perform well in practice.
For a fixed N and an increasing n, the error will increase; i.e. it is not
possible to obtain uniform convergence results.

@ You can use any advanced method you want but, as long as you rely

on an SMC approximation of p (xi:n| y1:n) (or p (sp (X1:n, ¥1:n)| Y1:n)),
then you will face the same problem eventually for n large enough.

@ For a fixed time horizon, and N large enough, such methods might
perform reasonably well and cannot be completely ruled out. However
you have to be extremely careful: determining a large enough N is
difficult (see SMC project for more information and quantitative
results).




@ The credible intervals estimates computed via such approaches are
much tighter than they should be (because of the degeneracy
phenomenon) so you cannot trust them.

@ You can expect these methods to perform very poorly when the
dimension of the parameter space is high; say superior to 5-10.

AD. ()
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Discussion and Future Work

@ It is impossible to obtain an asymptotically convergent SMC algorithm
to estimate p (0] y1.,) which enjoys uniform convergence properties.

@ At the price of a non-vanishing bias, it should be possible to obtain
much better approximations of p (6| y1.,) based on fixed-lag
approximations. The main problem is that it is difficult to quantify
the bias in practical situations.




Recursive Maximum Likelihood

@ Recursive Maximum Likelihood is a fairly old and popular approach in
the system identification/control community.

@ We show here how to implement an SMC version of it for general
state-space models.

@ Under stationary assumptions (e.g. Tadic & D., 2005), we have

1 1
—log po (Yin) = - Y logpo ( Yi| Yik—1) — 1 (6)
k=1

//y - Iog </g9 y|x) dx) Ag g+ (dy, dp),

with

where P (X) is the space of probability distributions on X and
Agg (dy,du) = /AG’Q* (dx, dy,du); Agg (dx, dy, du) being the

invariant distribution of the Markov chain
{Xny \ £ Po (Xn| Yl:nfl)}nzy




Stochastic Approximation

The set of global maxima of the averaged log-likelihood / (8) includes
6.

The function /(6) is unknown but can be maximized using a
stochatic approximation algorithm

0n = 0n-1+7,Vlog pg, , (Yol Yi:n-1) (1)

where the stepsize sequence {7,},~; is a positive non-increasing
sequence. a

Po,., (xn| Y1:n) denotes the filter computed using 6;_1 at time t and
similarly for Vlog pg,.. , (Ya| Yi:n—1) .

We typically need "7, = o0 and }_ 2 < co; i.e. one selects

Yo = Yo-n * where g > 0and 0.5 <a < 1.

This algorithm is a stochastic gradient algorithm and is not
guaranteed to converge towards 6*; only to a local maximum of /(0).
For finite-state space hidden Markov models, this algorithm was
proposed and studied by (Le Gland & Mevel, 1997).




SMC Approximation

@ We need to approximate V log py ( Ya| Ya:n—1)-

@ The first approach consists of using
\Y IOg Po ( Yn| Yl:n—l) =V IOg Po (Yl:n) -V |og Po (len—l)
where Fisher's identity yields
\Y log pg (len) = /V log py (Xl:ny Yl:n) -Pe (Xlzn’ Yl:n) dx1:n

with

V log py (Xlzny Yl:n) = Vlog Ho (Xl) + Vlog gy ( Yl‘ Xl)

n
+ ) Viogfy (x| xk—1) + Vlog go ( Y| xx) -
k=2




SMC Implementation of Fisher's identity

@ Given you favourite SMC approximation py ( xi:n| Y1:n) of
Po (Xl:n| Yl:n); say
N
PG Xln‘Yln ZWI(SX,) Xln)

(
i=1 1:n

then we can Compute an estimate
e N . .
Vlog pg (Yin) = Y WV log pg <x1(:’3, Y1;n> _
i=1

@ This estimate can be easily computed recursively using

\Y% log py (Xlzny Yl:n) =V log pg (Xlznfly Yl:nfl)
+V log fy (xn| xn—1) + Vlog g ( Yn| xn) -

° Vko\btain - -
Vlog pg (Y| Yiin—1) = Vlog pg (Yi:n) — Vlog pg ( Yi:n—1) but this
estimate has poor properties as, once more, it relies implicitly on an
approximation of the joint distribution py (x1:n| Y1:n)...




SMC Approximation of the Sensitivity Equations

@ There is an alternative way to compute V log py ( Yn| Y1:n—1) based
on sensitivity equations.

o We have
\Y% |Og Po ( YnJrl’ Yl:n) = f \Y IOg Po (Xn+1u Yn+l‘ Yl:n) p (Xn+1| Yl:nJrl) an+1
with

Vpe (Xn—i-ly Yn—i—ll Yl:n) = 89 ( £ | Xn+1) f fo (Xn+1 | Xn) Po (Xn| Yl:n)
X (V Ioggg ( Yn+l‘xn+l) +V |Og fb (Xn+1’Xn) +V |Og Ps (Xn‘ Yl:n)) dx,.

