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ABSTRACT

We describeTopoLayout,a novel framevork to drav undirected
graphsbasedn thetopologicalfeatureshey contain. Topological
featuresaredetectedecursvely, andtheir subgraphsrecollapsed
into single nodes,forming a graphhierarchy The nal layoutis
dravn usingan appropriatealgorithmfor eachtopologicalfeature.
A moregenerafoalis to partitionthegraphinto featuresor which
thereexist goodlayout algorithms,so in additionto strictly topo-
logical featuressuchastrees,connecteccomponentsbiconnected
componentsand clusters,we have a detectorfunction to deter
mine when High-DimensionaEmbeddeilis an appropriatechoice
for subgraphlayout. Our framework is the rst multi-level ap-
proachto provide a phasefor reducingthe numberof node-edge
and edge-edgecrossingsand a phaseto eliminate all node-node
overlaps.Theruntimeandlayoutvisual quality of TopoLayoutde-
pendonthenumberandtypesof topologicalfeaturegpresentn the
graph. We shav experimentalresultscomparingspeedandvisual
quality for TopoLayoutagainsfour othermulti-level algorithmson
tendatasetsvith arangeof connectities andsizes,ncludingreal-
world graphsof web sites, social networks, and Internetrouters.
TopoLayouts frequentlyfasteror hasresultsof highervisualqual-
ity, andsometimesit hasboth. For example,the routerdatasebf
about140,000nodeswhich containsmary large tree subgraphss
dravn anorderof magnitudefasterwith improvedvisual quality.

nformationVisualization,Graphsand Networks, GraphVisual-
ization

1 INTRODUCTION

TopoLayoutis a framevork for draving large, undirectedgraphs.
Our approaclhis multi-level: we decomposehe graphinto a hier
archyof subgraph®f decreasingizeandexploit the hierarchyfor
layout. Unlike previous multi-level approachesTopolLayoutpar
titions the graphinto topological features which canbe laid out
with analgorithmtunedfor featuretopology Thefeaturedetected
are primarily strict topological featuressuchas trees, connected
componentsand biconnectedcomponents.A more generalgoal
is to partition the graphinto featuresfor which there exist good
layout algorithms. Thus, we have alsodevelopedan algorithmto
detectwhenthe very fastHigh-DimensionaEmbeddef19] algo-
rithm, or HDE, will performwell on a subgraph.Previous multi-
level algorithmsdraw the hierarchyof subgraphseginning with
the coarsesgraphin the hierarchyto the nest. TopoLayoutis
the rst to draw the subgraphhierarchyusinga depth- rst, post-
ordertraversal.Traversingthehierarchyin thisway allows features
at lower levels to determinetheir screen-spacextentsbeforethe
higherlevel featureis dravn. Thus,ourframevork worksbestif the
algorithmsusedto draw our featuretypesare area-aware or take
varying nodesizeinto account.TopoLayoutis alsothe rst multi-
level algorithmto include passego eliminatenode-nodeoverlaps
andapasso reducehenumberof node-edg@andedge-edgeross-
ingsin thelayout. Thesepassesontrituteto thehighvisualquality
of our layoutswith comparableunningtimesto previous reason-
ablemulti-level approaches.

f archamtmmg@cs.ubc.ca
Tauber@Iabri.fr

Tamara Munzner
University of British Columbia

David Auber®

Université de Bordeaux |

2 PREVIOUSWORK

2.1 Multi-Le vel Graph Drawing Algorithms

Signi cant work hasheendonein developinghierarchicamethods
for graphdrawing to improve algorithmrun time with drawings of
equalor increasedvisual quality. The spirit of thesemulti-level
graphlayoutapproachess to recursvely apply a coarseningper
atorto divide the graphinto a hierarchyof coarsegraphsthat are
usedto represenavery largeinputgraph.Theseechniquesxploit
the propertythat coarsegraphsin the hierarchyarerepresentate
of themoredetailedones but arecheapeto lay out.

In Walshav [26], anestimateof asolutionof themaximalmatch-
ing problemis usedasa coarseningperatorto constructhe hier
archy The maximalmatchingproblemselectshe largestpossible
setof edgesin thegraphsuchthatno two edgesareincidentto the
samenode. However, the authoracknavledgeshis techniquemay
not be suitablefor denselyconnectedyraphsor graphscontaining
highdegreenodes.

NiggemanrandStein[22] describeamulti-level algorithmbased
ontherecursve applicationof L -maximizationclustering.For each
recursvely clusteredsubgraphthe algorithm constructsa feature
vector which storesstatisticsaboutthe subgraph,including the
numberof connectedcomponentspiconnectedcomponentsand
L -clustersfound. This featurevectoris passedo a functionwhich
determineghebestlayout. This functionis re ned by applyingre-
gressiorlearningto a large databasef mary typical graphs.This
bestlayout methodfor a typical graphis determineddy laying out
all the graphsin the databasevith as mary graphdraving algo-
rithms as possibleand evaluating a quality metric on each. Al-
thoughthe work doesproducesomevisually cornvincing results,
the largestgraphdravn was 1000 nodes. Even thoughno perfor
mancenumbersveregiven,onecanassumehatthelargeamounts
of precomputatiomequiredis a majorlimitation.

HarelandKoren[15] recursvely apply anapproximatesolution
to thek-centregproblem,usinggraphtheoreticdistanceastheideal
distancebetweentwo nodes. The k-centresproblemgroupsa set
of pointsinto k clusterswherethe distancebetweenary pair of
pointsin the clusteris minimized. Their algorithmrelieson theas-
sumptionthatthe Euclidiandistancebetweertwo nodesshouldbe
proportionalto their graphtheoreticdistance.However, for highly
connectedyraphsthe graphtheoreticdistancebetweermary pairs
of verticesis similar andthe choserclusteringcould be poor Sim-
ilarly, for graphsof low connectiity, suchastrees theassumption
that graphtheoreticdistanceshould be proportionalto Euclidian
distancdeadsto poorlayouts.

