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Abstract

We proposea methodof approximatedlynamicprogrammingor Markov
decisionprocesse$MDPSs) using algebraicdecisiondiagrams(ADDS).
We producenearoptimal valuefunctionsandpolicieswith muchlower
time and spacerequirementghan exact dynamic programming. Our
methodreduceghe sizesof the intermediatevalue functionsgenerated
duringvalueiterationby replacingthevaluesattheterminalsof theADD
with rangesof values. Our methodis demonstratean a classof large
MDPs(with upto 34 billion states)andwe compareheresultswith the
optimalvaluefunctions.

1 Introduction

Thelastdecadéhasseenmuchinterestin structuredapproache$o solving planningprob-
lemsunderuncertaintyformulatedasMarkov decisionprocesse@DPSs). Structuredalgo-
rithmsallow problemgo besolvedwithoutexplicit state-spacenumeratioroy aggrejating
statesof identicalvalue. Structuredapproachesisingdecisiontreeshave beenappliedto
classicaldynamicprogramming(DP) algorithmssuchasvalueiterationandpolicy itera-
tion[7, 3]. RecentlyHoey et.al.[8] have shavn thatsignificantcomputationahdvantages
canbe obtainedby usingan Algebraic DecisionDiagram (ADD) representatioffil, 4, 5].
Notwithstandingsuchadvanceslarge MDPsmustoftenbe solvedapproximately Thiscan
be accomplishedy reducingthe “level of detail” in the representatiorand aggrejating
stateswith similar (ratherthanidentical) value. Approximationsof this kind have been
examinedin the context of treestructuredapproachef?]; this paperextendsthis research
by applyingthemto ADDs. Specifically theterminalof an ADD will belabeledwith the
rangeof valuestaken by the correspondingset of states. As we will see,ADDs have a
numberof advantage®vertrees.

We develop two approximationmethodsfor ADD-structuredvalue functions,and apply
themto the valuediagramsgeneratedluring dynamicprogramming.Theresultis a near
optimalvaluefunctionandpolicy. We examinethetradeof betweercomputatiortime and
decisionquality, andconsiderseveral variablereorderingstratgjiesthatfacilitateapproxi-
mateaggreation.



2 Solving MDPsusing Algebraic Decision Diagrams

We assumea fully-obsenable MDP [10] with finite setsof statesS andactions.A, tran-
sition functionPr(s, a, t), rewardfunction R, anda discountednfinite-horizonoptimality
criterionwith discountfactorg. Valueiteration canbe usedto computeanoptimalstation-
arypolicy = : S — A by constructinga seriesof n-stage-to-gwaluefunctions,where:

VHl(s) = R(s) + max {ﬁz Pr(s,a,t) - V"(t)} Q)

tesS

The sequencef valuefunctionsV” producedoy valueiterationcorvergeslinearly to the
optimalvaluefunction V*. For somefinite n, the actionsthat maximizeEquationl form
anoptimalpolicy, andV™ approximatests value.

ADDs [1, 4, 5] area compactefficiently manipulabledatastructurefor representingeal-
valuedfunctionsover booleanvariablesB™ — R. They generalizea tree-structuredep-
resentatiorby allowing nodesto have multiple parentsleadingto the recombinationof
isomorphicsubgraphsindhenceto a possiblereductionin therepresentatiosize. A more
precisedefinitionof the semanticof ADDs canbefoundin [9].

Recently we applied ADDs to the solution of large MDPs [8], yielding significant
space/timesavings over relatedtree-structuredapproaches.We assumethe stateof an
MDP is characterizethy a setof variablesX = {X;, - --, X,,}. Valuesof variable X; will

bedenotedn lowercasge.g.,z;). We assumeachX; is booleant Actionsaredescribed
usingdynamicBayesiametworks (DBNSs)[6, 3] with ADDs representingheir conditional
probability tables. Specifically a DBN for actiona requirestwo setsof variablespneset
X = {Xi,---,X,} referringto the stateof the systembeforeactiona hasbeenexecuted,
andX’ = {Xj,---, X, } denotingthe stateaftera hasbeenexecuted.Directedarcsfrom

variablesin X to variablesin X' indicatedirect causalinfluence. The conditionalproba-
bility table (CPT)for eachpost-actionvariable X; definesa conditionaldistribution Pg,

over X;—i.e., a’s effect on X;—for eachinstantiationof its parents.This canbe viewed
asafunction Pg, (X, ... X,,), butwherethefunctionvalue(distribution) dependsnly on

thoseX; thatareparentsof X. We representhis functionusingan ADD. Reward func-
tionscanalsoberepresentedsingADDs. Figurel(a)showvs a simpleexampleof asingle
actionrepresentedsa DBN aswell asarewardfunction.