o By differentiating V log py ( Xp+1| Y1:n+1), We obtain

VPG(Xn+1vYn+1 | Yl:n)

V'DB (Xn+1| Yl:n+1) = pg(Yn+1|Y1:n)
—po (Xn+1] Yizns1) Viog pg ( Yas1| Yiin)




SMC Approximation of Filter Sensitivity

e To implement this recursion, we need to approximate Vpg (xn| Y1:n) -
This is a signed measure such that

/Vp() (Xn| ylzn) dx, = 0.

o A first idea to approximate Vpy ( xs| Yi:n) consists of using the
identity

VPG (Xn| Yl:n) = /V |0gp9 (X1:n| Yl:n) -Po (X1:n| Yl:n) dx;

this would rely once more on an SMC approximation of
po (x1:n| Y1:n)... and it is just a convoluted way to rewrite the
previous algorithm.




@ An alternative consists of using (Poyadjis, D. & Singh, 2005)

Vpe (Xn’ Yl:n)

\Y% Xn| Y1:n) =
PG( ’ ' ) pf?(Xn‘Yl:n)

-Po (Xn‘ Yl:n) ;
that is if Bp (Xn| Y1) = L0 4 W,Si)éx(;) (xn) then

N VPe(
Vpg Xn|Y1n ZWI ;
i=1 Pe (XIS)

),

. ) x( (n)

@ This only relies on approximation of the marginals; the price to pay is
and

that we now need a pointwise estimate of py (X,g')

Vs (X4”| Y1) . The algorithm is thus in O (N?).
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SMC Approximation

@ At time n— 1, assume approximations of the filtering distribution and
its derivatives of the form

N .
/p\f) (anl‘ y1:n71) = Z W,$I_)15X<,->1 (anl) ,
i=1 n=
T ) A()
Vg (Xn71| y1:n71) = Z Wn—lAn—léx(" X (anl) ,
i=1 n=

(i)

are available where A.”, is an approximation of
Vg (ergl ‘ y1:n71) / Py <X,591‘ Y1:n71) .

@ We obtain the pointwise approximations of py (Xn, Yn| ¥Y1:n-1),
VPG (Xny _)/n| y1:n—1)

Po (anyn’ylznfl) = Zerl Wn(i_)lg(y,,‘ xy) f (anynvxrgQ ) '
%G(Xnv}/nb/l:n—l) = 8o (yn|Xn) /I'V:1 Wn(lf)lfé (Xﬂ|Xr§L)1>
x (V log g (ya| xa) + Vlog fy (xa] X\0}) + AL




@ We use a marginalized version of the APF which relies on a joint
probability density

elt} (an }/n| Xn—l) = Qo (Xn| }/n:Xn—l) o ()/n| Xn—l)
which is an approximation of

Po (Xnv)/n| Xn—l) = 89 ()/n| Xn) ﬂ) (Xn| Xn—l)

@ We construct the marginal importance distribution

qo (xn|yn) =

=

I
—

w g, (Xn|}/nyX,591> :

W,Si) oS W,Si)lqe (Yn|X,591)-

e Sampling from gy (xn| yn) includes implicitly the resampling step.
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SMC for Sensitivity

e Sample X,si) ~ Go (*| yn)-

o Evaluate
L, (Xn(’),yn ),LH) o VP (Xlgi),yn Y1:n71)
wy = 0 o dn = (i)
qe (Xn )/n) qe (Xn }/n)
W,,(') oS W,SI) with 2 Wn(l) =1,
i=1
; N o U
LY R WPy ST
Zszl W,(;I) Zjl'vzl Wrsj)
o We have
2;"\1:1 3/(7i)

Vlog pg (Ya| Yiin-1) =

le‘vzl Wrsi) '




SMC for Recursive Maximum Likelihood

e Sample X,gi) ~qp, , (| yn).
@ Evaluate
~ () A (i)
(i) Po,_1 (Xn v Yn y1:n71) (i VP(—‘)”fl (Xn v Yn

" 6, (eri) yn) T 6, (eri)

) . N )
W o w with YW =1,
i=1

y1:n71)

")

i N 0)
wilal) = N"”g) o Wn(")izfvzl s
@ Update the parameter
N ()
9n — 9n—]_ _|_ ,)/n ZIZI an




Comments

@ This algorithm is perhaps not very elegant but simple.

@ This algorithm only relies on the SMC approximation of the marginals
P (Xn| )/1:n) .

@ Under standard mixing assumptions, we can establish uniform
convergence results for Vpy (xa| y1:n) -

@ There is no accumulation of errors over time contrary to the SMC
approaches discussed earlier.

@ It has been used successfully for high-dimensional parameter
estimation problems arising in robotics and bioinformatics.

@ The observed information matrix can be computed similalry.




Limitations of this approach

e ltisin O (N2) although fast methods can be used to speed it up.

@ It requires scaling the step-size sequence appropriately for
multidimensional parameters.

o It is only useful for large datasets.




Alternative to Stochastic Gradient

In a batch context, the EM algorithm is a very popular alternative to
gradient-type approaches.

