
Computational Intelligence Chapter 2, Lecture 4, Page 1

Proofs

• A proof is a mechanically derivable demonstration that

a formula logically follows from a knowledge base.

• Given a proof procedure,KB ` g meansg can be

derived from knowledge baseKB.

• Recall KB |= g meansg is true in all models ofKB.

• A proof procedure issound if KB ` g impliesKB |= g.

• A proof procedure iscomplete if KB |= g implies

KB ` g.
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Bottom-up Ground Proof Procedure

One rule of derivation,a generalized form ofmodus ponens:

If “ h ← b1 ∧ . . . ∧ bm” is a clause in the knowledge

base, and eachbi has been derived, thenh can be

derived.

You are forward chainingon this clause.

(This rule also covers the case whenm = 0.)
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Bottom-up proof procedure

KB ` g if g ∈ C at the end of this procedure:

C := {};
repeat

selectclause “h ← b1 ∧ . . . ∧ bm” in KB such that

bi ∈ C for all i, and

h 6∈ C;
C := C ∪ {h}

until no more clauses can be selected.
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Nondeterministic Choice

• Don’t-care nondeterminismIf one selection doesn’t

lead to a solution, there is no point trying other

alternatives.select

• Don’t-know nondeterminismIf one choice doesn’t lead

to a solution, other choices may.choose
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Example

a ← b ∧ c.

a ← e∧ f .

b ← f ∧ k.

c ← e.

d ← k.

e.

f ← j ∧ e.

f ← c.

j ← c.
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Soundness of bottom-up proof procedure

If KB ` g thenKB |= g.

Suppose there is ag such thatKB ` g andKB 6|= g.

Let h be the first atom added toC that’s not true in every

model ofKB. Supposeh isn’t true in modelI of KB.

There must be a clause inKB of form

h ← b1 ∧ . . . ∧ bm

Eachbi is true inI . h is false inI . So this clause is false inI .

ThereforeI isn’t a model ofKB.

Contradiction: thus no suchg exists.
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Fixed Point

TheC generated at the end of the bottom-up algorithm is

called a fixed point.

Let I be the interpretation in which every element of the fixed

point is true and every other atom is false.

I is a model ofKB.

Proof: supposeh ← b1 ∧ . . . ∧ bm in KB is false inI . Thenh

is false and eachbi is true inI . Thush can be added toC.

Contradiction toC being the fixed point.

I is called a Minimal Model.
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Completeness

If KB |= g thenKB ` g.

SupposeKB |= g. Theng is true in all models ofKB.

Thusg is true in the minimal model.

Thusg is generated by the bottom up algorithm.

ThusKB ` g.
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Top-down Ground Proof Procedure
Idea: search backward from a query to determine if it is a

logical consequence ofKB.

An answer clauseis of the form:

yes← a1 ∧ a2 ∧ . . . ∧ am

The SLD Resolutionof this answer clause on atomai with

the clause:

ai ← b1 ∧ . . . ∧ bp

is the answer clause

yes← a1 ∧ . . . ∧ ai−1 ∧ b1 ∧ . . . ∧ bp ∧ ai+1 ∧ . . . ∧ am.
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Derivations

An answer is an answer clause withm = 0. That is, it is the

answer clauseyes← .

A derivation of query “?q1 ∧ . . . ∧ qk” from KB is a

sequence of answer clausesγ0, γ1, . . . , γn such that

• γ0 is the answer clauseyes← q1 ∧ . . . ∧ qk,

• γi is obtained by resolvingγi−1 with a clause inKB, and

• γn is an answer.
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Top-down definite clause interpreter

To solve the query ?q1 ∧ . . . ∧ qk:

ac := “yes← q1 ∧ . . . ∧ qk”

repeat

select a conjunctai from the body ofac;

choose clauseC from KB with ai as head;

replaceai in the body ofac by the body ofC

until ac is an answer.
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Example: successful derivation

a ← b ∧ c. a ← e∧ f . b ← f ∧ k.

c ← e. d ← k. e.

f ← j ∧ e. f ← c. j ← c.

Query: ?a

γ0 : yes← a γ4 : yes← e

γ1 : yes← e∧ f γ5 : yes←
γ2 : yes← f

γ3 : yes← c
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Example: failing derivation

a ← b ∧ c. a ← e∧ f . b ← f ∧ k.

c ← e. d ← k. e.

f ← j ∧ e. f ← c. j ← c.

Query: ?a

γ0 : yes← a γ4 : yes← e∧ k ∧ c

γ1 : yes← b ∧ c γ5 : yes← k ∧ c

γ2 : yes← f ∧ k ∧ c

γ3 : yes← c ∧ k ∧ c
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Reasoning with Variables

• An instanceof an atom or a clause is obtained by

uniformly substituting terms for variables.

• A substitution is a finite set of the form

{V1/t1, . . . , Vn/tn}, where eachVi is a distinct variable

and eachti is a term.

