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Introduction

@ Density estimation
@ Set of data {zy}x=1.., distributed from an unknown distribution F
@ Example: Recession velocities of 82 galaxies
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Figure: Histogram of velocities data
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@ Data clustering

o Set of data {zx }x—1,., that we want to cluster into different groups
and find each group centroid
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Parametric prior

@ Finite mixture

K
z ~ ) if (-|U))
j=1

with /<) 7 = 1.
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Parametric prior

@ Finite mixture

K
2~ ) mif (-|U))
j=1

with /<) 7 = 1.

e Equivalent formulation
2~ [ F(|U)dG(U)

where G = ZJK:1 7jdy; is the mixing distribution
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Parametric prior

@ Finite mixture p
2z ~ )t (+U))
j=1

with /<) 7 = 1.

e Equivalent formulation

2~ [ F(|U)dG(U)

where G = ZJK:1 7jdy; is the mixing distribution

@ Finite mixture of Gaussians

K
2~ Y N (4, 07).
j=1
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Parametric prior

@ Prior distribution on the unknowns

14 14
TT1:K ND(R,,R)
and for j=1,..., K
Ujl"ljllGo

FC () April 2007 5/ 30



Hierarchical model

@ Prior distribution on the unknowns

o o
TT1:K ™~ D(R ..... R)
e Forj=1,... K N
U, "~ Gy
@ Fork=1,..., n
clmik ~ M(mik)
zk|UCk ~ f('|UCk)
FC ()
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Inference

@ The mixing weights 711.x can be integrated out

ne +

Price = claw—) = =973
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Inference

@ The mixing weights 711.x can be integrated out

ne +

Pr(ck = C|C1;k,1) — m

@ Polya urn interpretation
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Pr(ck

Pr(ci:k—1, ck = ¢)
Pr(clk 1)
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MCMC

@ Gibbs sampler to sample from 7t ( ci:p, U1.| Z1:n).
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MCMC

@ Gibbs sampler to sample from 7t ( ci:p, U1.| Z1:n).
Q For k=1,...,n, Sample ¢, with

n_g.c+ %

—Tra klUe)

Pr(ck = c|c_k. 2, Ui ) o
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MCMC

@ Gibbs sampler to sample from 7t ( ci:p, U1.| Z1:n).

Q For k=1,...,n, Sample ¢, with

n_g.c+ %

—Tra klUe)

Pr(ck = c|c_k. 2, Ui ) o

@ Forj=1,...,K, sample Uj|c1.p, 21.5
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MCMC

@ Gibbs sampler to sample from 7t ( ci:p, U1.| Z1:n).
Q For k=1,...,n, Sample ¢, with

n_g.c+ %

—Tra klUe)

Pr(ck = c|c_k. 2, Ui ) o

@ Forj=1,...,K, sample Uj|c1.p, 21.5
@ In the conjugate case, we can integrate out the cluster locations Uk
Q@ Fork=1,..., n, Sample ¢, with probability

N_kc + %

Pricy = clek z1n) « 75—

[ F@lWp(Ule k.c.z 4)dU
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Example: Latent Dirichlet Allocation for Topic Models

@ Sample the topic weights
o o

TT1:K ND(R ..... *)

@ For k=1,..., K, sample the topics
B B
~D(=,..., =
Uy (V' 'V)

@ For each of the nwords wy, k=1,..., n

@ Choose a topic ¢ ~ M(71.1)
@ Choose a word wy ~ M(U,)

@ See Blei et al. (JMLR 2003) and Griffiths & Steyvers (PNAS 2004)
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Limits of the parametric approach

@ How to fix the number of clusters K ?
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Limits of the parametric approach

@ How to fix the number of clusters K ?

e Consider K as an hyperparameter with a given prior (reversible jumps)
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Limits of the parametric approach

@ How to fix the number of clusters K ?

e Consider K as an hyperparameter with a given prior (reversible jumps)

@ Alternative solution: going toward Bayesian nonparametrics with
Dirichlet Process Mixtures
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Dirichlet Process

@ Distribution over distributions
G ~ DP(a, Go)

@ Realization of a DP is a.s. discrete and admits the following
stick-breaking representation

(e 9]
G= 7'[j(5uj
J=1

with 7; = B; [Tx<;(1 = B,), B; ~ B(1,a) and U; ~ Go.
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Dirichlet Process

@ Some examples

a=2

—— Echantilon G ~ DP(Gg,a)

— — — Distribution de base G (normalisée)
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Dirichlet Process Mixture

