Measuring Empirical Computational Complexity

Simon F. Goldsmith* Alex S. Aiken Daniel S. Wilkerson
Computer Science Dept. Computer Science Dept. _California, USA
UC Berkeley Stanford University daniel.wilkerson@gmail.com
California, USA California, USA

sfg@eecs.berkeley.edu aiken@cs.stanford.edu

ABSTRACT 1. INTRODUCTION

The standard language for describing the asymptotic behavior of Computer scientists talk about the scalability of algorithms in
algorithms is theoretical computational complexity. We propose terms of computational complexity: Quicksort@¥n logn) in the

a method for describing the asymptotic behavior of programs in Size of the array; depth-first searchige) in the number of edges
practice by measuring the@mpirical computational complexity in the graph. Big-O bounds describe the worst case performance of
Our method involves running a program on workloads spanning an algorithm as its inputs become large, but large programs contain
several orders of magnitude in size, measuring their performance,many interconnected data structures and algorithms whose empiri-
and fitting these observations to a model that predicts performancecal performance depends on the particulars of the program’s work-
as a function of workload size. Comparing these models to the loads. In contrast, by measuring a run of a program, profilers like
programmer’s expectations or to theoretical asymptotic bounds cangpr of [8] estimate the fraction of the program’s run time for which
reveal performance bugs or confirm that a program’s perfocaan eachlocation(e.g., each basic block) in the program is responsible.
scales as expected. Grouping and ranking program locations basedProfilers give a detailed picture of a program’s performance on a
on these models focuses attention on scalability-critical code. We single workload, but say nothing about its performance on work-
describe our tool, thd@rend Profiler (t r end- pr of ), for con- loads on which the program was not run. In this work, we seek to
structing models of empirical computational complexity that pre- combine the empiricism ofpr of with the generality of a big-O
dict how many times each basic block in a program runs as a linear bound by measuring and statistically modelling the performance of
(y = a + bz) or a powerlaw § = az”) function of user-specified ~ each location across many workloads. The following code illus-
features of the program’s workloads. We ranend- pr of on trates the need for our technique.

several large programs and report cases where a program asaled
expected, beat its worst-case theoretical complexity bound, or had
a performance bug.

node * | ast_node(node *n) {
if (!'n) return NULL,;
while (n->next) n = n->next;

return n;
Categories and Subject Descriptors }
D.2.5 [Testing and Debugging: Testing Tools, Debugging Aids;
D.2.8 [Metrics]: Performance Measures From a performance perspective, this programming idiom looks

suspicious: itis finding the last elementin a list in time linear in the
list's length. Adding a pointer directly to the last element in the list
General Terms would admit an obvious constant time implementation. If the list’s
Performance, Measurement size is a small constant, the performance impact of the linear search
is likely negligible, and adding the pointer might not be worth the

Keywords cost in space or code complexity. On the other hand, if the lists tend
- ) ) to be long, and especially if the list length increases with the size of
trend-prof, empirical computational complexity the program input, then use of this idiom constitutes a performance

p— — . . bug.
e:;gles g%tﬁégi;buansggr lg)g;}tw'\clngk %‘ggoggg 4%)éghe Al\:l?/tlggﬂi(?rfsl- The crucial piece of information is how this list is used in the
findings, and conclusions or recommendations expressed in thiscontext of the rest of the program. The code above is from a C

material are those of the authors and do not necessarily reflect theparser used in a program analysis system [10] and is called from
views of the National Science Foundation. a list append function. In practice the sizes of the lists increase as

inputs grow larger. On small- to medium-size inputsst _node
is not particularly high on the list of what a typicalpr of -style
profiler reports, but on large inputs the problem suddenly becomes

Permission to make digital or hard copies of all or part of thzkfor apparent. We call this phenomenorparformance surprise In
personal or classroom use is granted without fee providatidbpies are contrast, we found a similar linear-time list append in a C and C++
not made or distributed for profit or commercial advantage aatidbpies front-end [11] that turned out to be benign: the lists are so small in

bear this notice and the full citation on the first page. Toyooierwise, to practice that use of this idiom does not substantially contribute to
republish, to post on servers or to redistribute to listguies prior specific

permission and/or a fee. the overall performance of the system. Our technique automatically

ESEC/FSE’07September 3—7, 2007, Cavat near Dubrovnik, Croatia. distinguishes these two different situations.
Copyright 2007 ACM 978-1-59593-811-4/07/0009 ...$5.00.



Our technique for measuring empirical computational complex-
ity is as follows:

e Choose a prograrto profile.

e Choose workload$ws, . .., wy} for the program.

Describe the workloads with numerical features
(f1,---5 fx),(g1,-.-,9%), for example the number of
bytes in an input file or the number of nodes in a graph.

Measure program performangeun the program on each
workload and record the cost of each each basic blégck,
as ak-vector: (ye,1, - -, Ye,k)-

Tr end- pr of predicts performance in terms of featurét
ting the performance measurementsp features of the pro-
gram’s input, f. We use linear models; = a + bf, and
powerlaw modelsy = af°.

Thesemodels of empirical computational complexdgscribe
the scalability of a piece of code in practice. By comparing the
empirically-determined model to our expectations, we can deter-

construct models to predict one row in terms of another. For exam-
ple, we might predict the number of compares a bubble sort does in
terms of a feature like the number of elements to be sorted.

workloads
w1 w2 Wk
I Yi,1 Y12 Y1,k
. 0o Y2,1 Y2,2 Y2,k
locations . . . .
En Yn,1 Yn,2 Yn,k
features { f g f2 Fr
g g1 g2 gk
In general, this matrix contains a great deal of data.

Tr end- pr of summarizes it with succinct, interpretable models
as follows.

