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OUTLINE -

o Dispersion in the PDE
@ Numerical dispersion
@ Dispersion and dissipativity

@ The classical wave equation
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N IS PDE dispersion
PDE DISPERSION

Consider hyperbolic PDEs with smooth solutions.

May require long time integration and conservation of physical
quantities such as energy, Hamiltonian.

Note lack of dissipation in PDE.

Get dispersion when waves associated with different wave numbers
travel at different speed.
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N IS PDE dispersion
PDE DISPERSION

o Consider hyperbolic PDEs with smooth solutions.

@ May require long time integration and conservation of physical
quantities such as energy, Hamiltonian.

@ Note lack of dissipation in PDE.

o Get dispersion when waves associated with different wave numbers
travel at different speed.

o Consider (yes, again) the simplest advection equation first, with a
special initial value function:

us + auy, = 0,
u(0,x) = up(x) = e *.

Solution:
u(t, x) = eat=x),

- This is a wave propagating with speed a : the phase velocity.
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RIS LT - PDE dispersion
DISPERSION RELATION, PHASE VELOCITY, GROUP
VELOCITY

@ More generally (not just for advection), for up(x) = e™"¢%,
U(t,X) _ ez(wtfﬁx)v

where w = frequency.

@ Three important basic definitions:

w=w(§) Dispersion relation
€)= @ Phase velocity
C(¢) = d‘zl(é) Group velocity.

@ For advection, w = af so C = ¢ = a. The advection PDE is
non-dispersive: phase velocity is independent of wave number.
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EXAMPLE: LINEARIZED KDV -

o Consider the constant coefficient PDE

Up 4 pUx + Vg = 0.
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N TS PDE dispersion
EXAMPLE: LINEARIZED KDV

o Consider the constant coefficient PDE

Ut + puy + Vi = 0.

e Dispersion relation: plug in u(t,x) = @t~ obtaining

w:pﬁ—yﬁs.

@ Phase velocity:

c=p—vE€
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N TS PDE dispersion
EXAMPLE: LINEARIZED KDV

o Consider the constant coefficient PDE

Ut + puy + Vi = 0.

e Dispersion relation: plug in u(t,x) = @t~ obtaining
w = pt — v
@ Phase velocity:
c=p-— vE?

@ Here phase velocity depends on the wave number, so this is a
dispersive PDE. Different waves travel at different speeds.
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N TS PDE dispersion
EXAMPLE: LINEARIZED KDV

o Consider the constant coefficient PDE

Ut + puy + Vi = 0.

e Dispersion relation: plug in u(t,x) = @t~ obtaining
w = pt — v
@ Phase velocity:
c=p-— vE?

Here phase velocity depends on the wave number, so this is a
dispersive PDE. Different waves travel at different speeds.
Group velocity:

C=p—3ve
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OUTLINE -

o Dispersion in the PDE
@ Numerical dispersion
@ Dispersion and dissipativity

@ The classical wave equation
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N oIS Numerical dispersion
DISPERSION IN ADVECTION SEMI-DISCRETIZATION

@ Consider dispersion in the semi-discretization of the non-dispersive
advection equation: Plug v;(t) = e'“t=h) in

i hDOVf 0

o Obtain dispersion relation

= %sin(gh).
@ So, phase velocity _
oo asm(fh)’
Eh
group velocity
C = acos(&h).
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RIS Numerical dispersion

DISPERSION IN ADVECTION SEMI-DISCRETIZATION

o Semi-discretization

dv;
D =0.
p —l— ovj =
@ Dispersion relation w = 2sin(&h).
Phase velocity ¢ = as'"(ﬁh).

Group velocity C = acos(£h).
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N oIS Numerical dispersion
DISPERSION IN ADVECTION SEMI-DISCRETIZATION

o Semi-discretization

av;
D =0.
de " 2n 0
o Dispersion relation w = 7sin(&h).
Phase velocity ¢ = as'"(ﬁh).
Group velocity C = acos(£h).
@ Thus, the semi-discretization is dispersive although the PDE isn't!
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N oIS Numerical dispersion
DISPERSION IN ADVECTION SEMI-DISCRETIZATION

Semi-discretization

@ Dispersion relation w = 7 sin({h).

Phase velocity ¢ = aSing(gh).

Group velocity C = acos(£h).

@ Thus, the semi-discretization is dispersive although the PDE isn't!

@ Low wave numbers: C &~ ¢ =~ a. So, no difficulty here.

@ High wave numbers: some waves nearly stationary. These are
parasitic (spurious) waves: difficulty here.
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OUTLINE -

o Dispersion in the PDE
o Numerical dispersion
@ Dispersion and dissipativity

@ The classical wave equation
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N TS Dispersion and dissipativity
DISPERSION IN ADVECTION FULL DISCRETIZATION

o All full discretizations we have seen for the advection equation exhibit
numerical dispersion!

o (After all, they are not meant to approximate high wave number
solution components well.)

