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Markov's Inequality

Theorem 1 (Markov's Inequality)

Given a non-negative random variable Y, for all t > 0,

Pr[v>t]<¥

Proof:

The following holds by construction.
t-IY >t <Y-IY > t] (1)
Apply expectation to both sides.

Eft-I[Y > t] <E[Y-I[Y > t]] 2
P > 1 < PV H[tY >4l _ E[tv] )

Final inequality follows from non-negativity of Y.
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Markov's Inequality

Theorem 2 (Generalized Markov's Inequality)

Given a random variable Y € I, where I C R, if for all t € I, ¢(t) > 0 then,

Prig(Y) > p(v] < =2
Proof:
The following holds by construction.
@(t) - Te(Y) = o(t)] < @(Y) - Ilp(Y) > @(t)] ()
Apply expectation to both sides.
@(t) - Prio(Y) = o(t)] <Ele(Y) - Te(Y) > @(t)]] (6)

By non-negativity of @(t).

(7)
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Chebyshev's Inequality

Theorem 3 (Chebyshev's Inequality)

Given a random variable Z, for all t > 0,

PrlilZ —E[Z]| > t] <

Proof:

The following holds by construction.
t*-1[(Z — E[Z])* > t°] < (Z - E[Z))* - I[(Z - E[Z])* > t*] (1)
Apply expectation to both sides.
t?-Prl(Z —E[Z])* > ] <ElZ - ElZ)? - I(Z-EZ)* > *]  (2)
By non-negativity of (Z — E[Z])?.

E[(Z—E[Z])?] _ Var(Z)
2 = (3)
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Chebyshev's Concentration Bound

Theorem 4 (Chebyshev's Concentration Bound)
Let Z = X3 + ... + X;; where the Xj's are independent then,

1
Pr [—
n

Var(Z)
t2

] _ X Var(Xy)

PrlilZ —E[Z]| > t] <

n

Y (X —EXi)

i=1
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The Cramér-Chernoff Method

Let Z, be a real-valued random variable. For A > 0, using (Generalized)
Markov's inequality with @(t) = exp(At) gives,

Elexp(AZ)]

PriZ > t] = Prlexp(AZ) > exp(At)] < exp(At)

Since inequality holds for all A > 0, choose A to minimize the upper bound.

Let,
Pz (A) = log Elexp(AZ)] (Moment generating function)
Y7 (t) = sup(At —pz(A)) (Cramér transform of Z)
A€R
then,

Pr(Z > t] < exp(—)% (1))
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The Cramér-Chernoff Method (Bernoulli)

Let Y be a Bernoulli random variable with probability of success p. Denote
Z =Y —7p. Then,
Pz(A) = log Elexp(AZ)] = log(pe™ + 1 —p) — Ap

P (t) = sup(At —Pz(A)) = sup(At — log(pe + 1 —p) — Ap)
AER AER

Differentiate and solve for A,

0=(t—p—pexp(A))/(pexp(A) —p +1)) (1)
o 1=pllp+t)
)\_Iog—p(l—p—t) (2)
Y7 () = (l—p—t)log1;+$t+(p+t)logpth

forte (0,1 —7p).
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Simplifying...
KL-Divergence: D(x|ly) = (1—x)|og +x|og—
1—p—
ll)*z(t)=(1—p—t)log1+t+(p+t)logp;rt (1)
Leta=t+p
" 1 l1—a a
Wyla) = (1~ a)log ;= +alog 2)

¥ (a) = D(allp) (3)
Recall... Z=Y —p where Y is the Bernoulli random variable.
PriZ >t =Pr[Y 2 p+t] <exp(—%(t+p)) =exp(—D(p + tlp))
Note: A upper bound follows for using Z =p —Y.
PriZ >t =Pr[-Y > —p +t] =Pr[Y <p —t] <exp(—D(p —tllp))
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Sums of Independent random variables

Let Z = X1 + ... + X, where the Xj's are independent and identically
distirbuted (i.i.d.) then,

n

hz(A) =logElexp(A ) Xi)l = log | [ Elexp(AX:)] =n - hx(N)

i=1 i=1

Consider a random variariable Y with binomial distirubtion with
parameters . and p. Then,

PrlY >t —np] < exp(—m - D(p + t/n|lp))
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The Cramér-Chernoff Method (Normal random variables)

Let Z be a centered normal random variable with variance o2. Then,

2202
¥z(A) = log Elexp(AZ)] = ——
7\2(72
V7 (1) = sup(At —hz(A) =At — =
AER
Differentiate and solve for A,

Py (t) = t2/(20°)
PriZ > t] < exp(—%(t)) = exp(—t?/(207))
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Hoeffding's Lemma (Bounded variables)

Lemma 1 (Hoeffding's Lemma)

Let Y be a random variable with E[Y] = 0, taking values in a bounded
interval [a, b] then,

Py (A) = log Elexp(AY)] < %)\z(b —a)?