@ The data z, are supposed to be distributed from the following
mixture model

2~ [ £(|U))dG(U)

where the mixing distribution G is unknown

G ~ DP(x, Gy)
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Dirichlet Process Mixture

@ Some examples

Processus de Dirichlet a mélange de Gaussiennes F|G
— . EchantilonG ~DP(G 0,a)

— — — Distribution de base G o
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Dirichlet Process Mixture

@ Some examples
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Dirichlet Process Mixture

@ Some examples
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Dirichlet Process Mixture

@ Hierarchical model
G ~ DP(«, Go)

0(G ~ G
Zk|9k ~ f(|9k)
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Chinese Restaurant Process

@ Integration over G

b
Oxl01,..., 0k ) G
k01, 01 K_11 J;BJ-Fk_l_'_ 0
or
1 K n
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Chinese Restaurant Process
&g — A




Chinese Restaurant Process
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Chinese Restaurant Process
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Dirichlet Process Mixtures

e Full posterior p(G, 61.,|21:n)
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Dirichlet Process Mixtures

e Full posterior p(G, 61.,|21:n)
e CRP: p(61:n|z1:n)

1 o«
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K0k n—1—i—zxj;( 9f+n—1—i—¢xG0

p(Ok|0 -k, zk) o P(Zk\(’k —1)P(0k[0-x)
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MCMC algorithm

e So

P (0k0 & ze) « Y F(24]0)s, +a/f(zk|9)dGO(9) « Hy
ik
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MCMC algorithm

e So

P (0k0 & ze) « Y F(24]0)s, +a/f(zk|9)dGO(9) « Hy
ik

e Conjugate case

Q@ For k=1...,n, sample 0,|0_y, zx
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MCMC algorithm

e So

P (0k0 & ze) « Y F(24]0)s, +a/f(zk|9)dGO(9) % Hy
J#k
e Conjugate case
Q@ For k=1...,n, sample 0,|0_y, zx

@ Non conjugate case
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MCMC algorithm

e So
P (0k0 & ze) « Y F(24]0)s, +a/f(zk|9)dGO(9) % Hy
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MCMC algorithm

e So
P (0k0 & ze) « Y F(24]0)s, +a/f(zk|9)dGO(9) « Hi
J#k

e Conjugate case

Q@ For k=1...,n, sample 0,|0_y, zx
@ Non conjugate case

Q Fork=1...,n,

@ Sample 0;]60_x ~ 1z ¥y 2k 0, + 7=152GCo
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MCMC algorithm

e So

P (0k0 & ze) « Y F(24]0)s, +(x/f(zk|6)dGo(9) % Hy
J#k
e Conjugate case
Q@ For k=1...,n, sample 0,|0_, z,
@ Non conjugate case
Q Fork=1...,n,
@ Sample 0;]60_x ~ 1z ¥y 2k 0, + 7=152GCo

@ With probability a(0},6x) = min(1, 'CE;:ISE;) set Oy «— 0.
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Another parameterization of DPM

@ Limit K — oo of a finite mixture model
o o
k ~D(—=, ... —
1K (K’ : K)
and for j=1,..., K
Uj|G0 ~ Gy

and for k=1,..., n

cklmk ~ M(mk)
Zk|UCk ~ f(|UCk)
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Another parameterization of DPM

@ Limit K — oo of a finite mixture model

o o
7T1:KND(R,...,?)
and for j=1,..., K
Uj|G0 ~ Gy

and for k=1,..., n

cklmk ~ M(mk)
Zk|UCk ~ f(|UCk)

e Equivalent to the former model with 8, = U,
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Another parameterization of DPM

@ Allocation variables

Pr(ck = c for c € c_|c_k,2zx, U) e f (24| Ue)

X
Pr(ck # ¢ for all j # k|c_x, 24, U) o« == [ (2z«|0)dGo(6)
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Another parameterization of DPM

@ Allocation variables

Pr(ck = cfor c € c_|c_k, 2k, U) o - lkiaf(zk\Uc)
Pr(ck # ¢ for all j # k|c_k, 2z, U) f f(zx]|0)dGo(0)

n—1+a

@ Cluster location
For c € {c1,....cn}

p(Uc|C1n z1n oCGO H P ZJ|U

J‘CJ_C
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MCMC algorithm

@ Conjugate case
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MCMC algorithm

@ Conjugate case

@ For k=1...,n, sample ¢cx|c_k, 2z, U. If ¢, takes a new value, sample
U, from Hj
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MCMC algorithm