It is possible to derive an online version of the EM.

@ However, once more, this algorithm would rely on an SMC
approximation of pg (x1:n| ¥1:n) -

A simple fixed-lag approximation can be used to mitigate this problem
but not asymptotically consistent (good course project though).




Pseudo-likelihood Approaches

@ Instead of trying to maximize the likelihood, we introduce a
pseudo-likelihood.

@ Assuming a stationary state-space model, we have

(k+1)L

Po (< yi) = 7o (xirv1)8 (ier1lxker1) [ folxilxiz1)ga(yilxi) -
i=kL+2

@ The log pseudo-likelihood for m blocks of observations is given by
m—1

IL(GvYO:mfl) = Z log pe <Yk) ) (2)
k=0

@ Compared to the true likelihood, essentially ignores the dependence
between data blocks.




@ Under ergodicity assumptions, we have

lim l/L(Q,Yo:m—l) =l (9) '

m—oo m

where

(0= [ 10g (pa (¥)) po- () d.

@ It can be shown that the set of parameters maximizing /; (0) includes
the true parameter. This follows from the fact that maximizing /; (6)
is equivalent to minimizing the following Kullback-Leibler divergence

Ky (6,6%) =1, (6") — 1, (6) > 0.
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On-line EM algorithm

@ To introduce the on-line EM, we first present an “ideal” batch EM
algorithm to minimize K (6, 6%) with respect to 6 or equivalently to
maximize / (6) .

@ At iteration k + 1, given an estimate 6, of 8%, we update our
estimate via

Ok+1 = argmax Q (6,0k) ,
[ISC)]

where

Q(6.6k) = /><Lva log (po (x,)) P, (x|y) pe- (y)dxdy .
@ Now for any 0 € ©
Q (Ok+1,0k) — Q (0k, 0x) = K1 (0k,07) — KL (8k+1,6")

(xly)
+ Jxt eyt log (pf,ﬁ,f(xw? > po, (Xy) pe+ (y)dxdy

so an iteration of this “ideal” EM algorithm decreases the value of
KL (Qk, 6*)




In practice for the models which we will consider, it is necessary to
compute a set of sufficient statistics ® (6, 0") at time k in order to
compute Q.

In practice, Q (6,0k—_1) cannot be computed as the expectations
appearing in the expression for ® (0, 6") are with respect to a
measure dependent on the unknown parameter value 0*.

Thanks to the ergodicity and stationarity assumptions, the
observations {Y,} provide us with samples from pg-(y) which can be
used for the purpose of Monte Carlo integration

&) = (1—7,) Drc1 4+ 7ieEo, , (F (Xie, Yi)| Yi) (3)

where Eg, | (¢(Xk)| Yi) denotes the expectation of ¢ with respect
to py, , (Xk|Yk).

We then substitute @, for ® (6, 6") and obtain 8, = A(Dy).

If 8 was constant and <y, = k™! then d, would simply compute the

arithmetic average of {EEg, , (¥ (Xk,Y«)|Yx)}, and converge towards
D (64, 0") by ergodicity.
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o To summarize, the vector of sufficient statistics ®_; is arbitrarily
initialized and the on-line EM algorithm proceeds as follows for the
data block indexed by k > 0.

o E-step
& = (1—7,)Pi—1 + 7, Eo, , (¥ (Xie, Yi)| Yi) -

o M-step
0 = A(Dy) .

@ In scenarios where Eg, (¥ (Xk, Y«)|Yk) does not admit an analytical
expression, a further Monte Carlo approximation can be used.
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@ Assume that a good approximation qg, | (xk|Y«) of ps, , (xk|Yk) is
available, and that it is easy to sample from qg, , (xk|Y«).

® E-step
X,S(I) ~ qg, , (|Yk> fori=1,..., N,
. - Dy ()
S = Q= 7)ProrF e ) WEX Y
i=1
where (i)
. X" Y N i
Wk(,)“pek_l(,((i)k)' Y =1
qek_l(xk |Yk) i=1
® M-step

a

0, = A(Dy) .

o If it is possible to sample from pg, | (xk|Yx) exactly then it is not
necessary to have a large N, N = 1 is sufficient. Indeed it is only
necessary to produce estimates of Eg, | (¥ (X«, Yi)| Yk).
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@ Note that as such the algorithm above leads to asymptotically biased
estimates, but that this can be easily corrected by considering instead
the following recursion for the estimation of the conditional
expectation

(i)
. Po, (X7, Y i
F, = (1—’Yk)Fk 1_}_%(,\/2 kl( /EI )IY(XE(),Yk),
1= 1q9k 1(xk |Yk)
(1)
. po,_ (X", Yk)
Ne = (1= )N 1+7kNZ—“ ’E, ,
i=1qp,_ 1(Xk |Yk)

and let Ci)k = :Ek/Nk.
@ SMC techniques can also be used to approximate this expectation.
We stress here on the fact that in the situation where SMC methods

are used in this context, the path degeneracy issue is easily dealt with
since L is fixed, and very often of small dimension.
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