@ Trouble may be delayed, though not fully eliminated, when using
higher order methods.
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N TS Dispersion and dissipativity
DISPERSION IN ADVECTION FULL DISCRETIZATION

o All full discretizations we have seen for the advection equation exhibit
numerical dispersion!

o (After all, they are not meant to approximate high wave number
solution components well.)

@ Trouble may be delayed, though not fully eliminated, when using
higher order methods.

o The big difference is that dissipative methods dampen high wave
number components, hence the spurious waves are dampened too.
For instance, expect more trouble with leap-frog than with
Lax-Wendroff.
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DISPERSION IN LEAP-FROG -

. n+1 _  n—-1 n noy.
into v = v — pa(v/yy — vl

_ (wnk—¢&jh)
o Plug vj” = etwn

sin(wk) = pasin(&h).

pa=.5:
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Uy = Uy, Up(x)

= sin(nx)e "

Set n =50, 4 = 0.5, h=.0057.

T T T T
05r-
E] v V’\
-0.5F
-1 I ! I I I I
-2 -15 -1 -0.5 0.5 1 15
1 T
Exact
Leap-frog
051 u Dissipated LF,e=.5 []
. A I
VMU
-0.51
1 . . . . . .
-2 -15 -1 -0.5 0.5 1 15
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U = uy, o(x) = sin(yx)e”"™

Set n =50, 4 =0.5, h=.01x.

1 T

Exact
Leap-frog

Dissipated LF,e=.5 []

Uri Ascher (UBC) CPSC 520: Dispersion and dissipation



OUTLINE -

o Dispersion in the PDE
@ Numerical dispersion
@ Dispersion and dissipativity

@ The classical wave equation
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THE (NONLINEAR) WAVE EQUATION

@ The PDE is 2nd order in time and space:
b = o — V'(¢), x0 < x < xyp1, >0,

¢ > 0 is a constant, V/(¢) is smooth, V'(¢) = %(f).
o Initial conditions

$(0,x) = ¢o(x),  ¢+(0,x) = ¢1(x).

@ Boundary conditions: periodic on [xp, x;+1] or Dirichlet:

(b(taXO) - ¢(t7XJ+1) =0.

@ May also have absorbing, or radiating BC, designed to ensure that
spurious waves do not propagate back into domain.

Uri Ascher (UBC) CPSC 520: Dispersion and dissipation Fall 2012 15 / 26



THE (NONLINEAR) WAVE EQUATION

@ The PDE is 2nd order in time and space:
b = o — V'(¢), x0 < x < xyp1, >0,

¢ > 0 is a constant, V/(¢) is smooth, V'(¢) = %(f).
o Initial conditions

$(0,x) = ¢o(x),  ¢+(0,x) = ¢1(x).

@ Boundary conditions: periodic on [xp, x;+1] or Dirichlet:

(b(taXO) - ¢(t7XJ+1) =0.

@ May also have absorbing, or radiating BC, designed to ensure that
spurious waves do not propagate back into domain.
. 0 c th
! — — —
@ For V/ =0 can write u; + (c 0) u, =0, u <—C¢x>'
@ All in all a far more civilized problem than advection.
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THE WAVE EQUATION -

@ The PDE is 2nd order in time and space:

d)tt = C2¢xx - V,(Qb)a X0 < x < XJ41, t> 0.

@ Characteristic curves: % = +c.
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N TS Wave equation
THE WAVE EQUATION

@ The PDE is 2nd order in time and space:

Grr = C2¢XX - V/(¢)a X0 <X < xyq1, t>0.

@ Characteristic curves: % = *+c.

@ For the linear case V' = 0, the solution of the Cauchy problem is

x—+ct

o(tx) = 5 [bo(x = ct) + dulx+ el + o [ en(e)de.

x—ct

@ So, it is easy to construct exact solutions if ¢.(0,x) = 0.

@ For periodic BC on [—L, L], obtain ¢(2/L,x) = ¢(0, x) for any integer
[; for Dirichlet BC on [—L, L], obtain ¢(4/L,x) = ¢(0, x) for any
integer /.
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SRR IS Wave equation
HAMILTONIAN SEMI-DISCRETIZATION

@ Centred semi-discretization

d?v; c2 .
7 = (2t va) = V() =1

o Can write this as
d?v
dt?
the matrix B is symmetric positive definite.