• The application of a substitution

σ = {V1/t1, . . . , Vn/tn} to an atom or clausee, written

eσ , is the instance ofewith every occurrence ofVi

replaced byti .
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Application Examples
The following are substitutions:

• σ1 = {X/A, Y/b, Z/C, D/e}
• σ2 = {A/X, Y/b, C/Z, D/e}
• σ3 = {A/V, X/V, Y/b, C/W, Z/W, D/e}

The following shows some applications:

• p(A, b, C, D)σ1 = p(A, b, C, e)

• p(X, Y, Z, e)σ1 = p(A, b, C, e)

• p(A, b, C, D)σ2 = p(X, b, Y, e)

• p(X, Y, Z, e)σ2 = p(X, b, Y, e)

• p(A, b, C, D)σ3 = p(V, b, W, e)

• p(X, Y, Z, e)σ3 = p(V, b, W, e)
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Unifiers

• Substitutionσ is a unifier of e1 ande2 if e1σ = e2σ .

• Substitutionσ is a most general unifier(mgu) ofe1 and

e2 if

σ is a unifier ofe1 ande2; and

if substitutionσ ′ also unifiese1 ande2, theneσ ′ is an

instance ofeσ for all atomse.

• If two atoms have a unifier, they have a most general

unifier.
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Unification Example
p(A, b, C, D) andp(X, Y, Z, e) have as unifiers:
• σ1 = {X/A, Y/b, Z/C, D/e}
• σ2 = {A/X, Y/b, C/Z, D/e}
• σ3 = {A/V, X/V, Y/b, C/W, Z/W, D/e}
• σ4 = {A/a, X/a, Y/b, C/c, Z/c, D/e}
• σ5 = {X/A, Y/b, Z/A, C/A, D/e}
• σ6 = {X/A, Y/b, Z/C, D/e, W/a}

The first three are most general unifiers.

The following substitutions are not unifiers:
• σ7 = {Y/b, D/e}
• σ8 = {X/a, Y/b, Z/c, D/e}
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Bottom-up procedure

• You can carry out the bottom-up procedure on the ground

instances of the clauses.

• Soundness is a direct corollary of the ground soundness.

• For completeness, we build a canonical minimal model.

We need a denotation for constants:

Herbrand interpretation:The domain is the set of

constants (we invent one if the KB or query doesn’t

contain one). Each constant denotes itself.
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Definite Resolution with Variables
A generalized answer clauseis of the form

yes(t1, . . . , tk) ← a1 ∧ a2 ∧ . . . ∧ am,

wheret1, . . . , tk are terms anda1, . . . , am are atoms.

The SLD resolution of this generalized answer clause onai

with the clause

a ← b1 ∧ . . . ∧ bp,

whereai anda have most general unifierθ , is

(yes(t1, . . . , tk) ←
a1 ∧ . . . ∧ ai−1 ∧ b1 ∧ . . . ∧ bp ∧ ai+1 ∧ . . . ∧ am)θ.
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To solve query ?B with variablesV1, . . . , Vk:

Setac to generalized answer clauseyes(V1, . . . , Vk) ← B;

While ac is not an answer do

Supposeac is yes(t1, . . . , tk) ← a1 ∧ a2 ∧ . . . ∧ am

Select atomai in the body ofac;

Choose clausea ← b1 ∧ . . . ∧ bp in KB;

Rename all variables ina ← b1 ∧ . . . ∧ bp;

Let θ be the most general unifier ofai anda.

Fail if they don’t unify;

Setac to (yes(t1, . . . , tk) ← a1 ∧ . . . ∧ ai−1∧
b1 ∧ . . . ∧ bp ∧ ai+1 ∧ . . . ∧ am)θ

end while.
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Example

live(Y) ← connected_to(Y, Z) ∧ live(Z). live(outside).

connected_to(w6, w5). connected_to(w5, outside).

?live(A).

yes(A) ← live(A).

yes(A) ← connected_to(A, Z1) ∧ live(Z1).

yes(w6) ← live(w5).

yes(w6) ← connected_to(w5, Z2) ∧ live(Z2).

yes(w6) ← live(outside).

yes(w6) ← .
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Function Symbols

Often we want to refer to individuals in terms of components.

Examples: 4:55 p.m. English sentences. A classlist.

We extend the notion ofterm. So that a term can be

f (t1, . . . , tn) wheref is a function symbol and theti are

terms.

In an interpretation and with a variable assignment, term

f (t1, . . . , tn) denotes an individual in the domain.

With one function symbol and one constant we can refer to

infinitely many individuals.
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Lists
A list is an ordered sequence of elements.

Let’s use the constantnil to denote the empty list, and the
function cons(H, T) to denote the list with first elementH

and rest-of-listT. These are not built-in.

The list containingdavid, alan andrandy is

cons(david, cons(alan, cons(randy, nil)))

append(X, Y, Z) is true if listZ contains the elements ofX

followed by the elements ofY

append(nil, Z, Z).

append(cons(A, X), Y, cons(A, Z)) ← append(X, Y, Z).
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