@ Conjugate case
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@ Force{ci,...,cn}, sample UC|{zj}Cj:C
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MCMC algorithm

@ Conjugate case

@ For k=1...,n, sample ¢cx|c_k, 2z, U. If ¢, takes a new value, sample
U, from Hj
@ Force{ci,...,cn}, sample UC|{zj}Cj:C

@ Non conjugate case
Q@ Fork=1...,n,

@ Sample ¢f|c_y
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MCMC algorithm

@ Conjugate case

@ For k=1...,n, sample ¢cx|c_k, 2z, U. If ¢, takes a new value, sample
U, from Hj
@ Force{ci,...,cn}, sample UC|{zj}Cj:C

@ Non conjugate case
Q@ Fork=1...,n,

@ Sample ¢f|c_y
@ With probability a(cj, ck), set ¢, «— cf. If cx takes a new value,
sample U, from Gy
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MCMC algorithm

@ Conjugate case

@ For k=1...,n, sample ¢cx|c_k, 2z, U. If ¢, takes a new value, sample
U, from Hj
@ Force{ci,...,cn}, sample UC|{zj}Cj:C

@ Non conjugate case
Q@ Fork=1...,n,

@ Sample ¢f|c_y
@ With probability a(cj, ck), set ¢, «— cf. If cx takes a new value,
sample U, from Gy

Q Force{c,...,cn}, sample Uc|{z;}c.—c or perform some update
1<
that leaves this distribution invariant
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MCMC algorithm

@ In the conjugate case, we may be able to integrate out U
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MCMC algorithm

@ In the conjugate case, we may be able to integrate out U

Q For k=1...,n, sample ¢,|c_g, z1., with

Pr(ck = cforc € c_ylck,z1:n) o mgog [ F(zi]0)dH_y o(6)
Pr(ck # ¢j forall j # klc_k,z1.0) o =575 [ f(24]6)dGo(6)

where

Hokc(0) xGo(8) [T f(z16)
Jj#k|cj=c
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More advanced algorithms in the non conjugate case

@ Prior conditional

Pr(ck # ¢ for all j # k|cix—1) = #—&-zx
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More advanced algorithms in the non conjugate case

@ Prior conditional
PI’(C/( 7& o for aIIj 7& klclzkfl) = n—alé-‘rzx

o If cx = ¢j for some j # k, set ¢/ to a new value and sample UC; ~ Gy
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More advanced algorithms in the non conjugate case

@ Prior conditional
PI’(C/( 7& o for aIIj 7& klclzkfl) = n—alé-‘rzx

o If cx = ¢j for some j # k, set ¢/ to a new value and sample Ue; ~ Go
@ If ¢4 is a singleton, sample ¢; with

N_k.c
n—1

q(ci =cforce€cy) =
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More advanced algorithms in the non conjugate case

@ Prior conditional
PI’(C/( 7& o for aIIj 7& klclzkfl) = n—olé-‘rzx

o If cx = ¢j for some j # k, set ¢/ to a new value and sample Ue; ~ Go
@ If ¢4 is a singleton, sample ¢; with

N_k.c
n—1

q(ci =cforce€cy) =

o If ¢, = ¢j for some j # k

® f(Zk|Uc*)
) =mi 1 k
3(C, c) = min ( ‘n—1 f(zk|Uc;)
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More advanced algorithms in the non conjugate case

@ Prior conditional

Pr(Ck 7& o for aIIj 7& klclzkfl) = n—olé-‘rzx

If cx = ¢j for some j # k, set ¢} to a new value and sample UC; ~ Gy
If ¢ is a singleton, sample ¢, with

qg(cg =cforce€cy) =

If cx = ¢j for some j # k

a(ck, ¢f) = min (1,
n

If ¢ is a singleton

a(ck, ¢ ) = min (1,
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More advanced algorithms in the non conjugate case

@ Combined with partial Gibbs
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More advanced algorithms in the non conjugate case

@ Combined with partial Gibbs

@ Fork=1,..., n, if ¢k is not a singleton, sample ¢, from c;., with
probabilities

Pr(Ck = C|C1:k—1,2k, U) = b’:,lk’ff(zk|Uck)
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More advanced algorithms in the non conjugate case

@ Combined with partial Gibbs

@ Fork=1,..., n, if ¢k is not a singleton, sample ¢, from c;., with
probabilities

Pr(Ck = C|C1:k—1,2k, U) = b’:,lk’ff(zk|Uck)

@ Algorithm 7 of Neal
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