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Abstract

Weproposeamethodof approximatedynamicprogrammingfor Markov
decisionprocesses(MDPs) usingalgebraicdecisiondiagrams(ADDs).
We producenear-optimalvaluefunctionsandpolicieswith muchlower
time and spacerequirementsthan exact dynamic programming. Our
methodreducesthe sizesof the intermediatevaluefunctionsgenerated
duringvalueiterationby replacingthevaluesattheterminalsof theADD
with rangesof values. Our methodis demonstratedon a classof large
MDPs(with up to 34 billion states),andwe comparetheresultswith the
optimalvaluefunctions.

1 Introduction

Thelastdecadehasseenmuchinterestin structuredapproachesto solvingplanningprob-
lemsunderuncertaintyformulatedasMarkov decisionprocesses(MDPs).Structuredalgo-
rithmsallow problemsto besolvedwithoutexplicit state-spaceenumerationby aggregating
statesof identicalvalue. Structuredapproachesusingdecisiontreeshave beenappliedto
classicaldynamicprogramming(DP) algorithmssuchasvalueiterationandpolicy itera-
tion [7, 3]. Recently, Hoey et.al. [8] haveshown thatsignificantcomputationaladvantages
canbeobtainedby usinganAlgebraic DecisionDiagram (ADD) representation[1, 4, 5].
Notwithstandingsuchadvances,largeMDPsmustoftenbesolvedapproximately. Thiscan
be accomplishedby reducingthe “level of detail” in the representationandaggregating
stateswith similar (ratherthan identical)value. Approximationsof this kind have been
examinedin thecontext of treestructuredapproaches[2]; this paperextendsthis research
by applyingthemto ADDs. Specifically, theterminalof anADD will belabeledwith the
rangeof valuestaken by the correspondingsetof states.As we will see,ADDs have a
numberof advantagesover trees.

We develop two approximationmethodsfor ADD-structuredvalue functions,andapply
themto thevaluediagramsgeneratedduringdynamicprogramming.Theresultis a near-
optimalvaluefunctionandpolicy. Weexaminethetradeoff betweencomputationtimeand
decisionquality, andconsiderseveralvariablereorderingstrategiesthat facilitateapproxi-
mateaggregation.



2 Solving MDPs using Algebraic Decision Diagrams

We assumea fully-observableMDP [10] with finite setsof states
�

andactions � , tran-
sition function �������
	��
	���� , rewardfunction � , anda discountedinfinite-horizonoptimality
criterionwith discountfactor � . Valueiterationcanbeusedto computeanoptimalstation-
ary policy ��� ��� � by constructinga seriesof � -stage-to-govaluefunctions,where:������� ��� �"!#�$��� �&%('$)�*+�,.- / �102 ,�35476 �8�.	9�
	����;: ��� �<����= (1)

Thesequenceof valuefunctions
� �

producedby valueiterationconvergeslinearly to the
optimalvaluefunction

�1>
. For somefinite � , theactionsthatmaximizeEquation1 form

anoptimalpolicy, and
� �

approximatesits value.

ADDs [1, 4, 5] area compact,efficiently manipulabledatastructurefor representingreal-
valuedfunctionsover booleanvariables? � �A@

. They generalizea tree-structuredrep-
resentationby allowing nodesto have multiple parents,leadingto the recombinationof
isomorphicsubgraphsandhenceto a possiblereductionin therepresentationsize.A more
precisedefinitionof thesemanticsof ADDs canbefoundin [9].

Recently, we applied ADDs to the solution of large MDPs [8], yielding significant
space/timesavings over relatedtree-structuredapproaches.We assumethe stateof an
MDP is characterizedby asetof variablesBC!EDGF � 	G:H:H:H	�F �
I . Valuesof variableFKJ will
bedenotedin lowercase(e.g., L
J ). We assumeeachFKJ is boolean.