Gajeretal. [11] coarserby applyinga ltration to the nodeset
of the input graph. The ltration operatorconstructsa maximal
subseiat eachlevel i usingtheinput graphatleveli 1 suchthat
thegraphtheoreticdistancebetweerary two nodesof thesubseis
atleast? 1 1. Althoughthetechniqueworkswell on graphsof
low connectity, the authorsacknavledgethatit doesnot perform
well on graphsof higherconnectvity.

TheACE algorithm[18] solvesfor theeigervectorsof theLapla-
cianmatrix to determinea suitableprojectionof thegraphinto two,
three,or ary dimensionlessthanor equalto the numberof eigen-
vectorsof the matrix. The eigervectorsarecomputediy construct-
ing a hierarchyof coarsematricesandcomputingthe eigervectors



of the coarsestnatrix. The solutionis recursvely usedasan esti-
matefor the eigervectorsonelevel down until the eigervectorsof
the original graphhave beencomputed.However, arecentempiri-
cal evaluationof fastgraphdraving algorithms[14], demonstrates
thatit doesnot performwell on mary typesof graphs.

The FastMultipole Multilevel Method, or FM3, algorithm[13]
is the rst multi-level algorithm for generalgraphswith a prov-
ableworstcaseasymptoticruntimeof O(NlogN + E). Thegraph
is partitionedinto subgraphsalled solar systems.Sunnodesare
the centralnodeof the solar system. Planetnodesare the nodes
immediatelyadjacentto a sunnode. Moon nodesare the set of
nodesimmediatelyadjacentto a planetnode. The solar systems
arecontracteddown to single nodesandthe processs repeatedo
createa hierarchy They shav a x edfraction of nodesandedges
arepresenin eachsolarsystem proving the hierarchyis balanced.
Using this fact, they are ableto prove thatthe nal graphlayout
canbe obtainedin O(NlogN + E) time. A subsequengvaluation
of FM3 corvincingly demonstrateshat FM3 yields higher visual
quality resultsthanpreviouswork [14]. AlthoughTopoLayoutcan-
not be proven to be asymptoticallyfasterthan FM3, we will shav
that,in termsof speedandvisualquality, it empiricallyoutperforms
FM2 onmary typesof graphs.

Thework of Six andTollis [24] is perhaplosestn spirit to our
own. Although the methodis not technicallymulti-level because
the hierarchyis not recursvely constructed,it doessharesome
propertieof multi-level techniquesthey decomposé¢hegraphinto
biconnectedraphsandlay outthetreeof biconnectedomponents
usinga radialtreelayoutalgorithmwhich is area-avare. Theindi-
vidual biconnecteccomponentaredravn usinga circular layout.
However, the only topologicalfeaturetype detecteds biconnected
componentswhereasTopoLayouthandlesmary featuretypes.

We also describepreliminary work on TopoLayoutin a recent
poster1].

2.2 High-Dimensional Embedder (HDE)

In additionto stricttopologicalfeatures;TopoLayoutdetectsvhen
the High-Dimensional Embedder, or HDE algorithm [19] of

Harel and Koren, is an appropriatechoice. This approachis re-

latedto arich family of mathematicahpproachewhich have been
explored as solutionsto problemsrangingfrom attening curved
surfaces[23] to texture mappingin computergraphic§27]. These
algorithmsstartby selectinga subsebf d pointscalledpivots and
computethe pairwisegeodesi®r graphtheoreticdistancebetween
the pivots and all other points on the surface. Eachpivot corre-
spondsto a dimension,andthe graphtheoreticdistancebetween
a pivot and all other points de nes a positionfor eachpointin a
d-dimensionakpace.The point setis centred,and principal com-
ponentanalysis(PCA) or multi-dimensionakcaling(MDS) maps
thed-dimensionaembeddinglown to atwo or threedimensions.

In HDE, the rst pivot of the graphis selectedrandomly The
graphtheoreticdistancebetweerthe rst pivot andall othernodes
in the graphis computedusing Dijkstra's algorithmt. For the re-
mainingm 1 pivots, the nodewith furthestgraphtheoreticdis-
tancefrom the pivot is selectedn orderto maximizevarianceon
eachaxis. Oncethegraphis embeddedh thed-dimensionakpace,
PCAis usedto mapthegraphdown into two dimensionsA typical
valuefor d is 50 andthe algorithmhasan asymptoticruntime of
O(d(NlogN+ E)).

1The graphtheoreticdistancecan be computedusing either Dijkstra's
algorithmor breadth- rstsearchherewe useDijkstra's algorithmbecause
we needweightedHDE to handlegraphsof positve, unequakdgeweights.
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Figure 1: TopoLayout algorithm phases.

3 ALGORITHM

TheTopoLayoutframeavork consistsof four mainphasesasshavn
in Figurel. Thedecompositionphaséds thesameasthecoarsening
operatorin othermulti-level techniqueslt is recursvely calledon
the input graph,creatingour hierarchyandidentifying the feature
typeof thesubgraphThefeature layout phasedravsthesubgraph
usingan appropriatealgorithmfor the featuretype. The crossing
reduction phasereduces but doesnot completelyeliminate, the
numberof node-edgendedge-edge&rossingsn the subgraphoy
rotatingnodes.Finally, the overlap elimination phaseensureshat
notwo nodesoverlapin the nal drawing. Thelastthreealgorithms
are appliedto eachsubgraphin the post-ordenraversalandthen
recursvely arecomputedor higherlevelsof the hierarchy

Mary of the algorithmsusedin thesephasesaredirectly dravn
from previous work, some are slight modi cations of previous
work, andsomearenovel algorithmsof our own. Similar work on
reducingnode-edgeand edge-edgerossingshasbeenpresented,
but we presenta new algorithmfor this problemin Section3.2.2.
All algorithmsuseddirectly from previouswork or thosewith small
modi cationsaredescribedn thesesectionsandcited.