Clusters. The costs of many locations vary together. If a matrix
row z is sufficiently linearly-correlated with the matrix royy that

is, if there ares, b such thatu+bzx is a good prediction of, then we
placex andy into the sameluster(Section 4.1). We do not nec-
essarily know what determines the performance of the locations in

mine whether code performs as expected or if it has a performancea cluster or what asymptotic complexity they have, but whatever

bug. Our contributions are as follows:

e We describe our models of empirical computational com-
plexity and explore some implementation design choices
(Section 2).

We present r end- pr of , a tool that describes program
performance using linear and powerlaw models: predicting
basic block executions in terms of user-specified features of
program workloads (Section 4).

We show that r end- pr of reports simple results for pro-
grams with simple performance behavior (Section 5.2), con-
firm that desired performance behavior is realized in prac-
tice (Section 5.3), measure the empirical performance of a
complex algorithm (Section 5.4), and find a scalability bug
(Section 5.5).

We argue that r end- pr of reports the empirical computa-
tional complexity of a program succinctly (Section 5.1) and
that it helps focus attention on performance and scalability
critical code (Section 5.6).

We consider threats to the validity bf end- pr of ’s results
and discuss features ofr end- pr of that mitigate these
threats (Section 6).

MEASURING EMPIRICAL
COMPUTATIONAL COMPLEXITY

In describing models of empirical computational complexity in
general, we use the tetaocationto refer to the parts of the program
(e.g., basic blocks) antbstto refer to a location’s performance (for

instance, its execution count). We discuss our choice of counting
the number of times each basic block executes as a measure of per-

formance in Section 2.1.

After running and measuring workloads, we have &-vector
of costs for each location (one measurement per workloadkand
vector for each feature (one value of the feature per workload);
thesek-vectors are rows in the matrix below. Profilers such as
gprof [8] report results for one column of this matrix. In con-

trast, we predict the costs of locations in terms of features; i.e., we

it is, it is the same for all the locations in the cluster — if one is
O(n?logn), the others are too. Section 4.1 describes our cluster-
ing algorithm in detail. We show in Section 5.1 that empirically
programs have many fewer clusters than locations.

Performance ModelsThe ultimate goal of r end- pr of is

to explain the performance of the program as a function of fea-
tures of the input. In order to keep output succinetend- pr of
models performance one cluster at a time. For each cluster,
t r end- pr of powerlaw-fits the cost of the clustgmwith each fea-
turez. If the model fits well, that is if we find, b such thatz® is

a good predictor of;, then we have succeeded: we have a model of
the cluster’s cost as the input exhibits more of this feature (e.g., cost
increases quadratically in the number of nodes in the input). Even
if the model is not a perfect fit, it is often a good low-dimensional
approximation of a more complex relationship (Section 6.2). We
may further use these models to predict the cluster’s cost — even
for inputs larger than any we measured (Section 4.2).

2.1 Execution Counts

Our focus on modeling scalability rather than exact running time
led to our choice of execution counts as a measure of performance.
The amount of time (or number of clock cycles) each basic block
takes is another measure, but we chose basic block counts because
of the following advantages:

e ACCURACY: Block counts are exact: issues of insufficient
timer resolution do not apply.

REPEATABILITY: If a program is deterministic, so is its mea-
sure. Our measurements do not depend on the operating sys-
tem or architecture if the program’s control flow does not.

LAck OF BIAS: The mechanism of measurement does not
affect its result. In contrast, the mechanism of measuring
time distorts its own result. We do not sample, so there is no
sampling bias.

Low oVERHEAD: Counting basic block executions by com-
puting control-flow edge coverage [4] is cheap (Section 5).

PORTABILITY: We rely only ongcc’s coverage mecha-
nism [7] and not on platform-specific performance registers.



2.2 Other notions of location and another with the residua(s;, ;). Inspecting these plots is

Our notion of basic blocks as locations is useful, but is not the @ good way to decide if r end- pr of 's model is plausible. To
only sort of location we might measure. We could extend the notion the extent that a model captures the variation in a data set, the data
of location by aggregating existing location counts into larger loca- points in the best-fit scatter plot closely track the line of best fit and
tions. For instanceypr of estimates the amount of work of a func- the residuals scatter plot looks like random noise. Therefore, any
tion in its own code and the transitive work that it and its callees Pattern in the residuals plot or systematic deviation from the line of
do. Also, the work of Ammons et al. [2] (see discussion in Sec- best fit is an indication that there is more going on than the model
tion 7.1) measures the work of a sequence of nested function calls.describes (Section 6.2). o
With some information about the control flow and a call graph,  Plots are not very compact, however, so for each of its fits
t rend- pr of could compute and operate on counts for these “lo- t r €nd- prof reports theR" statistic, a measure of the model's
cations”. Alternately, one might regard each memory reference as agoodness-of-fit that quantifies the fraction of the variancg ére-
location and measure cost in terms of real time; this approach morecounted for by a least-squares linear regression:on

closely models bottom line performance, but requires more effort A B N2

to obtain useful measurements. R2 def S @i -9 (Zi:l (z:i =) (i — y))
While the program runst r end- prof keeps a histogram TNk 2 x 2 k T 2

where each bin records the execution count of a single basic block. 2z (i =) (Zi:l (zi =) ) (Ei:l (y: —9) )

Other dimensions of bins are possible as follows. Bins could count
each(call stack, basic blockrombination; in this scenario we
might limit the significant depth of the call stack to keep the number
of bins small (e.g.gpr of counts caller-callee pairs, a significant
depth of two). Also, bins could count eaébbject, basic block)

The formula forR? applies to powerlaw fits, but with replaced
by log = andy replaced byog . Values forR? range from 0 (bad)
to 1 (excellent). Note thgt denotes the sample mean of-aector
y andaj denotes its bias-corrected sample variance:

combination; for example, we could separate the counts for a hash k k
: _def 1 odef 1 _\2
table class by instance of the hash table. V=4 E Yi oy =y E (yi —7)".
We have not tried these approaches. They are sensible extensions i=1 i=1

to this work, but they involve even larger amounts of data.
3. AN EXAMPLE

2.3 Model Construction Before exploring our methodology in detail, we illustrate the
In constructing models to predict performance and put locations use oft r end- pr of with the following implementation of bub-
into clusterst r end- pr of makes use of least-squares linear re- ble sort. This example is purely for pedagogical purposes;
gression and powerlaw regression. Regression selects model pat r end- pr of gives useful results in significantly more complex

rameters ¢ and b below) that minimize some measure of error. situations (see Section 5).
Regression does not evaluate the suitability of these models, but
t r end- prof provides diagnostics that allow the user to asses [ pre: The memory at arr[0..n-1] is

- o . // an array of ints.
their plausibility (Section 2.3.1). /1 post: yl‘he ints in arr[0..n-1] are

/1 sorted in place fromleast to greatest.