�
Actionsaredescribed

usingdynamicBayesiannetworks(DBNs)[6, 3] with ADDs representingtheirconditional
probability tables.Specifically, a DBN for action � requirestwo setsof variables,onesetBM!NDGF � 	H:H:G:O	�F �
I referringto thestateof thesystembeforeaction � hasbeenexecuted,
and BQP&!RDGF�P� 	G:H:G:H	�F�P� I denotingthestateafter � hasbeenexecuted.Directedarcsfrom
variablesin B to variablesin B P indicatedirect causalinfluence.The conditionalproba-
bility table(CPT) for eachpost-actionvariable F PJ definesa conditionaldistribution 4 +SUTV
over F PJ —i.e., � ’s effect on FKJ —for eachinstantiationof its parents.This canbeviewed
asa function 4 +S TV �<F ��WHWGW F � � , but wherethefunctionvalue(distribution)dependsonly on

thoseF1X thatareparentsof F PJ . We representthis functionusinganADD. Reward func-
tionscanalsoberepresentedusingADDs. Figure1(a)showsa simpleexampleof a single
actionrepresentedasa DBN aswell asa rewardfunction.

We usethemethodof Hoey et. al [8] to performvalueiterationusingADDs. We refer to
thatpaperfor full detailson thealgorithm,andpresentonly a brief outlinehere.TheADD
representationof the CPTsfor eachaction, 4 +S TV �YBZ� , are referredto asaction diagrams,

asshown in Figure1(b),where B representsthesetof pre-actionvariables,DGF � 	 WHWHW F �
I .
Theseactiondiagramscanbecombinedinto a completeactiondiagram(Figure1(c)):

4 + �YB P 	9BQ�"! �[J]\ � F PJ : 4 +S TV �YBQ��% F PJ :.�_^a` 4 +S TV �YBZ��� W (2)

The completeaction diagram representsall the effects of pre-actionvariableson post-
actionvariablesfor a given action. The immediatereward function �b��B P � is alsorepre-
sentedasan ADD, asarethe � -stage-to-govaluefunctions

� � ��BQ� . Given the complete
actiondiagramsfor eachaction,andtheimmediaterewardfunction,valueiterationcanbe
performedby setting

��c !d� , andapplyingEq.1,� �.�e� ��BQ�"!f�$�YBQ�e%g'K)h*+�,.- / �10 S T 4 + �YB P 	�BQ��: � � ��B P �h=i	 (3)j
An extensionto multi-valuedvariableswould bestraightforward.
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Figure 1: ADD representationof an MDP: (a) action network for a single action (top)
andthe immediaterewardnetwork (bottom)(b) Matrix andADD representationof CPTs
(actiondiagrams)(c) Completeactiondiagram.
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Figure2: Approximationof original valuediagram(a)with errorsof 0.1(b) and0.5(c).

followed by swappingall unprimedvariableswith primedones. All operationsin Equa-
tion 3 arewell definedin termsof ADDs [8, 12]. Thevalueiterationloopis continueduntil
somestoppingcriterionis met. Variousoptimizationsareappliedto make this calculation
asefficientaspossiblein bothspaceandtime.

3 Approximating Value Functions

While structuredsolutiontechniquesoffer many advantages,the exact solutionof MDPs
in this way canonly work if thereare“few” distinctvaluesin a valuefunction. Evenif a
DBN representationshows little dependenceamongvariablesfrom onestageto another,
the influenceof variablestendsto “bleed” througha DBN over time, andmany variables
becomerelevant to predictingvalue. Thus,evenusingstructuredmethods,we mustoften
relaxtheoptimality constraintandgenerateonly approximatevaluefunctions,from which
near-optimalpolicieswill hopefullyarise. It is generallythecasethatmany of thevalues
distinguishedby DP aresimilar. Replacingsuchvalueswith a singleapproximatevalues
leadsto sizereduction,while notsignificantlyaffectingtheprecisionof thevaluediagrams.