3.1 Decomposition

Thedecompositiorphaseconsistof a seriesof topologicalfeature
detectionalgorithms,which are appliedto the input graph. Upon
detectionof a topologicalfeature,the subgraphof the featureis
collapsednto asinglenode.This processormsahierarchywhere
anodeatlevel i containinga subgraphs a parentandthe nodesof
thesubgrapht containsatlevel i + 1 areits children.Nodeswhich
containasubgraphareknown asmeta-nodes We call thenodesof
theinputgraphleavesof the hierarchyasthey aretheonly nodesn
the subgrapthierarchywhich arenot meta-nodesandterminateall
pathsin the subgraphierarchy Notethatthe computedhierarchy
is rarely balancedand leaves can occurat ary level. During the
constructionof a meta-noden, for ary edgee adjacento a node
containedin the subgraphof n and a node outsidethe subgraph
of n, we createa meta-edgewhich connectdhe meta-nodeo the
othernodeadjacento e. Meta-edgesontaina list of pointersto
theedgesin theinput graphwhich they representFigure2 shavs
an examplehierarchycreatedby our decompositiorphase.Meta-
nodesaretherectanglesn thediagramandtheir subgraphsrethe
setof nodescontainedwithin the box. The nodesare colouredby
topologytype. This samecolourencodings usedfor all dravings
producecby TopoLayoutfor theremaindeof this paper

Figure 3 describesthe decompositionalgorithm in detail and
the topologicalfeatureswe detect. The boxesin the diagramare
colouredusingthe sameschemedntroducedn Figure2. Treesare
subgraphsvithout cycles. A connectedcomponentis a subgraph
wherethereexists a pathbetweerary pair of nodesin it. A bicon-
nectedcomponentis asubgraphwheretheremoval of ary nodeor
edgewithin the subgraphdoesnot disconnecit into two or more
connecteccomponents.A cluster is a subgraptformedby some
clusteringalgorithm. In our implementationwe usethe strength
metric [3] for clustering. We thendetermineif HDE is a suitable
algorithmto lay out the subgraph.We note HDE componentsre
not topologicalfeatures,but HDE componentdetectionis a rst
stepin selectingappropriategraphlayoutalgorithmsfor subgraphs
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Figure 2: Subgraph hierarchy after decomposition, with topology en-
coded by colour. Top: Layout annotated with bounding boxes to show
hierarchy structure: meta-nodes encompass the subgraphs of their
children. Bottom: Diagram of subgraph hierarchy, with levels enu-
merated and nodes labeled by feature type. The hierarchy is not
necessarily balanced: leaves can occur at any level.

in ourhierarchy Finally, if thedecompositiophasecannotdentify
thetopologyof the subgraphit is labeledunknown.

The resultinghierarchy and thereforethe resultinglayout, can
changewith the orderin which thesedetectionalgorithmsare ap-
plied. Our orderis basedon the following logic. Connectectom-
ponentof thegraphshouldbedetectedrst, sinceif therearemul-
tiple componentsywe canlay themoutindependently Treesneed
to bedetectedeforebiconnectedcomponentdecauseheremoval
of ary edgeor nodefrom a treedisconnectshetreeinto two com-
ponents. Therefore,a biconnectedalgorithmrun on a tree would
fragmentall treesinto disjoint nodesandedges.Beforewe further
decomposehe graphusing strengthclustering,we checkto seeif
HDE is anappropriatealgorithmfor layout. Finally, clusterdetec-
tion providesareasonabléecompositiorto partitionthegraphinto
highly connectedsubgraphsas a last stepwhen more meaningful
topologicalfeaturescannotbe found.

3.1.1 TopologicalFeatureDetectionAlgorithms

We detect connectedcomponentsusing a series of depth- rst
searcheso computespanningreesfor eachcomponent.We refer
the readerto the BaaseandVan Geldertextbook[4] for detailsof
this standardalgorithmfor connecteccomponentletectionwhich
runsin O(N + E).

We detecttreesby nding the rst cyclein thegraphandselect-
ing anoden onthatcycle. If acycleis notfound,theentiregraphis
atree. Otherwise startingat n, we performa depth- rst searchon
the entiregraph. Whenwe visit a nodeof degreeone,we remove
it and continuethe depth- rst search. The algorithm removes all
nodesof degreeoneit encountersintil thereareno more,or when
amaximaltreeis detected.The time requiredfor treedetectionis
thereforeO(N + E).

A gooddescriptionof a standardiconnectedcomponentietec-
tion algorithmis given by BaaseandVan Gelder[4]. Biconnected
componentsre detectedn the graphby performinga depth- rst
searchthroughthe graph. Edgesthat point backto higherlevels of
the depth- rst searchare calledback edges. When a subtrees of

thedepth- rst searchtreehasno backedgeso ary ancestoof s, it
is a separatédiconnecteccomponent.The algorithmtakesat most
O(N+ E) time.

We computeclustersusingthe strengthmetric[3]. Thestrength
metric partitionsthe graphinto subgraphdy the numberof 3- and
4-cyclessharedby the nodesof the subgraph.For eachedgesub-
tendingnodesu andv, we partition nodesadjacento u andv into
threesets: M(u), thoseadjacentto u; M(v), thoseadjacentto v;
andW(u;Vv), thoseadjacento both u andv. The total numberof
3-¢yclesis the numberof elementsn W(u;v). We determinethe
numberof 4-¢yclesby checkingfor the existencean edgebetween
anelemenbfW(u;v) andanelemenbf eitherM(u) or M(v). These
edgescanbe computedn O(r) time usinga hashtable,wherer is
the maximumdegreeof a vertex in the graph. We canthusdetect
clustersn O(rE) time.