Linear Models.Given a set of pointéz;, v:), least-squares lin- voi d bubble_sort(int n, int *arr) {
ear regression constructs a model that predietsy () % o+ ba, %j wfl |e=(()i <n) {
an affine function ofr. Given a data point(z;, y;), definey; def 3: int j=i+1;
. . def L : 4: while (j<n) {
9(z:) =a+ bx;. Th(_e quantityr; =yi—yils called thagsldyal 5 if (arr[j] < arr[i]) //conpare
of the fit at(z;, y;). Linear regression choosesndb to minimize 6: swap(&arr[i], &arr[j]);
the sum of the squared residuals: 7 jtt
}
- 2 u ~\2 u 2 8: i ++;
Zri:Z(yi—yi) :Z(yi—(a—i—baci)) . }
i=1 i=1 i=1 }

Powerlaw Models.Our interest in measuring the scalability of This code has eighocations(each of which happens to be ex-
a program led us toward powerlaw models. A powerlaw predicts actly one line of code), number_ed one through e_|ght above. Each
asj(z) = az’. On log-log axes, the plot of a powerlaw is a straight workloadfor bubbl e_sort consists of an array of integers. The

line. Thus to fit observations to a powerlaiw; end- pr of uses size,n, is afeatureof the workload. We ramubbl e_sort on 30
linear regression ofilog z;, log v:) to find a andb that minimize workloads: 3 arrays of random integers at each of the following
the following quantity: sizes 60, 200, 500, 1000, 2000, 4000, 8000, 15000, 3000006000
We chose these sizes because they span a wide range, their log-
k y & vi \? arithms span a wide range, and the smallest size is large enough
2 (logy; — (loga + blogz;))” = Zl (log amz;) that the high order terms dominate all other terms. We find that

including very small workloads, for instance an array with 3 inte-
2.3.1 How good is a model? gers, serves only to add noise to the left of the plot. In subsequent

There are a number of ways for the usertofend- pr of to sections we show the output of end- pr of on this example.

evaluate the usefulness of a particular model. The primary output .

oft r end- pr of is aweb page showing a list of clusters with their 4. Trend Profiler

models. Following a link for a model leads to two scatter plots: We describe how r end- pr of builds and ranks clusters and
one with the data point&;, y;) and the line of best fitz, §(z)) how it models the performance of these clusters.



4.1 Summarizing with Clusters Cluster | Max | Fitwithn [ R
. L . COMPARES | 1.1€10 | 3.0n%00 | 1.00
Stud_ylng the performance variation of the_thousands of basic SWAPS 26¢9 | 3.1n19 | 0.99
blocks in a large program would be overwhelming. Fortunately, do- SIZE 1.3¢6 | 22n190 | 1.00

ing so is unnecessary for understanding the performance and scal- g412
ability of a program. In practice, large groups of locations have
executions counts that are very well correlated with each other: on 1e+10
a run ofbubbl e_sort where line 2 executes many times, lines 3
and 8 will also execute many times; when line 2 executes only a 1e+08
few times, lines 3 and 8 execute few times.

This observation leads us to divide the locations in a program 1€+06

into clustersof locations that vary linearly together. @luster i Slze——~
consists of one location, called tbkister representativeogether 10000 Comp‘gfgsff
with the set of locations that linearly fit the representative with 100; compares o |
R? > 1 — a, for some small constart < o < 0.5. Every lo- i 2%38377
cation belongs to at least one, and possibly multiple, clusters. 11 TEEETT BRI BT TT] R

0 1000 10000 100000

Tr end- pr of computes the set of cluster representatives to-
gether with computing cluster membership. Initially the set of clus-
ter representatives is the set of user-specified features. We consideFigure 1: The table (top) shows powerlaw models predicting clus-
locations in descending order of varianeg ) and add locatior ter costs for the Bubble Sort example. The graph (bottom) shows
to all clusters whose representative it fits/ fits no existing clus- three powerlaw best-fit plots showing observed cluster costs for
ter representativeg, becomes the cluster representative for a new compARES swapPs andsize (y axis) versuse (x axis) with their

cluster. Thus, when the cluster representative is a location and not dines of best fit.

feature, it has higher variance than any other location in the cluster.
The choice of a value fow is a tradeoff between how many
clusterst r end- pr of finds and how well the locations in these
clusters fit each other. Lower values@produce more, but tighter
clusters. In this work we use = 0.02. This choice is somewhat
arbitrary, but it is informed by the following intuition. As we show
in Section 4.1.1, this choice guarantees that all the locations in a
cluster fit each other better thd@? > 0.92; note that the converse
does not hold. In our experience, many fits wiRf < 0.90 do
not convincingly demonstrate the sameness of the locations being
fit. In choosinge, we err on the side of having a strong guarantee
about the locations in a cluster at the cost of having more clusters.
We discard data for locations executing a constant number of
times or showing very little variationo{ < 10) as they contain
little information: for example, a location whose cost is always
between 100 and 120 might be so discarded.

4.1.1 The Meaning of Clusters

Clustering organizes the mass of information without compro-
mising the ability to point to specific places in the code since the
costs of locations in the same cluster vary together. The following
theorem gives us a simple guarantee about what it means for a lo-
cation to be in a cluster: i is 0.02 and locationz is in the same
cluster as locatiom, then the performance aof is linearly related
to the performance af with an R? better than 0.92.