3.1 Decision Diagrams and Approximation

Considerthevaluediagramshown in Figure2(a),whichhaseightdistinctvaluesasshown.
The valueof eachstate � is representedasa pair k l_	�mon , wherethe lower, l , andupper, m ,
boundsonthevaluesarebothrepresented.Thespanof astate,� , is givenby p�qorhst�8��� = mu`�l .
Point valuesare representedby setting m = l , andhave zerospan. Now supposethat the



diagramin Figure 2(a) exceedsresourcelimits, and a reductionin size is necessaryto
continuethe valueiterationprocess.If we chooseto no longerdistinguishvalueswhich
are within 0.1 or 0.5 of eachother, the diagramsin Figure 2(b) or (c) result, respec-
tively. The stateswhich hadproximal valueshave beenmerged,wheremerging a setof
states� � 	9��v.	 WHWGW 	9� � with values k l � 	�m � n8	 WHWHW 	Gk l � 	�m � n , resultsin anaggregatestate,� , with
a ranged value k '$w]x��Yl � 	 WHWGW 	9l � �O	�'K)h*y�Ym � 	 WHWGW 	�m � �zn . The midpoint of the rangeestimates
the true valueof thestateswith minimal error, namely, p8q{r�s���|���}�~ . Thespanof

�
is the

maximumof all spansin thevaluediagram,andthereforethemaximumerrorin
�

is sim-
ply p8qorhst���7��}�~ [2]. Thecombinedspanof asetof statesis thespanof thepair thatwould
resultfrom merging themall. Theextentof avaluediagram

�
is thecombinedspanof the

portionof thestatespacewhichit represents.Thespanof thediagramin Figure2(c) is 0.5,
but its extentis 8.7.

ADD-structuredvalue functionscan be leveragedby approximationtechniquesbecause
approximationscanalwaysbeperformeddirectly without pre-processingtechniquessuch
asvariablereordering.Of course,variablereorderingcanstill play animportantcomputa-
tional role in ADD-structuredmethods,but arenotneededfor discoveringapproximations.

3.2 Value Iteration with Approximate Value Functions

Approximatevalueiterationsimply meansapplyinganapproximationtechniqueto then-
stage to go valuefunctiongeneratedat eachiterationof Eq. 3. Availableresourcesmight
dictatethatADDs bekeptbelow somefixedsize.In contrast,decisionqualitymightrequire
errorsbelow somefixedvalue,referredto asthepruningstrength, � . Theremainderof this
paperwill focuson thelatter, althoughwehaveexaminedtheformeraswell [9].

Thus, the objective of a singleapproximationstepis a reductionin the sizeof a ranged
value ADD by replacingall leaves which have combinedspanslessthan the specified
error boundby a single leaf. Given a leaf k l_	�mon in

�
, the set of all leaves k l�J�	�m
J<n such

that the combinedspanof k l J 	�m J n with k l_	�mon is lessthan the specifiederror are merged.
Repeatingthis processuntil no moremergesarepossiblegivesthedesiredresult.We have
alsoexamineda quicker, but lessexact,methodfor approximation,which exploits thefact
thatsimply reducingtheprecisionof thevaluesat theleavesof anADD mergesthesimilar
values.We deferexplanationsto thelongerversionof thispaper[9].

Thesequenceof rangedvaluefunctions, �� �
, convergesafter � P iterationsto anapproximate

(non-ranged)valuefunction, �� , by takingthemid-pointsof eachrangedterminalnodein�� � T
. The pruning strength, � , then gives the percentagedifferencebetween �� and the

optimal � P -stage-to-govaluefunction
� � T

. Thevaluefunction �� inducesa policy, �� , the
valueof which is

�e�� . In general,however,
�e����!��� [11] v .