Finally, to determineif HDE is a suitablelayout algorithm for
the subgraph,we lay out the subgraphwith HDE and compute
the unweightedKruskal Stress-1function [20] on a randomsub-
setof N nodestaken from the graph. BecauseHDE is a very
fastgraphdrawing algorithm, we can afford to perform the lay-
out and evaluatethe stress. When evaluatingthe stressof the re-
sulting layout, we excludethe pivots chosenby HDE becausehe
stresswas inherentlyminimized for them by the algorithm. The
Kruskal Stress-1is frequentlyusedin MDS to evaluatehow faith-
fully thelow-dimensionakembeddingof a setof pointsrepresents
the high-dimensionabistancesbetweenthem. It determineghe
normalizeddisparity betweenrthe high-dimensionatepresentation
of the point setandthe low-dimensionalrepresentation Kruskal
Stress-Iproducesa value between[0; 1] with zero corresponding
to no disparitybetweerthetwo-dimensionatiraving andthe high-
dimensionakpaceandone correspondingo maximumdisparity
AlthoughHDE usesPCA to mapthe d-dimensionakpacedown to
two dimensionsKruskal Stress-1is still applicableasa goodlay-
outwill placenodesof small shortestpathdistanceclosetogether
andnodeslarge shortestpathdistancefar apart. Thus,goodHDE
layoutsshouldhave low ﬁtress.Thetime requiredto computethe
stresgs O((NlogN + E) N)pasDijkstra's shortespathalgorithm
is computedfor eachof the N nodesof the subset. This stress
computationis computeda small constannumberof timesandif
oneof thosestressess belav a thresholdof 0.2, the layoutis ac-
cepted.

3.2 Layout

Duringthelayoutphaseof leveli of ahierarchythefeaturesatlevel

i + 1 containedby all the meta-nodest level i mustbe laid out

rst to determinethe screen-spacboundsof the meta-node.The

requiredscreerspaceof theleavesat level i is alreadyknown: the

original sizeof the node. The layout stage shavn in Algorithm 1,

draws the topologicalfeatureat level i usinganappropriatdayout
algorithm,rotatesmeta-nodesf the hierarchyto reducecrossings,
andeliminatesall node-nodeverlapsin the subgraph.

Algorithm 1 Pseudocodéor thefeaturelayoutphase.
layout (subgrapts)
for all meta-nodes 2 sdo
c:size  boundingBox (layout (c:subgraph));
layOutFeature (s);
reduceCiossings(s);
eliminateOverlaps (s);
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Figure 3: Decomposition phase for TopoLayout. Detection algorithms in coloured boxes with the same colouring scheme used for the features in
Figure 2. If a clause on a horizontal is true, we transition along the arrow. Otherwise, we follow the vertical arrow to save some subgraphs and

recursively decompose others.

3.2.1 FeatureLayout

Theinitial layout of the topologicalfeaturesin the graphdepends
on the detectedopologicaltype. We employ four typesof layout
algorithms:tree,circular, HDE, andforce-directed.

Area-avaretr eelayout algorithmsareusedfor the treeandbi-
connecteccomponentopologicaltypes. Clearly, treelayoutalgo-
rithmsareappropriatefor trees but thereasorto usethemto drav
biconnecteccomponentss lessolvious. For a setof biconnected
componentgesiding at level i with their collapsedsubgraphsat
level i + 1, the topology of the subgraphat level i is a tree; if it
were not, therewould be a cycle at level i andall subgraphon
that cycle would be meigedinto a single biconnecteccomponent
atlevel i+ 1. If theremoval of an edgecreatedtwo biconnected
componentsheedgeappearasanedgein thetreeatleveli. If the
removal of anodecreatedwo biconnectedomponentsye useone
of themethodssuggestedby Six andTollis [24] andplacethenode
betweerthetwo componentsTopoLayoutcanuseary treelayout
algorithmthatis area-avareto drawv thesetrees.We usethe bubble
treealgorithm[12] for treesof low depthandhigh branchingfactor
andanarea-avareversionof the Walker algorithm[5] for all other
trees.ThebubbletreealgorithmrequiresO(N logN) time while the
versionof the Walker algorithmrunsin O(N) time.

We use an area-avare circular layout algorithmto highlight
completegraphs. Circular layout consistsof simply placing the
nodesof the grapharounda circle, so area-aare circular layout
is a straightforvard adaption. Although circular layoutsyield low
visual quality dravingsfor generalgraphsbecausehey have mary
crossingsthey area goodchoicefor completegraphsithe symme-
try of all lines crossingandthe feature-basedolor codingleadsto
thevisual pop-outof cliques.Thealgorithmrunsin O(N) time.

Whenappropriatewe usearea-aware HDE [19] to lay outun-
known componentshatpreformwell duringdetection Area-avare
HDE is simply normalHDE with weightededges. The weight of
eachedgeis setto the maximumradiusof the adjacennhodeswith
aminimumweightof one.

We usearea-aware GEM for all othercasef clustersandun-
known components Area-avare GEM is a minor modi cation of
the GEM Frick algorithm[9] wherenodesare considerecthages
andtheedgesareconsideredprings.Thesystenis placedn anini-
tial con guration, oftenrandom,andis releasedintil it reachesn
equilibrium. Oscillationsandrotationsaboutequallyoptimal posi-
tionsaredampenedWe useanarea-avareversionof GEM, which
is similar to the algorithmsdevelopedby Harel and Koren [16]
whoadaptedrruchterman-Reingold.0], Kamada-Kavai[17], and
combination®f thesealgorithms.