THEOREM: If z, y, andp are vectors of lengtt: such thatr and
y both fitp with R? > 1 — o and0 < « < 0.5, thenz fits y with
R*>1—4a(l - a).

PrRoOF Without loss of generality, assume thaty, andp are
normalized to have mean 0 and variance 1, since they can be mad
so with an affine transformation and such transformations preserve
R?. We denote thek? statistic for the fit ofc to p by R2 , and the

angle (inR*) betweenz andp by ¢, ,. We have
l—a<R:,=(zp)°=cos ¢up
Rearranging terms yields
¢z,p < arcsin /o

and similarly for¢, ,. By the triangle inequality on the surface of

the k-sphere and substitution,

bay < Gzp + Gyp < 2arcsin Vo
and so
Ri,y = cos® Goy >1—4da(l—a) B

4.1.2 Example

In thebubbl e_sort examplet r end- pr of breaks the loca-
tions in this code into threelusterswe callcomparRES swaps and
SIZE.

e COMPARESS representative is line 4; it contains lines

{4,5,7}.
e SWAPSS representative and only location is line 6.
e sizE's representative is line 2; it contains lin€3, 3, 8}.

If we specify the size of the input array, as a feature of the work-
loads, thert r end- pr of uses the feature as the representative
for the clustersize.

Notice that although lines 5 and 7 execOtén® — 0.5n times
and line 4 execute8.5n? + 0.5n times, these lines are all in the
same cluster. This behavior is desirable since for the values of
in our workloads, the quadratic term is the only important one for
describing scalability.

4.2 Powerlaw Fits Measure Scalability

We define thecostof a cluster as the sum of the costs of all the
locations in the clustefTr end- pr of measures the scalability of

&ach cluster with respect to each featyfreyy powerlaw-fitting the

cost of the cluster(, to f; that is,t r end- pr of findsa andb
to fit C = af®. The expression; f® gives a concise, quantitative
model of how the cost of the cluster increased ascreases. The
summary output of r end- pr of also includes the following for
each feature/cluster pair.

e The R? goodness-of-fit statistic for the fit.

e The best-fit plota scatter plot of feature values versus cluster
costs (f;, C;) on log-log axes with the line of best fitf®.
Recall that a true powerlaw looks like a line on log-log axes.



e The residuals plota scatter plot off (x axis, log scale) ver- Program Description Workloads
sus the residualeg af* — log C (y axis, linear scale). The bzip2 1.0.3[6] | Compresses files T?rbf”s dOf
residuals plot is random if the powerlaw explains the data. goiecchosjg
Extra variation that the powerlaw does not account for, like a [anshee Computes Andersen's alias Preprocessed Q
logarithmic factor or a lower order term, are often clearer in | 2005. 10. 07 [10] | analysis [3] ona C program programs
the residuals plot than the best-fit plot. el sa[11] Parses, type-checks, arjdPreprocessed

elaborates C and C++ prg- C++ programs

e Predicted cost at values ¢f larger than any actually mea- grams
sured. Definefgg as the 95th percentile value fgr that is maxi nus Ukkonen’s suffix tree algo{ C source code
if we have 1000 workloads and we sort the valuesfiofgs rithm [18] for finding com-
is the 950th largest value. Currently, we show the model's mon substrings

predictions for2 fg5 and10 fgg with a95% confidence in-

terval for each. Figure 2: We rant r end- pr of on these programs with work-

loads as described above.
e A 95% confidence interval fot, the coefficient.

Program | Workloads | Min— Max | Overhead| Time (h)

o A 95% confidence interval fob, the exponent. bzi p 1000 | 3e7—2ell 22% | 10+ 0.1
: ; : banshee 277 | 4e6-1el0 18% | 0.7+1.1
We compute the confidence intervals mentioned above by means MBX MUS 910 | 3e4—8 609 10% | 37+01

of a general statistical technique called theotstrap percentile el sa 785 | 9e5— 409 103% | 3.3+7.4
method[13]. A detailed discussion of the bootstrap is beyond the

scope of this paper. In outline the bootstrap estimates the stability Figyre 3: Number of workloads, costs of the cheapest (Min) and
(such as the standard deviation or, in our case, confidence inter-most expensive (Max) workload (measured in number of basic
val) of a function of the distribution of a random variable (such pjock executions), geometric mean of overhead of edge profiling

as median or mean or, in our case, the regression coefficients orQverhead), and r end- pr of 's time in hours to run workloads
other predictions of our model). Bootstrap does this by 1) generat- post-process data (Time).

ing many “example” data sets, not from the distribution (which we

do not know) but from the actual data set by repeatedly sampling

with replacement, 2) then computing the function in question on profiling enabled versus having it disabled (Overhead) and the to-

each example data set and collecting those results into a “functiontal time in hours that our straightforward Perl implementation of

value” set then 3) simply measuring the stability of function value trend- prof takes to create a report on each program (Time).

set (such as by throwing out the top and bottom 2.5% and calling The Time column is broken down into two components: the first

the result the 95% confidence interval). The strength of the boot- (left) time includes running the instrumented workloads and some

strap method is that it makes no assumptions about any underlyingminimal per-workload post-processing; the second (right) time in-

distribution of the random variable (in our case, the regression co- cludes the rest dfr end- pr of ’s post-processing including clus-

efficients). Int r end- pr of we use one thousand iterations of the  tering, model-fitting, and generation of plots and results pages.

bootstrap. Oncet r end- pr of generates its results, they are browseable in-
A cluster that scales super-linearly (that is, has an exponent teractively.