We usethe methodof Hoey et. al [8] to performvalueiterationusing ADDs. We referto
thatpaperfor full detailson thealgorithm,andpresenbnly a brief outlinehere.The ADD
representatiof the CPTsfor eachaction, Pg, (X), arereferredto asaction diagrams

asshawvn in Figure1(b), whereX representshe setof pre-actiorvariables{ X1, ... X, }.
Theseactiondiagramscanbe combinedinto a completeactiondiagram (Figure1(c)):

P (X', X) = [[X]- P%/(X) + X - (1 - P, (X)) 2)
=1

The completeaction diagram representsll the effects of pre-actionvariableson post-
actionvariablesfor a givenaction. The immediatereward function R(X') is alsorepre-
sentedasan ADD, asarethe n-stage-to-govaluefunctionsV™(X). Giventhe complete
actiondiagramsfor eachaction,andtheimmediaterewardfunction,valueiterationcanbe
performedby settingV’® = R, andapplyingEqg.1,

VH(X) = R(X) +r&a§{ﬁ;P“(X'7X) -V”(X’)}, ®3)

! An extensionto multi-valuedvariableswould be straightforvard.
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Figure 1: ADD representatiorof an MDP: (a) action network for a single action (top)
andtheimmediatereward network (bottom)(b) Matrix and ADD representationf CPTs
(actiondiagrams)c) Completeactiondiagram.
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Figure2: Approximationof original valuediagram(a) with errorsof 0.1 (b) and0.5(c).

followed by swappingall unprimedvariableswith primedones. All operationsn Equa-
tion 3 arewell definedin termsof ADDs [8, 12]. Thevalueiterationloopis continueduntil
somestoppingcriterionis met. Variousoptimizationsareappliedto make this calculation
asefficientaspossiblein bothspaceandtime.

3 Approximating Value Functions

While structuredsolutiontechniquesffer mary advantagesthe exact solutionof MDPs
in this way canonly work if thereare“few” distinctvaluesin avaluefunction. Evenif a
DBN representatioishaws little dependencamongvariablesfrom one stageto another
theinfluenceof variablestendsto “bleed” througha DBN over time, and mary variables
becomerelevantto predictingvalue. Thus,evenusingstructurednethodswe mustoften
relaxthe optimality constrainandgeneratenly approximatevaluefunctions,from which
nearoptimal policieswill hopefully arise. It is generallythe casethatmary of the values
distinguishedoy DP aresimilar. Replacingsuchvalueswith a singleapproximatevalues
leadsto sizereductionwhile notsignificantlyaffectingthe precisionof thevaluediagrams.

3.1 Decision Diagramsand Approximation

Considethevaluediagramshavn in Figure2(a),which haseightdistinctvaluesasshavn.
The value of eachstates is represente@sa pair [/, u], wherethe lower, I, andupper v,
boundsonthevaluesarebothrepresentedThespanof astate s, is givenby span(s)=u—I.
Pointvaluesarerepresentedby settingu=I[, and have zerospan Now supposehat the



diagramin Figure 2(a) exceedsresourcdimits, and a reductionin size is necessaryo
continuethe valueiteration process.If we chooseto no longerdistinguishvalueswhich
are within 0.1 or 0.5 of eachother, the diagramsin Figure 2(b) or (c) result, respec-
tively. The stateswhich had proximal valueshave beenmemged, wherememing a setof
statessy, s, - - ., 8, With values[ly, u1], .. ., [ln, us], resultsin an aggreyatestate t, with
arangedvalue[min(ly,...,[,), max(u, .. .,u,)]. Themidpointof the rangeestimates
the true valueof the stateswith minimal error, namely span(t)/2. The spanof V is the
maximumof all spandn the valuediagram,andthereforethe maximumerrorin V' is sim-
ply span(V')/2 [2]. Thecombinedspanof asetof stateds the spanof the pairthatwould
resultfrom memging themall. The extentof avaluediagramV is the combinedspanof the
portionof the statespacewhichit representsThe spanof thediagramin Figure2(c)is 0.5,
but its extentis 8.7.

ADD-structuredvalue functions can be leveragedby approximationtechniqueshecause
approximationganalwaysbe performeddirectly without pre-processingechniquesuch

asvariablereordering.Of courseyariablereorderingcanstill play animportantcomputa-
tionalrole in ADD-structuredmethodsput arenot neededor discoveringapproximations.

3.2 Valuelteration with Approximate Value Functions

Approximatevalueiterationsimply meansapplyingan approximatiortechniqueto the n-
stage to go valuefunction generatedht eachiterationof Eq. 3. Availableresourcesnight
dictatethatADDs bekeptbelon somefixedsize.In contrastdecisionquality mightrequire
errorsbelowv somefixedvalue,referredto asthe pruningstrength §. Theremaindeof this
papermwill focusonthe latter, althoughwe have examinedthe formeraswell [9].