Theforcesfor area-vareGEM canbede nedfor apairof nodes
ni andnj. Letr; andr; bethethe radii of the boundingcirclesof
thesenodesrespectiely. Let pj and p; betheir positions,andlet |
besomeidealspringlengthfor thedistancebetweertheboundaries
of thetwo nodes.The GEM forcesthatanoden; exertson anode
n; are:

(@) (b)

Figure 4: Reducing crossings with torque. (a) Computing the tor-
sional force t on c exerted by the edge (no;nc). (b) Applying t results
to rotate ¢. Dashed nodes and edges are meta-nodes and edges.
Solid nodes are leaves. The square box is the centre of node c.

I+dj+rje

frepuisie(Ni; Nj) = W(pi pj) 1)
i Pj
kp- p.k2
fattractve(Ni; Nj) = m( pi P 2
itr

The bold termsin (1) and (2) arethe termswe addedto make
GEM area-avare. The ceiling of the sum of the radii is taken so
that the forcesare still computedpurely with integer arithmetic.
Oscillationandrotationcontrolin the algorithmis the same.The
compleity of thealgorithmremainsO(N®).

3.2.2 CrossingReduction

We introduce an algorithm to reducethe numberof edge-edge
crossingsandnode-edgerossingsn our draving. Our heuristicis
to rotatemeta-nodes our hierarchyto reducecrossingsof edges
in theoriginal graphconnectingnodesn differentsubgraphsf the
hierarchyasshavn in Figure4. The heuristicdoesnot guarantee
aneliminationof node-edg®r edge-edgerossingshut it reduces
thenumberof themin mostcasesndshorten®dgelengthbetween
subgraphsaswell. Our approachis similar to that of Symeonidis
and Tollis [25] who provide a solution to this problemby mini-
mizing whatthey call inter-groupcrossings.In their approachan
enepy functionis minimizedto apply a goodrotationto their cir-
culardravingsto reducethe numberof crossingsThis approachs
analogougo Kamada-Kavai [17] in graphlayout. In contrastour
approachs similarto GEM [9] andincludesoscillationcontrol.

Let 0 andc be meta-nodes$n a subgraphat level i of our graph
hierarchy Let ny andn. be leasesin our graphhierarchy We use



the positionsof ng andnc in the coordinateframein the subgraph
at level i to computethe torquet. The nodesof n, andn¢ are
not necessarilyatlevel i + 1 andcanbe nestedn severallevels of
meta-nodesachwith theirown relative coordinatdrames.For the
momentwe assumehelocationof thenodesng andnc is known in
the coordinateframeof the subgraphat level i andshaw laterhow
thesepositionscanbe computedef ciently. Thetorquecomputed
is physicallyinspired,but is not physicallyrealistic. Let the force
vector T be a unit force alongthe edge(no;nc). Let+ bethera-
diusvectorfrom the centreof nodec to thenodenc. Thefunction
sgx) returnsthesignof thenormalperpendiculato theembedding
plane.Thetorqueexertedby (no; nc) onc is givenby Equation(3).

t= gsgﬂ Hr 1) 3)

Analogousto that of force-directedgraphdrawing techniques,
our solutionto the problemis incremental. The averagevalue of
t is computedfor all edgesin the list of edgescontainedin the
meta-edg€o;c). The processs repeatedcomputingan averaget
for eachmeta-noden the subgraptcontainingo andc, usingtheir
incidentmeta-edgesOncethe averaget is computedor all meta-
nodesin the subgraphi|t is appliedto the cumulatve rotation of
eachmeta-node.

Meta-nodesanoscillatearoundequallygoodorientations.Our
approachto dampeningoscillationsis similar to thatof GEM [9].
We storethe torquefor eachmeta-nodeappliedduring the previ-
ousiterationand compareit with the torquecomputedduring the
currentiteration. If the signsof the torquein the two iterations
areopposite we areoscillatingaroundan optimal orientation,and
a dampingfactoris applied. Currently this factoris the fraction
of completedterationsto the N; iterationswhichwill be executed,
whereN; is thenumberof meta-node# thesubgraphatleveli.

Computingthepositionsof theng andn: nodesn thecoordinate
frameof thesubgraphatleveli is relatively straightforvardif every
nodein the graphhierarchyhasa pointerto meta-nodevhich con-
tainsit. Thisinformationcanbe constructedn the decomposition
phasewith no asymptoticuntimepenaltywhenwe constructmeta
nodes.Eachmeta-edgédasa list of edgest representssoeachn,
andnc involvedin atorquecomputatiorcanbe determinedn con-
stanttime. We traversethe hierarchyup to the subgraphat level i
composingranslationsandrotationsto determinethe positionsof
no andng in the subgraphat level i. If ny or nc is at a depthof
i+ L, thistraversaltakesO(L) time. Sinceeachedgeis involvedin
at mostonetorquecomputatiorandN; iterationsof torqueare ex-
ecutedtheoverallasymptoticcomplexity of thecrossingreduction
phasds O(LN;E).

3.2.3 OverlapElimination

In TopoLayoutneitherarea-avareGEM nor HDE providesaguar
anteeof no node-nodeverlaps.The crossingreductionphasemay
alsointroducenodeoverlapsbetweenmeta-nodesndothernodes
in eachsubgraptof the hierarchy To ensurethat pairsof nodesdo
not overlapin our nal layout, we performa passto testfor and
reduceor eliminatetheseoverlaps.

We experimentedvith several algorithmsto reduceor eliminate
nodeoverlapsin thedrawing. In all caseswe tried overlapreduc-
tion two ways: separatelyffor eachsubgraphof the hierarchy or
asinglepasson the entire nal draving after TopoLayouthadex-
ecutedall other phases.We found that the former approachwas
best,because single passon the nal drawing causesoverlap of
topologicalfeatures.