greater than one) has the potential to overtake higher ranked clus-

ters on larger workloads. Thusr end- prof predicts situations 9.1 Programs Have Few Clusters

where a cluster accounting for a modest portion of the cost of a  For each of our benchmark programs, Figure 4 shows the num-

program on medium sized workloads comes to dominate the per-ber of basic blocks in the benchmarked program (Basic Blocks),

formance cost on larger workloads. the number of basic blocks whose standard deviation is greater than
The primary output of r end- pr of shows a list of clusters  ten (Varying Basic Blocks), the number of clustérsend- pr of

ranked by the maximum (over all workloads) cost of the cluster. finds (Clusters), the number of clusters whose cost on any work-

This ranking draws attention to the clusters that cost the most on load is more tha% of the workload’s total cost (Costly Clusters),

t rend- pr of 's workloads. Code that does not scale well and may and the ratio of basic blocks to costly clusters (Reduction Factor).

cause performance problems is likely to be high on this list. These numbers illustrate a fundamental empirical fact about pro-
Since the logarithm of zero is not definetd; end- pr of ig- grams: that there are orders of magnitude fewer costly clusters than

nores points where the observed execution count is zero when fit-locations.

ting to a powerlaw (the number of ignored points is reported). Thus,

the models produced predict how many times a location is exe-

cuted if it is executed at allTr end- pr of may be configured to

suppress the display of models constructed with few data points as

such models are unlikely to make accurate predictions. ; Varying ;
y P Program Basic Basic Clusters| COStY Reduction

421 Example Blocks Blocks Clusters | Factor

- bzip 1,032 721 23 10 103

In thebubbl e_sort example we have only one feature, but maxi nus 1,220 496 13 9 136
it powerlaw-fits all cluster totals well. Figure 1 shows the scatter | el sa 33,647 | 22,382 1489 30 1122
plot and lines of best fit for these powerlaws. banshee | 13,308| 11,891 859 26 512
5. RESULTS Figure 4: For each benchmark we list number of basic blocks,

We rant r end- pr of on the programs listed in Figure 2 with ~ humber of basic blocks witk > 10, number of clusters, number

workloads as described in Figure 3. Figure 3 also mentions the av-Of clusters whose cost is ever more tf44 of the workload's total
erage (geometric mean) overhead of running a workload with edge cost, and the ratio of Basic Blocks to Costly Clusters.



Cluster Rep Max Fit R? | Prediction i

BYTES 35| 77ByTES!'OT | 1.00 | (470, 480) -

blocksort.c  459| 22| 50BYTES!03 | 0.95| (420, 580) o7 ]

blocksort.c  416| 16 | 34ByTeES!O! | 0.99 | (210, 240) 5 —

blocksort.c  492| 13| 24ByTES!0% | 0.94 | (230, 340)

compress.c 241 3| 4.08vTesSO! | 0.98| (23,28) N
Figure 5: The cluster representatives for the top clusteroiom, -
the maximum observed cost of the cluster (in billions of basic block /?10 es o
executions), the powerlaw fit of the cost of the clustesytoes, R? nodes- — ]
of this fit, a95% confidence interval for predicted cluster cost (in egges o _|
billions of basic block executions) for a 5 GB workload. 1e+06 | | | P" ges -

0 1e+06 2e+06 3e+06 4e+06 5e+06

5.2 S|mp|e Programs Have Slmple Profiles Figure 6: These two linear best-fit plots faaxi nus show that the

Runningt r end- pr of on bzi p reveals that it scales linearly  number of suffix tree nodes and edggsakis) grows linearly with
in the size of its input and that most of the locations vary together. the number of characters @xis) in the workload.
Figure 5 shows the top several clusters of locationdfom. The
first cluster contains those basic blocks that linearlgfites, the le+l ‘
number of bytes in the input, very well. The next several clus- 1a109
ters all powerlaw-fisyTes very well with exponents very close to
1.0. Together these clusters account$6f% of the basic blocks in 1e+08
the program and (taking the geometric mean across all the work- 1e+07]
loads) more tha99% of the total number of basic block execu- 1e+06
tions. Taken together, this output shows the number of bytes in100000
the input is an excellent predictor of performance, thatp scales
nearly linearly in the size of its input, and that none of the code 10000 ¥
scales particularly worse than the rest. Withend- pr of a pro- 100(1‘:‘00 L ‘1‘00(‘)
gram with simple performance has a simple profile.

output cluster ¢
power law fit— — -

P P Lol I
10000 100000 1le+06 le+07

53 Confirming Expected Performance of the Figure 7: The crisp powerlaw fit in this best-fit plot fomxi nus’s
Implementation of a Complex Algorithm output routines shows that their cost grows super-linearly in the

H H 1.29
Measuring the empirical computational complexity of a program number of characters in the inpyt € 11crars ).
usingt r end- pr of can verify that it scales as expected. Ukko-
nen’s algorithm [18] finds common substrings in a string by con- i
structing a data structure calledsaffix tree When implemented 5.4 Igeuli‘?st![?(/:lrC])gpiihrﬁilzrgtFi)(I;?]\éement of
correctly, Ukkonen’s algorithm creates a linear number of suffix
tree nodes and edges. Faulty implementations of this tricky algo- At the core of oubanshee benchmark is an implementation of
rithm can cause performance with quadratic or worse scalability. ~Andersen’s points-to analysis. Although this algorithm is cubic in
We rant r end- pr of onan imp|ementati0n of Ukkonen’s a|go_ the worst case, the workloads we measured scaled much better than

rithm in a tool calledaxi nus. A workload formaxi mus consists ~ that: no cluster scaled worse thaf; Figure 8 shows the top sev-

of a string. For each workload we specified three featuresrs, eral clusters. Realistic inputs often need not result in worst-case be-
the number of characters in the input stringypes, the number ~ havior; our measurements quantify the extent to whighshee’s

of nodes in the suffix tree; arebces the number of edges in the ~ Optimizations take advantage of this fact.

suffix tree. FeatureHARs is an easily measurable property of an . . .