Thus, the objectie of a single approximationstepis a reductionin the size of a ranged
value ADD by replacingall leaves which have combinedspanslessthan the specified
error boundby a single leaf. Givena leaf [/,«] in V, the setof all leaves[l;,u;] such
that the combinedspanof [I;, u;] with [I,u] is lessthanthe specifiederror are memged.
Repeatinghis processuntil no morememgesarepossiblegivesthe desiredresult. We have
alsoexamineda quicker, but lessexact, methodfor approximationwhich exploits thefact
thatsimply reducingthe precisionof thevaluesattheleavesof anADD memesthesimilar
values.We deferexplanationgo thelongerversionof this paper9].

Thesequencef rangedvaluefunctions,V ", corvergesaftern/ iterationsto anapproximate
(non-rangedyaluefunction, V, by taking the mid-pointsof eachrangedterminalnodein
V"', The pruning strength,d, then gives the percentagelifferencebetweenV andthe
optimal n/-stage-to-gavaluefunction V' . ThevaluefunctionV inducesa policy, 7, the
valueof whichis V. In generalhowever, Vz # V [11] 2.

3.3 Variable Reordering

As previously mentionedyariablereorderingcanhave a significanteffect onthe sizeof an
ADD, but finding thevariableorderingwhich givesriseto thesmallestADD for aboolean
functionis co-NP-completd¢4]. We examinethreereorderingmethods.The first two are
standardor reorderingvariablesn BDDs: Rudell’s sifting algorithmandrandomreorder

ing [12]. The last reorderingmethodwe considerarisesin the decisiontree induction
literature,andis relatedto theinformationgain criterion. Givena valuediagramV” with

extentd, eachvariablez is consideredn turn. The valuediagramis restrictedfirst with

z = true, andthe extent; andthe numberof leavesn; are calculatedfor the restricted
ADD. Similarvaluesé; andn; arefoundfor thex = false restriction.If we collapsedhe
entireADD into asinglenode,assuminga uniform distribution overvaluesin theresulting

2In fact, theequalityarisesif andonly if V = V*, whereV* is the optimalvaluefunction.



rangegivesustheentroyy for theentireADD:

B = [ po)log(plo))do = log(8), (4)

and representour degree of uncertaintyaboutthe valuesin the diagram. Splitting the
valueswith thevariablez resultsin two new valuediagramsfor eachof whichtheentrogy
is calculated. The gainin information (decreasen entropy) valuesare usedto rank the
variablesandtheresultingorderis appliedto the diagram.This methodwill bereferredto
astheminimumspanmethod

4 Results
Theprocedureslescribedabore wereimplementedisinga modifiedversionof the CUDD
packagd1?] , alibrary of C routineswhich providessupportfor manipulationof ADDs.

Experimentalresultsfrom this sectionwere all obtainedusingone processoion a dual-
processoPentiumll PCrunningat400Mhzwith 0.5Gbof RAM. Ourapproximatiomrmeth-
odsweretestedon variousadaptation®f a procesplanningproblemtakenfrom [7, 8].3

4.1 Approximation

All experimentsin this sectionwere performedon problemdomainswherethe variable
orderingwasthe oneselectedmplicitly by the constructor®f thedomains!

Value 4 time iter nodes leaves |V* — Vi|
Function (%) (s) (int) (%)
Optimal 0 27091 44 22170 527 0.0
1 562.35 44 17108 117 0.13

2 547.00 44 15960 77 0.14

3 112.7 15 15230 58 5.45

Approximate 4 68.53 12 14510 48 1.20
5 38.06 10 11208 38 2.48

10 6.24 6 3739 15 11.33

15 0.70 4 580 9 14.11

20 0.57 4 299 6 16.66

30 0.05 2 50 3 25.98

40 0.07 2 10 2 30.28

50 0.04 1 0 1 31.25

Tablel: Comparingoptimalwith approximatevalueiterationon adomainwith 28 boolean
variables.

In Table1 we compareoptimal valueiterationusing ADDs (SPUDDaspresentedn [8])
with approximatevalue iteration using different pruning strengthsé. In orderto avoid
overly aggressie pruningin the early stageof the valueiterations,we needto take into
accounthesizeof thevaluefunctionateveryiteration. Thereforewe useasliding pruning
strengthspecifiedasd >_;._, Blextent(R) whereR is theinitial reward diagram,g is the
discountfactorintroducedearlierandn is theiterationnumber

We illustraterunningtime, valuefunction size (internalnodesandleaf nodes) humberof
iterations,andthe averagesumof squaredifferencebetweerthe optimal valuefunction,
V*, andthevalueof theapproximatepolicy, V.