First, we testedthe naive approactof consideringevery pair of
nodesto determinethe setof overlaps. If two nodesoverlapped,
they were shrunkdown in size until no overlapwas present. Al-
thoughthis O(N2) methodwasslow, it doesguarantee draving

Algorithm Complity
Detection
Tree O(N; + E)
BiconnectedComponent O(N; + E;)
ConnectedcComponent  O(N; + Ej) p
HDE O((NijlogN;i + Ej) N))
Cluster O(rg;)
Initial Layout
BubbleTree O(NilogN;)
Walker Tree O(Ny)
Circular O(Ny)
Area-AwvareGEM O(N?)
HDE O(d(N; logN; + E}))
Re nement
CrossingReduction O(LN;E)
OverlapElimination O(N; logN;)

Figure 5: Time complexity of TopoLayout framework components, for
each hierarchical level.

free of node-nodeoverlapsand produceddravings of high visual
quality for mary typesof graphs.

We alsoimplementedhe ClusterBusteralgorithm of Lyonset
al. [21], which computeghe Voronoi diagramof the nodesetand
iteratively pulls the nodestowards the centroid of eachVoronoi
cell. For a constantnumberof iterations,the algorithm runsin
O(NlogN) time. Unfortunately this methoddoesnot guarantee
no nodeoverlapsin the nal drawing, andtheresultswereusually
of low visualquality.

We obtainedthe bestresultsfrom implementingthe fastnode
overlapremoval algorithmwithout Lagrangemultipliers[7], which
is discussedn detailin Dwyer et al's technicalreport[8]. In this
work, two, separatpasseslongthex-axisandthey-axiseliminate
all nodeoverlapsin thegraph.Thealgorithmconstructaweighted,
directedconstraintgraphalongeachdimensionandusesguadratic
programmingo minimize nodedisplacementAssumingthateach
nodein the graphoverlapswith a constannumberof nodes,the
algorithmis O(NlogN). Thismethodguaranteeso overlapsin the

nal draving andwasappliedto every subgraptof thehierarchyto
producetheresultsin Section5.

The overlap elimination phaseis always executedon graphs
drawvn with HDE and area-avare GEM, sincewe cannotguaran-
teetheabsencef overlapsin dravings generatedrom thesealgo-
rithms. Overlapeliminationis only executedon othertopological
featuresdf they containmeta-nodesyecausehecrossingreduction
phasecan introduceoverlaps. As the fast overlap removal algo-
rithm only considersaxisalignednodesthe axisalignedbounding
box of therotatedmeta-nodas computed.

4 ALGORITHM COMPLEXITY

Figure 5 shaws the time complity of the algorithmswe usein
TopoLayout. We reportthe numberof operationsperformedon
eachsubgraphof the hierarchy: N; is the numberof nodesin a
subgraphandE; is the numberof edgesin a subgraphat level i.
Themaximumdegreeof a nodein the subgraphatleveliisr. The
value of d is the dimensionalityof the high-dimensionakpaceof
the HDE algorithm,which is typically fty . Thevalueof L is the
numberof levelswe musttraverseup the hierarchyto computethe
leveli positionsof no andn. whencomputingtorques.

5 EXPERIMENT

Weimplementedhe TopoLayoutframewnork ontop of the Tulip [2]
graphvisualizationsystemand have testedit againstother multi-



level algorithmsondatasetsvith arangeof connectiities andsizes.
All benchmarkswvere run on a 3.0GHz PentiumlV with 3.0GB
of memoryrunning SUSELinux with a 2.6.5-7.151kernel. The
majority of the datausedfor testingwas taken from Hachuland
Jungers empiricalstudy[14] of graphdrawing algorithmsandFig-

ures6 and 7 demonstrateéhat we have reproducedhe resultsof

their work. In fact, eventhe runningtimesarenearlythe sameas
our hardware setupwassimilar. In these gures, every row is the
samedataseandevery columnis alayoutalgorithm. Thenameand
sizeof the datasefor eachrow is in the upperleft handcornerof

theleftmostcolumn. Thetime takento lay out eachdatasetwith a
particularalgorithmappearsn the upperright handcornerof each
tableentry For spaceeasonsarepresentatie subsebf thegraphs
andalgorithmsusedin this evaluationwere chosen.The codefor

GRIP?, ACE®, andHDE?, wasavailable online andwasincorpo-
ratedinto the Tulip framavork. StepharHachulkindly suppliedthe
FM3 code whichwasalsoincorporatednto Tulip for testing.Harel

andKoren's multi-level approach15] wasnot tested. The source
codefor this implementationvasunavailable andrestrictedgraph
sizesof lessthantenthousandhodesdueto quadraticsizememory
requirementsAs our obseredrunningtimesandvisual quality re-

sultswerevery similarto thosein theempiricalstudy[14], onecan
referto their resultsfor a comparison We allowed TopoLayoutto

colourtopologicalfeaturesin the graph,usingthe schemede ned

in Section3.1. Sincetheothergraphdrawing algorithmsdo notde-
tecttopologicalfeaturesautomatically the comparisoris fair and
demonstrateanotheradwantageof our approach.

From the datasetsin the study [14], we choseone of their
real world graphs,the B-size graphsfor eachof their challeng-
ing arti cial graphsclassesandonechallengingreal world graph.
When comparingour results to their study note that smaller
snowflake _A and spider _A drawings were shavn, whereas
we are providing drawings for the larger snowflake B and
spider _B. All other dravings we provide match thosein the
study In additionto the datasetgpresentin the study we added
four of our own. We shaw the drawvings obtainedfrom the experi-
mentin Figures6 and7.