input to nmaxi nus; after executionpaxi nus outputsnopes and 5.5 Th!s Lls_t Trav_ersal Is a Bug N _
ebcesandt rend- pr of incorporates these features into its cal- ~ As mentioned in Section 1, we found a scalability bug in the
culations. As expectedyopes andepcesboth linearly fitcHars C parser used byanshee. Trend-prof predicts that the
and thus wind up in its cluster. Figure 6 shows the relevant scat- | ast _node function (see Section 1) is called roughly linearly in
ter plots and lines of best fitHARs is on thex axis and the two ~ BYTES, the number of bytes in the input, and that the cost of the

different styles of points and lines showbesandepces loop body scales as\_(TEs”. These predictions suggest the av-
The suffix tree representation of common substrings in a string erage size of these lists grows msres’? and also that the three
is too compact to be comprehensible to a humanyeso nus ex- locations in this cluster account for more thi@¥% of the program’s

pands it to produce output. Operationally, for certain nodes in the cost for inputs of 128 MB. Clearly, a pointer to the last node in the
suffix tree, the output routine must print something for each of the list |s.called for. Figure 9 §hows the scatter.plot of and powerlaw fit
node’s leaves and then recursively do the same thing for each of itsfor this cluster together with the powerlaw fits for other top clusters

children. This super-linearity is obvious trr end- pr of ’s out- (dotted lines) shown for comparison.
put. The top ranked cluster scaleslasHars'?? (R? = 0.99) and . - .
includes the output routines; Figure 7 shows the relevant fit. 5.6 Focusmg on Scalablllty-CrltlcaI Code

The author ofraxi nus was happy at the confirmation that the We look now at the results of runnirig end- pr of on another
core of his implementation of this complex algorithm was in fact large, well optimized program with complex inputs. Talesa
linear. Not being the object of his attention he was surprised at benchmark is a parser, type-checker, and elaborator for C and C++
the super-linearity of the output routine; though obvious to him in  code. Runningd r end- pr of onel sa with C++ programs as in-
retrospect, the use ofr end- pr of was still required to find it. put divides the roughly 33,000 basic blocksbga into fewer than



Figure 8: The top clusters fobanshee with powerlaw fits and
R?. The maximum observed cost of each cluster and 5 con-
fidence interval for the model’s prediction on a 128 MB workload
are given in tens of millions of basic block executions.

Cluster Rep Max Fit R? Prediction
AST.c 34| 800 0.98YTES'*T [ 0.95 (400, 700) Cluster Rep Max Fit R? | Prediction
regions.c 94| 600 | 140BYTES'O! | 0.99 | (1900, 2100) hashtbl.cc 44] 100 | 6500(AsT)"76 | 0.93 | (40, 50)
dhash.c 74| 500 4BYTES"?5 | 0.98 | (100, 200) ARGEXPR 70 | 260(asT)>!1 | 0.97 | (300, 300)
ufind.c 101| 500 0.6BYTES! '8 | 0.88 | (200, 300) glr.cc 362| 70| 200(asT)'13 | 0.95| (300, 300)
BYTES 200 |  50BYTES™O' | 1.00 | (700, 700) cc_flags.h 139 70| 490(AsT)?865 | 0.84 | (10, 20)
AST.c 147 | 200 40BYTES'92 | 1.00 | (600, 700) sobjset.h 28] 60 65 (AsT)?-997 | 0.84 | (10, 20)
setif-sort.c 256 100 | 0.02BYTES''25 | 0.86 (20, 40) STMT 20 | 260(AsT)102 | 0.99 | (70,80)
dhash.c 118 40| 0.2BYTES!? | 0.95 (4,7 hashtbl.cc 67| 20| 280(AsT)?333 | 0.90| (4,6)
dhash.c 1511 40 68YTES 9% | 0.99 | (100, 100) lookupset.cc 154 4 | 0.008(asT)!35 | 0.65| (0.2,0.5)
types.c 452| 40 3BYTES!'Y5 | 0.98 | (100, 100)

e —6 1.72

E‘;‘:Ei::g 1;5 22 }8_7 Zﬂiiwl 8:3; gg gg; Figure 10: The top clusters foel sa with power law fits andR?.

We show the maximum observed cost of each cluster ad&la
confidence interval for the model's prediction on a two hundred
thousand AST-node workload in tens of millions of basic block ex-
ecutions. The cluster representativessexpr and sTmT are fea-
tures that count particular kinds of AST nodes.
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Figure 9: Powerlaw best-fit plot for the loop body of the perfor- 2 ——
mance bug irbanshee (§ = 0.87 ByTes"*'). We show lines of 1.5 ! dky ©Jo B L esiduals o
best fit for other cluster costs for reference. 0 El'; RS0 —

= -
1500 clusters. Figure 10 shows the top several clusters and a few 'O-i%* 2 NS5 % =
farther down the list with higher exponents along with their power- 1'5: @é% %<§0 P& 0o ]
law fits to AsT, the number of nodes in the abstract syntax tree for oL © 8 o Eo0 O © _]
the workload, and5% confidence intervals for our extrapolations  -2.5\— o —
whenasT is 10 times larger than the 95th percentile valuesf -3 N T A
for the workloads. Other features, notalglytes, the number of '3'51 10 100 1000 10000 100000 1e+06

bytes in an input, fit the cluster costs about as welsas

Figure 11: A nice powerlaw best-fit plot showing the slight super-
linearity of el sa’s GLR parsing § = 195 ast'''3, R? = 0.95)
(top) and the corresponding residuals plot (bottom).