P (t) = sup(At —hz(A)) = At —A*(b — a)?/8
AER

Differentiate and solve for A,
0=t—A(b—a)?/4
A=4t/(b—a)?
Py (t) = 2t%/(b — a)?
Pr(Z > t] < exp(—¥%(t)) = exp(—2t*/(b — a)?)
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Hoeffding's Concentration Bound

Let Z = X1 + ...+ Xn, Xi's are independent, X; € [ai, bi] and E[X;] =0,

n

n n 1
Pz(A) = log ]E[exp()\;xi)] = IogiE[lIE[exp()\X g 3
W0 = spM — b2 () =2t SN0y~ ay)?
Differentiate and solve for A,
OZt—Z{L:l Az(bi—ai)2/4 (1)
A= 4t/ Z?:l(bi — ai)z (2)

Py (1) =2t2/ 3 (b —aq)?
PriZ > t] < exp(—%(t)) = exp(—2t/ Y 14 (bi — ai)?)
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Multiplicative Chernoff Bound

Theorem 5 (Multiplicative Chernoff Upper Bound)

Let X1, ..., X, be independent random Bernoulli random variables, where
pi = E[Xi]. Then for Z=X; + ... + Xy, pn =E[Z] = Z?:l pi and any
€ >0,

€2
PriZ > (1+ e)pl < exp (—2— >

1+e/3)"
Proof: Elexp(AZ)]
exp
Priz> L+ e < ommron
Elexp(AZ)] = Elexp(A ) Xi)] = | [ Elexp(AX1)]
i=1 i=1
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Multiplicative Chernoff Bound

Proof Continued...

Elexp(AXi)] < piexp(A) +1—p; (3)
=1+ pi(exp(t)—1) (4)
Using 1 + x < exp(x) with x = pi(exp(A) — 1)
< exp(pi(exp(t) — 1)) (5)
[ [ Elexp(AX0)) < | [ exp(pilexp(r) — 1)) (6)
i=1 i=1

=exp()_pilexp(A) — 1)) = exp(u(exp(A) — 1))  (7)
i=1

exp(p(exp(A) —1))]
exp(A(1+ €e)p)

PriZ> (1+¢e)ul <
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Multiplicative Chernoff Bound

Proof Continued...
Solving for A that minimizes upper bound gives A = log(1 + €).

exp(pe)]

PriZ > (1+e)ul < exp(log(1+ €)(1 + €)p) )
B exp(ie) 9)
 exp(log((1+¢)(1+eln))

exp(pe)
~ Tt een "
B exp(€) "
el Y
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Simplifying...

exp(e) H
exp(€)
—oo (w7 o] ) 09
=exp (n(e — (1 +€)log(l+€))) (14)
Using elementary inequality: (1 +u)log(l4+u)—u > 2(+i/3) foru>0
2
<o (“ariemt) o)

Glenn B. (lennson@cs.ubc.ca) 6 October 2017 17 /21



I
Multiplicative Chernoff Bound

Theorem 6 (Multiplicative Chernoff Lower Bound)

Let Xy, ..., Xy, be independent random Bernoulli random variables, where
pi =E[Xi]. Then for Z=X; + ...+ X, p=E[Z] = I* ; pi and any
€ >0,

€2
PriZ < (1—e)ul <exp (—;u)

Proof:

PriZ<(1—e)ul =Prl-X> —(1— eyl = r([ax;lie(’;"fgﬁ)”

(Skipping steps that are identical to upper bound)

exp(p(exp(—A) — 1))
Priz = = S = At —an
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Multiplicative Chernoff Bound

Proof Continued...

Solving for A that minimizes upper bound gives A = —log(1 — €).
exp(—pe)
Priz= U= e s ool —e)1— ow) @
exp(—pe)
“i-guen @)
[ exp(—e) 1"
- [(1_@(1—@} ¥
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Simplifying...

exp(—e) 1"
PriZz > (1 —e)ul < [m} (5)
(—¢€)
= exp (plog [%}) (6)
—eplul—c—(1-e)logll—e))  (7)

Using elementary inequality: (1 —u)log(l —u) > —u+u?/2 foru >0

exp (—%u) (8)

N
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(More) Questions?
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