Crack is astandardyraphdraving datasepartof the Walshav
GraphPartition Archive®. It wasthereal world graphusedin the
study The6-ary , snowflake _B, spider _B, andflower _B
datasetsare one size of eachof the challengingarti cial graphs
suppliedby StepherHachul. The 6-ary treedataseis simply a
6-arytreeof depth ve.Snowflake isatreeof veryhighvariance
in degree.Spider hasa subsebf nodesSwhich consistof 25%
of thenodesin thegraph. The elementsf Sareeachconnectedo
twelve uniguememberof S Theremainingnodesarerootedat a
singlenodealongeightpathsof equallength. Flower hasarela-
tively high density It consistsof joining six circular chainsof the
graphKsg, a completegraphof thirty nodesata singleinstanceof
Kzo. LaBRI is the hyperlink structureof www.labri.fr .IMDB
Subset is a subsetof the InternetMovie Databas& Nodesin
this graphare actorsand edgesare presentf two actorsappeared
in the samemovie. Add32 is a graphwhich modelsthe hardware
structureof a thirty two bit adderfrom the Walshav GraphParti-
tion Archive. It wasa challengingreal world datasetusedfrom
thestudy Bico _Walshaw is fourteendatasetsrom the Walshav
GraphPartition Archive connectedby thirteensingleedgesnto one
componentRouters is anearspanningreewith afew cyclesof
the majorrouterson the Internetbackbonerom the InternetMap-
ping Project[6] takenin February2002.

2www.cs.arizona.edu/"kobourov/GRIP
Sresearch.att.com/"yehuda/programs/ace.zip
“4research.att.com/"yehuda/programs/embedde r.zip
Sstaffweb.cms.gre.ac.uk/ c.walshaw/partiti on
Swww.imdb.com

6 DIsCUsSION

Onestrengthof TopoLayoutis thatthe runningtime performance
is proportionalto the amountof a particulartopological feature
presenin the graph. For the mostpart, the topologicalfeaturede-
tectionalgorithmsare quick enoughto determineif somethingis
de nitely not presentin the graph. As a result,we have an algo-
rithm whoseperformancés sensitve to topologytype.

Figures6 and 7 shav anotheradwantageof our approach:by
choosinga layoutalgorithmfor afeaturethatcreates characteris-
tic pattern,we getvisual pop-outeffectsthatallows thesefeatures
to be easilynoticed. For example,we caneasilypick out the node
andedgebiconnectiity in LaBRI , thecyclesandtreestructuresn
routers , andthecliquesin IMDB Subset .

For nearlyall datasetsexceptcrack , neitherACE nor HDE is
ableto producelayoutsof high visual quality, becausehey place
mary nodesat the samelocation. It hasbeennotedin Hachuls
study[14] thatthesealgebraiomethoddo notwork well on graphs
with mary biconnectedomponentsFor thisreasontheremainder
of thediscussiorwill focusontheperformancef GRIP, FM3, and
TopoLayout.

Oncrack , TopoLayouts ableto outperformFM3, butis slower
thanGRIP. As expectedfrom theliterature,all the algorithmspro-
ducedpleasingdravings.

TopoLayoutis ableto outperformGRIP and FM3 in termsof
runningtimeon6-ary andsnowflake andit outperformghem
in termsof visualquality aswell. As TopoLayoutdetectdreesit is
ableto visualizethe global structureof 6-ary andsnowflake
more effectively. For snowflake , the FM3 algorithm actually
hidespartof thegraphs globalstructurepecauselumpsthesingle
nodesattachedo the root nearthe centreof the draving asshavn
in the inset. GRIP canshav part of the structurearoundits root
nodeasshawn in its inset. Topolayoutpulls themout into the fan
structurevisible in thelower left of thedrawing.

TopoLayout has a slower run time on FM3 and GRIP on
spider . Thereasoris thatit runsO(N3) area-avareGEM onthe
highly connectedcheadcomponentThevisualquality of thelayout
is similar for FM3, GRIP, and TopoLayoutin the headregion of the
spidershavn in theinset,but the eightfold symmetryof thelegsis
dif cult to see.

TopolLayouts slowerthanFM3 andGRIPonflower , because
thestrengthmetric[3] hasslow performancevhentheconnectiity
of the graphapproachesearcomplete. The drawing of flower
producedby TopoLayouthasbetterinformation density; we can
seetheindividual cliqguesin eachloop at a singlescale whereast
is lesstruefor the GRIPandFM2 drawings. However, thetopology
of theloopsarebetterdravn by FM3. The structureof the cliques
is moreapparenusing TopoLayoutbecausehey aredetectecand
dravn using circular layout as shawn in the inset. It is dif cult
to seethe structureof the cliquesin the FM3 and GRIP drawings
becausenary nodesoverlap.

On LaBRI, therunningtime of TopoLayoutis of the sameor-
derasthatof GRIP andFM3. The drawings areof similar visual
quality, but thetreesandbiconnectedomponentén thedatasetre
displayedmoreclearlyin the TopoLayoutdrawving.

Thereare mary cliquesin IMDB Subset andall threealgo-
rithms areableto separatehemout in their dravings. As Topo-
Layoutis able to detectcompletegraphsand drav themusing a
circularlayout, the topology of thesecliquesis madeimmediately
apparentvhereast is hiddenby GRIP andFM3. The areasof bi-
connectiity arevisiblein all threedravingsandtherunningtimes
areof thesameorder

For add32, the drawing speedof GRIP is considerablyfaster
thanthatof FM3 and TopoLayoutwhoserunningtimesareon the
sameorder Asadd32 describes32-bitadderit is nosurprisethat
it containamary biconnectedomponentsindhasatree-like shape.



ACE HDE

GRIP Fm3

TopoLayout

4.23 22.19 8.17

1.76 17.04 0.88

snowflake (T) 0.59
N=9,701
E=9,700

3.62 17.60 0.94

spider 14.11 0.64

5.26 16.39 1404.99

flower 0.25 0.93
N=9,030
E=131,241

9.12 11.30 88.39

Figure 6: Layouts of several datasets using ACE, HDE, GRIP, FM3, and TopoLayout for several datasets described in Section 5. For all rows,
blank squares indicate no drawing produced. Dataset name, number of nodes, and number of edges appear in the top left hand corner of the
leftmost column. Times in seconds, or reasons for no drawing, appear in the upper right corner of each entry. (T) indicates no drawing produced

in four hours of program execution.