5.6.1 An Empirical Measure of GLR Performance

The top several clusters contain code that is critical to the per-
formance and scalability ofl sa for large workloads. Figure 11
shows the powerlaw fit and residuals plot for one such cluster
whose representative is elkhound/glr.cc line 362. Based on the
scatter plot and residuals plot, the powerlaw fit wikr is a rea- 1e+09
sonable model for this cluster’s cost. TH&% confidence interval 1e+0
for the exponent is (1.11, 1.15), and so it appears that the code in 1e+0
this cluster scales super-linearly with the number of AST nodes in 1e+06
the input. This cluster is largely concerned with GLR parsing and 100000

\
\J
\
4
I

tracking and resolving ambiguous parse trees. As we would expect 10000

from a mostly unambiguous grammar and a well optimized parser 1000 '

generator [11], the measured empirical computational complexity 100 %%ﬁslgwg\ﬁ’ofr']tsf

is substantially better than the cubic worst case complexity of GLR 1 0fEe-comoeEs & o fit for a top cluster — —
parsing. Nonetheless, the slight super-linearity and the large coef- i ‘1(‘)0(‘) ‘ ibodo ! ibOdOO ‘ “1e¥06 5 6407

ficient suggest that this code is crucial to performance.

5.6.2 This List Traversal Is Not a Bug Figure 12: There is no clear relationship between featse and
The cost of the cluster whose representative is line 154 of these points. Thus, the line of best fit (solid) is dubious. Nonethe-

el sa/ | ookupset . cc fits AsT with the notably high exponent of less, comparing to the powerlaw fit from Figure 11 (dotted line)

1.35. Figure 12 shows the scatter plot and powerlaw fit for this SUggests that this cluster is not a scalability problem.

cluster’s cost; it also shows the powerlaw fit for another top cluster



whose representative & khound/ gl r. cc line 362 (also shown O(n?) and thus falls into clustezompaRrEs or d) executes about

in Figure 11) for comparison. There is a lot of variance in the data O(n) times and falls into clustesize.

and thus the fit is somewhat dubious, but two things are clear. For In fact, line 6 may powerlaw-fit quite poorly: any convex com-

at least some kinds of inputs, this cluster’s cost increases sharply asination of these extremes is realizable for line 6 by picking suit-
input size gets large. However, even if we follow the upper edge of able workloads. In contrast the cost of the other lines varies only
the points, this cluster’s cost will not overtake the cost of the other with the size of the array, so their classification does not change.
cluster for any reasonably sized input (recall that ghaxis is on Lo .

a logarithmic scale and that a factor of 100 is not particularly tall). 6.2  Limitations of the Powerlaw Fit

We conclude that the code in this cluster is not crucial to perfor-  In our experience the simple, two-parameter powerlaw fit works

mance. . . ‘ _ amazingly well. However, there are situations where a power-
The code in the aforementioned cluster consists of a function to Jaw fit does not precisely capture the variation of a cluster's cost
add an object to a list in time linear in the length of the list. across workloads. These situations are quite clear when we exam-

ine the scatter plots and residuals plots thaend- pr of gener-

ates. Wide confidence intervals for the coefficient and exponent or
alow R? are also warnings that the powerlaw may not be a suitable
model. The converse does not hold: these statistics may still be
quite good for data that a powerlaw does not adequately describe.

voi d LookupSet::add(Variable *xv) {
for each win this {
if (saneEntity(v, w)) return; }
prepend(v); }

This pattern is exactly the sort of code that was a performance 6.2.1 The Logarithmic Factor
bug in thebanshee benchmark, but herer end- pr of provided
us with enough information to conclude that it is not a serious scal-
ability problem.

Although a powerlaw cannot fit functions suchrakg n, such
logarithmic factors are not a major problem in practice. For ex-
ample, the number of compares that quicksort performs grows as
O(nlogn) wheren is the size of the array being sorted. The left
6. THREATS TO VALIDITY part of Figure 13 shows a scatter plot of the number of compares a

There are situations wherer end- pr of 's models do not Quicksort performsyf axis) versus the number of elements in the
adequately describe the program’s performance on novel work- array to be sortedu(axis). The line is a powerlaw fit to the dia-
loads. Choosing atypical or insufficiently many workloads to Mond shaped pointg (= 1.5z''°). The fit closely tracks the data,
train t r end- pr of causes its models to overfit patterns in the but itis clear from the residuals plot that there is more going on.
data (Section 6.1). There are cases where the powerlaw fit The hump shaped residuals plots suggests that the data grows more
t r end- pr of uses to model cluster cost does not adequately cap- Slowly than the powerlaw; such a curve suggests a logarithmic fac-

tor.

ture important performance variations (Section 6.2). ) ) )
The circular points show further observations of compares versus

6.1 The Importance of Workloads array size. Even for arrays 60 times larger thantangnd- pr of
computational complexity is both an advantage and a disadvantage Pares) is less than a factor of two from the observed value (43 mil-

lion compares).
6.1.1 When Workloads Reveal Empirical Truth

Usingt r end- pr of we do not distinguish correlations among 6.2.2 The Lower Order Term

the costs of various locations that are due to the structure of the Our bubble sort example illustrates the effect of a lower order

program from those due to the distribution of workloads. This term on a powerlaw fit. Line 4 executes exadiyn® + 0.5n

empiricism allows us to conclude that on typical C programs, an times while lines 5 and 7 execute exadlln® — 0.5n times each;

optimized implementation of Andersen’s analysis scales much bet- the cluster as a whole costssn® — 0.5n basic block executions.

ter than its worst-case bound 6f(n?) in the size of the program  The powerlaw fit converges to the highest order term: given large

(Section 5.4) and that a linked list append function that runs in lin- enough workloads, r end- pr of predicts the cost of this cluster

ear time in the length of the lis$ a performance bug ibanshee’s asl.5n?. That is, for smaller workloads the lower order terms dis-

parser (Section 5.5), but the same idiormég a bug in the context ~ tort the powerlaw fit; however, for large enough the quadratic

of el sa’s data structures for resolving name lookup (Section 5.6). term dominates the linear one. To the extent that one term domi-
. . nates the othersr end- pr of ’s powerlaw fit is a reasonable, low-

6.1.2 When Workloads OverSImpIIfy dimensional approximation.

On the other hand, the usertaf end- pr of must choose work- L.