3.3 Variable Reordering

As previouslymentioned,variablereorderingcanhaveasignificanteffecton thesizeof an
ADD, but finding thevariableorderingwhichgivesriseto thesmallestADD for aboolean
function is co-NP-complete[4]. We examinethreereorderingmethods.Thefirst two are
standardfor reorderingvariablesin BDDs: Rudell’ssifting algorithmandrandomreorder-
ing [12]. The last reorderingmethodwe considerarisesin the decisiontree induction
literature,andis relatedto the informationgain criterion. Givena valuediagram

�
with

extent � , eachvariable L is consideredin turn. The valuediagramis restrictedfirst withL�!�|8���o� , andthe extent � 2 andthe numberof leaves � 2 arecalculatedfor the restricted
ADD. Similar values��� and �&� arefoundfor the LZ!(�Or���pH� restriction.If wecollapsedthe
entireADD into asinglenode,assumingauniformdistributionovervaluesin theresulting�

In fact,theequalityarisesif andonly if ��������
, where

���
is theoptimalvaluefunction.



rangegivesustheentropy for theentireADD:� !f�E�e�<���_l��� ¡�¢�e�Y�����_£
�K!#lY�� ¤�Y����	 (4)

and representsour degreeof uncertaintyaboutthe valuesin the diagram. Splitting the
valueswith thevariableL resultsin two new valuediagrams,for eachof which theentropy
is calculated.The gain in information(decreasein entropy) valuesareusedto rank the
variables,andtheresultingorderis appliedto thediagram.Thismethodwill bereferredto
astheminimumspanmethod.

4 Results

Theproceduresdescribedabovewereimplementedusingamodifiedversionof theCUDD
package[12] , a library of C routineswhich providessupportfor manipulationof ADDs.

Experimentalresultsfrom this sectionwereall obtainedusingoneprocessoron a dual-
processorPentiumII PCrunningat400Mhzwith 0.5Gbof RAM. Ourapproximationmeth-
odsweretestedonvariousadaptationsof a processplanningproblemtakenfrom [7, 8]. ¥
4.1 Approximation

All experimentsin this sectionwereperformedon problemdomainswherethe variable
orderingwastheoneselectedimplicitly by theconstructorsof thedomains.¦

Value § time iter nodes leaves ¨ ©¤ªy«U©�¬­ ¨
Function (%) (s) (int) (%)
Optimal 0 270.91 44 22170 527 0.0

1 562.35 44 17108 117 0.13
2 547.00 44 15960 77 0.14
3 112.7 15 15230 58 5.45

Approximate 4 68.53 12 14510 48 1.20
5 38.06 10 11208 38 2.48
10 6.24 6 3739 15 11.33
15 0.70 4 580 9 14.11
20 0.57 4 299 6 16.66
30 0.05 2 50 3 25.98
40 0.07 2 10 2 30.28
50 0.04 1 0 1 31.25

Table1: Comparingoptimalwith approximatevalueiterationonadomainwith 28boolean
variables.

In Table1 we compareoptimal valueiterationusingADDs (SPUDDaspresentedin [8])
with approximatevalue iteration using different pruning strengths� . In order to avoid
overly aggressive pruning in the early stageof the valueiterations,we needto take into
accountthesizeof thevaluefunctionateveryiteration.Therefore,weuseaslidingpruning
strengthspecifiedas ��® �J¯\ c � J8° Lo� ° �¤�O�Y�±� where � is the initial rewarddiagram,� is the
discountfactorintroducedearlierand � is theiterationnumber.

We illustraterunningtime, valuefunctionsize(internalnodesandleaf nodes),numberof
iterations,andtheaveragesumof squareddifferencebetweentheoptimalvaluefunction,�1>

, andthevalueof theapproximatepolicy,
� �� .

It is importantto notethat the pruningstrengthis an upperboundon the approximation
error. Thatis, theoptimalvaluesareguaranteedto lie within therangesof theapproximate²

See[9] for details.³
Experimentsshowedthatconclusionsin this sectionareindependentof variableorder.



rangedvaluefunction.However, asnotedearlier, this bounddoesnot hold for thevalueof
aninducedpolicy, ascanbeseenat ´¶µ pruningin thelastcolumnof Table1.