The GRIPandFM3 algorithmsareableto visualizethis large-scale

shape put with TopoLayoutwe are alsoableto seesomeinternal
structure.

TopoLayouthasa runningtime of the sameorderas FM23 on
bico _walshaw andGRIP is unableto producea drawing. The
drawings producedby FM3 and TopoLayoutare of similar visual
quality.

TopoLayoutdravs routers  anorderof magnitudefasterthan
FM3, while GRIPis unableto producea drawing. In fact,therun-
ning time of TopoLayoutis similar to thatof HDE. All algorithms
areableto draw the cyclespresentin the datasetput only Topo-
Layoutis ableto visualizethetreestructuregproperly

7 FUTURE WORK

Two obvious ways to improve our framewvork would be to have
betterdetectionandlayoutalgorithmsfor the existing setof topo-
logical features,and to add supportfor new featuretypes. Fig-
ure5 shavs thatthemostexpensve algorithmin thedecomposition
phaseis clusterdetection,andit is re ected in the slower running
timesfor the o wer graphs.For the featurelayout phasethe most
expensve algorithmis the O(N3) area-avare GEM algorithm,and
we seeit re ectedin therunningtime of spider  asthelargehead
components laid out usingthis algorithm. Adding more special-
izeddetectioralgorithmswould notonly improve thevisualquality
of the layout, but could alsoimprove performancef they ledto a



| ACE HDE GRIP Fm3 TopolLayout

LaBRI 0.14 0.03 0.21 0.80 0.80
=

IMDB Subset 0.06 0.04 0.25 1.21 3.69
FZ8581

add32 1.26 0.35 1.50 11.90 14.78
N=4,960

E=9.462

bico _walshaw 96.23 6.69 (E) 160.06 104.87
N=77,251

E=183,945

E)Etfé% §}8 566.17 17.63 (E) 415.23 18.22

Figure 7: Layouts of several datasets using ACE, HDE, GRIP, FM3, and TopoLayout for several datasets described in Section 5. For all rows,
blank squares indicate no drawing produced. Dataset name, number of nodes, and number of edges appear in the top left hand corner of the
leftmost column. Times in seconds, or reasons for no drawing, appear in the upper right corner of each entry. (E) indicates no drawing produced

because of an error in the executable.

smallersetof nodesbeingpassedo the nal clusterdetector In
particular addingdifferentclusterdetectiormethodds anolbvious
next step.

For laying out unknavn componentsjt would be interesting
to usean area-avare versionof FM3 insteadof area-avare GEM
for its fastrunningtime andhigh visual quality on mary typesof
graphs.SinceFM? is basedn a springembedderadaptingt to be
ara-avare shouldbe feasible. With area-ware FM3, we would be
ableto signi cantly improve the slow run time of TopoLayouton
spider , wherethe springembeddetakesover 99% of the time.
However, the visual quality of the draving would mostlikely re-
main the same. The visual quality of flower would be signi -
cantly improved, andwe would mostlikely be ableto seethe six

fold symmetryof theloops.However, we would probablynotseea
greatimprovementin the run time, sinceclusterdetectionformsa
signi cant fractionof it.

Improving area-awvare HDE andcreatingarea-avare variantsof
other typical graph draving algorithmsis a topic for future re-
search.Currently we make HDE area-avareby usingthe olvious
approachof weightingthe edgesproportionallyto adjacentodes
size,which works well on graphswith uniform nodesizes. How-
ever, information density suffers with nonuniformnodesizes,as
occursin routers . We conjecturethata moresophisticatedip-
proachwould resultin betterinformationdensity We would also
like to improve the precisionof our HDE detectionalgorithm.

Although TopoLayouthandlesmary typesof graphsbetterthan



previous work, it still doesnot producehigh-quality layouts for

all graphsin the informationvisualizationdomain. If noneof the
topologicalfeaturetypeswe detectoccurin the graph,resultsare
poor In this case,we simply have a hierarchyof clustersand
unknavn componentswhich are dravn using area-aare force-
directedplacement. However, our framework allows for the ad-
dition of detectionfunctions,andincorporatingbetterlayoutalgo-
rithmsfor speci ¢ featureswill improveits performanceDetection
andlayoutof approximateéarge-scalg¢opologicalstructuresuchas
quasi-cliquesndquasi-trees;atherthanexacttopologicalfeatures,
would beaninterestingnext step.

8 CONCLUSION

We have presentedlopolLayout,a novel framevork for draving
large, undirectedgraphs. Unlike previous multi-level approaches,
TopolLayoutpartitionsthe graphinto topologicalfeatures,which
canbelaid out usinganalgorithmtunedfor their topology In ad-
dition to topologicalfeatures we have developedan algorithmto
detectwhen HDE will performwell on a subgraph. In contrast
to previous multi-level algorithms,TopoLayoutis the rst to drav
the subgraphhierarchy using a depth- rst, post-ordertraversal.
Traversingthe hierarchyin this way allows featuresatlower levels
to determinetheir screen-spacextentsbeforethe higherlevel fea-
tureis dravn. TopoLayoutis alsothe rst multi-level algorithmto
provide passeso eliminatenode-nodeverlapsandapasgo reduce
the numberof node-edgendedge-edgerossingsn thelayout. It
guaranteea nal layoutof nonode-nod@verlapswith comparable
runningtimesto reasonablenulti-level approachesyhereruntime
andlayoutvisualquality depend®n thenumberandtypesof topo-
logicalfeaturepresenin thegraph.Theexperimentatesultscom-
paringTopoLayoutto four othermulti-level approachesn arange
of datasetshaw that TopoLayoutis frequentlyfasteror hasresults
of highervisual quality, andin somecasesit hasboth.
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