loads carefully or risk generating results that do not generalize. we 6.2.3 The Missing Feature

illustrate this point further by considering four different kinds of There are clusters whose cost is not well approximated by a pow-

workloads for our bubble sort example. Recall that the workloads erlaw of any feature. Depending on the distribution of inputs to the

we considered earlier (Section 3) were arrays of integers generatecbubble sort examplesize may be a reasonable powerlaw predictor

uniformly at random and that the locations break into 3 distinct of swaprs but (as we discussed above) it may not be. There is no

clusters: compPaRES swaps andsize (Figure 1). Depending on function that predictswapsin terms ofsize in general.

the distribution of inputst r end- pr of 's classification of line 6 Similarly, asT does not adequately predict the points in Fig-

(swarg) changes: if our inputs consist respectively of arrays of in- ure 12 nor the cost of the top cluster fersa (not shown). It

tegers a) randomly permuted, b) sorted from least to greatest, c)may be that some function of some readily available features of

sorted greatest to least, or d) sorted from least to greatest but withel sa workloads fit this data well, but we do not know. The per-

O(n) swaps of neighbors, then we observe respectively that line 6 formance curve for some programs may not even increase mono-

a) scales as'% and forms its own clustersaps), b) never ex- tonically with workload size. In these situations, it is clear from

ecutes and thus does not appear in the output, c) executes abouthe best-fit plot and residuals plot, whith end- pr of provides,
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Figure 13: On the left is a log-log plot of number of comparisons done in a cajkter t (y axis) versus the size of the array xis). On
the same plot, we show the best powerlaw fit to the diamond shaped ppiatd 6n'-16, R? > 0.99). On the right is the residuals plot for
the powerlaw fit. Note that the residuals are clearly not randomly distributed

thatt r end- pr of 's powerlaw model is inadequate for the situa- =z, is number of processors. They fit these observations to a degree-
tion and that its predictions are not to be trusted. two polynomial, findingz, b, andc to fit (j = a + bz + cz?). Their
For situations like thesér end- pr of allows the userto define  goal is to find programs that do not parallelize well; that is, pro-

features that depend on the runtime behavior of the program. Onegrams whose amount of communication scales super-linearly with

can designate the number of times a particular line of code executesthe number of processors. Any part of the program with a large

as a feature. Alsd,r end- pr of does not require workloads to be value forc is said to parallelize badly. The goal of end- pr of

annotated with features until after they have run; the programmer is more general; we aim to characterize the scalability of a program

may, for instance, modify the program to print the size of a data in terms of a user-specified notion of input size.

structure or the value of a counter and then use these as features.  Brewer [5] constructs models that predict the performance of a
library routine as a function of problem parameters; for instance

7. RELATED WORK the performance of a radix sort might be modelled by the number

The main branches of related work are other profilers and other of keys per node, radix width in bits, and key width in bits. Given

techniques that construct models of program performance based Oﬁa.problem |nstanc.e and settmgs of the parameters, Fhe model pre-
simulation, measurement, or reasoning about source code. dicts how several implementations of the same algorithm perform.

Based on the prediction, the library chooses an implementation of
7.1 Profilers the algorithm to run for an instance of the problem. The user must
choose the terms for a model; powers of the terms are not consid-
ered in building the model, but cross terms are. For instance, for
Qroblem parameteris w, andh, the model is in terms of

Gprof [8] and many profilers like it periodically sample the pro-
gram counter during a single run of a program. A post-processing
step propagates these samples through the call graph to estimat
how much of the program’s running time was spent in each func- 5 — ¢ 1 ¢17 + cow + c3h + calw + eslh + cewh + erlwh
tion. Such profilers are the standard way to find opportunities to
improve a program’s performance. The requirement that the user provide the terms for the model, par-

Jinsight EX [17] exhaustively traces the execution of a program, ticularly the powers of those terms, assumes a deeper level of un-
recording the number of objects of a particular type that are allo- derstanding of the code’s performance thiarend- pr of does:
cated, the number a times a method is called, etc. The user maywhile the resulting models can be more descriptive and precise,
browse this data to explore the performance of the program. each implementation of each algorithm must be considered sepa-

Ammons et al. [2] describe a profiler for finding expensive paths rately and terms chosen carefully. However, in the larger context of
through a program and for computing how the cost of a path differs the program, the parameters on which a basic block’s performance
between two similar runs of a program. The essence of their tech- depends may not be readily apparent; thereforegnd- pr of
nique computes the cost of a sequence of nested function calls fromseeks to describe the performance of each of the many locations in
a call-tree profile. In our terms, they compute performance data for a large program and focus the user’s attention on those with unan-
a more general notion of location. In this regard, their work is com- ticipated performance or scalability problems. Our goal of making
plementary to ours; their system computes the cost of a path for oneinterpretable models that predict scalability drive us towards sim-
workload, whilet r end- pr of builds models to describe how the  pler, lower-dimensional models that are more appropriate for our
cost of a location increases with workload features. goals.

We built t r end- pr of to answer questions that these tradi- Sarkar [16] predicts the mean and variance of loop execution
tional profilers do not address: traditional profilers presentinferma times using counter-based profiles. In contrastend- pr of
tion about one run of the program, wheréagnd- pr of presents models performance as a function of workload features.

a view across many runs with an eye toward finding trends and pre- . .
Y y J P®°7.3  Performance Models by Simulation

dicting performance on workloads that have not been run.
.. Rugina and Schauser [15] simulate the computation and com-
7.2 Empmcal Performance Models munication of parallel programs to predict their worst-case running
Kluge et al. [9] focus specifically on how the time a parallel pro- time. Their simulation takes as input a) a parallel program whose
gram spends communicating scales with the number of processorccommunication does not depend on its data, b) parameters for the
on which it is run. In our terms, they construct an empirical model program such as size of data blocks and a communication pattern,
of computational complexity where their measure of performance, and c) LogGP [1] parameters for the target machine; their simula-
y, is MPI communication time and their measure of workload size, tion outputs a time. Their focus is on tuning a program with a fixed



workload size by choosing the best data block size and communi-9. ACKNOWLEDGMENTS
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