It is importantto notethatthe pruning strengthis an upperboundon the approximation
error. Thatis, theoptimalvaluesareguaranteedb lie within therangef theapproximate

3See[9] for details.
4Experimentshavedthatconclusionsn this sectionareindependenof variableordet




rangedvaluefunction. However, asnotedearlier, this bounddoesnot hold for the valueof
aninducedpolicy, ascanbe seemat 3% pruningin thelastcolumnof Tablel.

Theeffectsof approximatioron the performancef thevalueiterationalgorithmarethree-
fold. First, the approximationtself introducesan overheadwvhich dependsn the size of
the valuefunction beingapproximated.This effect canbe seenin Table 1 at low pruning
strengthq1 — 2%), wherethe runningtime is increasedrom thattaken by optimal value
iteration. Secondtherangesn thevaluefunctionreducethe numberof iterationsneeded
to attain corvergence,as can be seenin Table 1 for pruning strengthsgreaterthan 2%.
However, for thelower pruningstrengthsthis effectis notobsened. This canbeexplained
by the factthata small numberof stateswith valuesmuch greater(or muchlower) than
thatof therestof the statespacemay never be approximatedTherefore to corverge, this
portionof the statespacerequiresthe samenumberof iterationsasin the optimalcase’.

Thethird effect of approximatioris to reducethe sizeof thevaluefunctions,thusreducing
theperiterationcomputatiortime duringvalueiteration. This effectis clearlyseerat prun-
ing strengthgreaterthan2%, whereit overtalesthe costof approximationandgenerates
significanttime and spacesavings. Speedupsof 2 and4 fold are obtainedfor pruning
strengthof 3% and4% respectrely. Furthermorefewer than60 leaf nodesrepresenthe
entire statespacewhile value errorsin the policy do not exceed6%. This confirmsour
initial hypothesighatmary valueswithin agivendomainarevery similar andthus,replac-
ing suchvalueswith rangesdrasticallyreduceghe size of the resultingdiagramwithout
significantlyaffectingthe quality of theresultingpolicy. Pruningabove 5% hasalargerer-
ror, andtakesa very shorttime to corverge. Pruningstrengthf morethan40% generate
policieswhich arecloseto trivial, wherea singleactionis alwaystaken.

4.2 Variablereordering
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Figure3: Sizesof final valuediagramsplottedasa function of the problemdomainsize.

Resultan theprevioussectionwereall generatedisingthe“intuiti ve” variableorderingfor

theproblemathand.lt is probablethatsuchanorderingis closeto optimal, but suchorder

ingsmaynotalwaysbeobvious,andtheeffectsof apoororderingontheresourcesequired
for policy generationcanbe extreme. Therefore,to characterizehe reorderingmethods
discussedn Section3.3, we startwith initially randomlyshufled ordersandcomparethe

sizesof thefinal valuediagramswith thosefoundusingtheintuitive order

SWe are currentlylooking into alleviating this effectin orderto increaseconvergencespeedor
low pruningstrengths



In Figure 3 we presentresultsobtainedfrom approximatevalueiterationwith a pruning
strengthof 3% appliedto arangeof problemdomainsizes.

In theabsencef ary reorderingdiagramsproducedvith randomlyshufledvariableorders
are up to 3 times larger thanthose producedwith the intuitive (unshufled) order The
minimum spanreorderingmethod,startingfrom a randomlyshufled order, finds orders
which areequivalentto the intuitive one, producingvaluediagramswith nearlyidentical
size.Thesifting andrandomreorderingnethoddind orderswhich reducethe sizesfurther
by upto afactorof 7.

Reorderingattemptstake time, but on the otherhand,DP is fasterwith smallerdiagrams.
Valueiterationwith thesifting reorderingmethod(startingwith shufled orders)wasfound
to run in time similar to that of valueiterationwith the intuitive ordering,while the other
reorderingmethodgookslightly longer All reorderingnethodshowever, reducedunning
timesanddiagramsizesfrom thatusingno reordering py factorsof 3to 5.

5 Concluding Remarks

We examineda methodfor approximatedynamicprogrammingfor MDPs using ADDs.
ADDs arefoundto beideally suitedto thistask. Theresultswe presenhave clearlyshavn
their applicability on a rangeof MDPswith up to 34 billion states.Investigationsnto the
useof variablereorderingduring valueiterationhave alsoprovedfruitful, andyield large
improvementsin the sizesof value diagrams. Resultsshowv that our policy generatoris
robustto thevariableorder, andsothis is nolongeraconstrainfor problemspecification.
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