Theeffectsof approximationontheperformanceof thevalueiterationalgorithmarethree-
fold. First, the approximationitself introducesan overheadwhich dependson thesizeof
thevaluefunctionbeingapproximated.This effect canbeseenin Table1 at low pruning
strengths( ^�`�·
µ ), wheretherunningtime is increasedfrom that takenby optimalvalue
iteration. Second,therangesin thevaluefunctionreducethenumberof iterationsneeded
to attain convergence,ascan be seenin Table1 for pruningstrengthsgreaterthan ·
µ .
However, for thelowerpruningstrengths,thiseffect is notobserved.Thiscanbeexplained
by the fact that a small numberof stateswith valuesmuchgreater(or muchlower) than
thatof therestof thestatespacemayneverbeapproximated.Therefore,to converge,this
portionof thestatespacerequiresthesamenumberof iterationsasin theoptimalcasȩ .

Thethird effectof approximationis to reducethesizeof thevaluefunctions,thusreducing
theperiterationcomputationtimeduringvalueiteration.Thiseffect is clearlyseenatprun-
ing strengthsgreaterthan ·¶µ , whereit overtakesthecostof approximation,andgenerates
significanttime andspacesavings. Speedupsof 2 and4 fold areobtainedfor pruning
strengthsof ´¶µ and ¹�µ respectively. Furthermore,fewer than60 leaf nodesrepresentthe
entirestatespace,while valueerrorsin the policy do not exceed º¶µ . This confirmsour
initial hypothesisthatmany valueswithin agivendomainareverysimilarandthus,replac-
ing suchvalueswith rangesdrasticallyreducesthe sizeof the resultingdiagramwithout
significantlyaffectingthequalityof theresultingpolicy. Pruningabove »
µ hasa largerer-
ror, andtakesa very shorttime to converge.Pruningstrengthsof morethan ¹
¼�µ generate
policieswhich arecloseto trivial, whereasingleactionis alwaystaken.

4.2 Variable reordering
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Figure3: Sizesof final valuediagramsplottedasa functionof theproblemdomainsize.

Resultsin theprevioussectionwereall generatedusingthe“intuiti ve” variableorderingfor
theproblemathand.It is probablethatsuchanorderingis closeto optimal,but suchorder-
ingsmaynotalwaysbeobvious,andtheeffectsof apoororderingontheresourcesrequired
for policy generationcanbe extreme. Therefore,to characterizethe reorderingmethods
discussedin Section3.3,we startwith initially randomlyshuffled ordersandcomparethe
sizesof thefinal valuediagramswith thosefoundusingtheintuitiveorder.½

We arecurrentlylooking into alleviating this effect in orderto increaseconvergencespeedfor
low pruningstrengths



In Figure3 we presentresultsobtainedfrom approximatevalueiterationwith a pruning
strengthof ´¶µ appliedto a rangeof problemdomainsizes.

In theabsenceof any reordering,diagramsproducedwith randomlyshuffledvariableorders
are up to 3 times larger than thoseproducedwith the intuitive (unshuffled) order. The
minimum spanreorderingmethod,startingfrom a randomlyshuffled order, finds orders
which areequivalentto the intuitive one,producingvaluediagramswith nearlyidentical
size.Thesifting andrandomreorderingmethodsfind orderswhich reducethesizesfurther
by up to a factorof 7.

Reorderingattemptstake time, but on theotherhand,DP is fasterwith smallerdiagrams.
Valueiterationwith thesifting reorderingmethod(startingwith shuffledorders)wasfound
to run in time similar to thatof valueiterationwith the intuitive ordering,while theother
reorderingmethodstookslightly longer. All reorderingmethods,however, reducedrunning
timesanddiagramsizesfrom thatusingno reordering,by factorsof 3 to 5.

5 Concluding Remarks

We examineda methodfor approximatedynamicprogrammingfor MDPs usingADDs.
ADDs arefoundto beideallysuitedto this task.Theresultswepresenthaveclearlyshown
their applicabilityon a rangeof MDPswith up to 34 billion states.Investigationsinto the
useof variablereorderingduringvalueiterationhave alsoprovedfruitful, andyield large
improvementsin the sizesof valuediagrams.Resultsshow that our policy generatoris
robustto thevariableorder, andsothis is no longera constraintfor problemspecification.
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