= —Bv - V'(v),

@ This is a (separable) Hamiltonian system with

1 1
H(v,w) = EwTw + EVTBV + V(v),
dv; .
(sow; = 5}, j=1,...,J).
@ This semi-discretization yields a symplectic map, and it makes sense
to discretize it in time using a symplectic method.
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N IS Wave equation
LEAP-FROG REDUX

o Apply the symplectic, explicit Verlet method

n+1 n
V. — Vv
J J o n+1/2
k - VVJ b 17 7J7
1/2 —1/2
w2 —wY c? o o
p = 2 2 ) = V),

o Eliminate the w's, obtaining (for j =1,2,...,J)

an-i—l _ 2ij7 + an_l = C2M2(‘{/!L1 — 2an + an+1) - k2 V/(an)‘

@ This is the leap-frog method! (but unlike for advection it is compact
here).
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N IS Wave equation
LEAP-FROG REDUX

o Apply the symplectic, explicit Verlet method

n+1 n
V; — V!
J Jj n+1/2
k - VVJ ) 17 7J7
1/2 —1/2
w w2 ) Ve
p = 2 2 ) = V),

o Eliminate the w's, obtaining (for j =1,2,...,J)

v =20 = (v = 2 i) = KRV,

@ This is the leap-frog method! (but unlike for advection it is compact
here).

@ The leap-frog method is a favourite method for integrating the
classical wave equation (for variable c¢(x), too).
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N IS Wave equation
LEAP-FROG REDUX

o Apply the symplectic, explicit Verlet method

n+1 n
Vv — V!
J J o n+1/2
k - WJ ) 17 >J7
1/2 —1/2
VVJ'nJr / B ijn / C2 n n / n
p = 2 2 ) = V),

o Eliminate the w's, obtaining (for j =1,2,...,J)

v =20 = (v = 2 i) = KRV,

@ This is the leap-frog method! (but unlike for advection it is compact
here).

@ The leap-frog method is a favourite method for integrating the
classical wave equation (for variable c¢(x), too).

@ But what about dispersion?
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LEAP-FROG EXAMPLE: V' =0, a=1, ¢:(0)

c=1, ¢(0,x) = e " —10< x < 10; t; = 400, k = .02, h = .04.

Leap-frog scheme
12 T T T

Uri Ascher (UBC) CPSC 520: Dispersion and dissipation



N TS Wave equation
LEAP-FROG EXAMPLE: V' =0, a =10, ¢:(0) =0

c=1, $(0,x) = e’ —10< x < 10; tr = 400, k = .01, h = .02.

Leap-frog scheme
12 T T T

0.8

0.6

0.41

0.2

~02 L L L L L L L L
-10 -8 -6 -4 -2 0 2 4 6 8 10
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SRR IS Wave equation
LEAP-FROG EXAMPLE: V/(¢) =sin(¢), a =1

The sine-Gordon eqn: is solution qualitatively correct?
c=1, ¢(0,x) = e~ 10 < x < 10; t; = 400, k = .005, h = .01.

0.8
0.6

0.4
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Leap-frog scheme
T T T
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SPECTRAL METHODS -

@ An important class of high order methods, introduced here in an
anecdotal fashion.
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N IS Wave equation
SPECTRAL METHODS

@ An important class of high order methods, introduced here in an
anecdotal fashion.

@ For the problem u,, = q(x) apply Fourier transform as a solver,
rather than a theoretical tool to analyze stability.

@ On a uniform mesh, use fast Fourier transform (FFT). Solve pointwise
in Fourier space &, then return to x using IFFT.

@ This gives a very high order of accuracy if the BC are periodic, good
for numerical dispersion.
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N IS Wave equation
SPECTRAL METHODS

@ An important class of high order methods, introduced here in an
anecdotal fashion.

@ For the problem u,, = q(x) apply Fourier transform as a solver,
rather than a theoretical tool to analyze stability.

@ On a uniform mesh, use fast Fourier transform (FFT). Solve pointwise
in Fourier space &, then return to x using IFFT.

@ This gives a very high order of accuracy if the BC are periodic, good
for numerical dispersion.

@ For our PDE problem with periodic boundary conditions, use
leap-frog in time:

VT =yt ov 4 2T (2 F (V) — K2VI(T).

@ See Section 7.4 for more.
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SPECTRAL L-F: V/(¢) =sin(¢), a=1, c=

$(0,x) = e~ —10 < x < 10; t; = 400, k = .002, J = 2000 (h = .01).

spectral leap-frog
T 7 T
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SRR IS Wave equation
LEAP-FROG EXAMPLE: V'(¢) =sin(¢), a =10, c =1

$(0,x) = e~ —10 < x < 10; tr = 400, k = .005, h = .01.

Leap-frog scheme
T T T
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Ry It wave equation
SPECTRAL L-F: V/(¢) =sin(¢), a =10, c =1

$(0,x) = e~ —10 < x < 10; tr = 400, k = .002, J = 2000 (h = .01).

spectral leap-frog
T T T
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Ry It wave equation
SPECTRAL L-F: V/(¢) =sin(¢), a =10, c =1

$(0,x) = e~ tr =400, k = .001, J = 4000 (h = .005).

spectral leap-frog
T T T
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