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ABSTRACT

We describeTopoLayout,a novel framework to draw undirected
graphsbasedon thetopologicalfeaturesthey contain.Topological
featuresaredetectedrecursively, andtheir subgraphsarecollapsed
into singlenodes,forming a graphhierarchy. The �nal layout is
drawn usinganappropriatealgorithmfor eachtopologicalfeature.
A moregeneralgoalis to partitionthegraphinto featuresfor which
thereexist goodlayout algorithms,so in additionto strictly topo-
logical featuressuchastrees,connectedcomponents,biconnected
components,and clusters,we have a detectorfunction to deter-
mine whenHigh-DimensionalEmbedderis an appropriatechoice
for subgraphlayout. Our framework is the �rst multi-level ap-
proachto provide a phasefor reducingthe numberof node-edge
and edge-edgecrossingsand a phaseto eliminateall node-node
overlaps.Theruntimeandlayoutvisualquality of TopoLayoutde-
pendonthenumberandtypesof topologicalfeaturespresentin the
graph. We show experimentalresultscomparingspeedandvisual
quality for TopoLayoutagainstfour othermulti-level algorithmson
tendatasetswith arangeof connectivities andsizes,includingreal-
world graphsof web sites,social networks, and Internetrouters.
TopoLayoutis frequentlyfasteror hasresultsof highervisualqual-
ity, andsometimes,it hasboth. For example,therouterdatasetof
about140,000nodeswhich containsmany large treesubgraphsis
drawn anorderof magnitudefasterwith improvedvisualquality.

nformationVisualization,GraphsandNetworks,GraphVisual-
ization

1 I NTRODUCTI ON

TopoLayoutis a framework for drawing large, undirectedgraphs.
Our approachis multi-level: we decomposethegraphinto a hier-
archyof subgraphsof decreasingsizeandexploit thehierarchyfor
layout. Unlike previous multi-level approaches,TopoLayoutpar-
titions the graphinto topological features, which canbe laid out
with analgorithmtunedfor featuretopology. Thefeaturesdetected
are primarily strict topological featuressuchas trees,connected
components,and biconnectedcomponents.A more generalgoal
is to partition the graphinto featuresfor which thereexist good
layout algorithms. Thus,we have alsodevelopedan algorithmto
detectwhenthe very fastHigh-DimensionalEmbedder[19] algo-
rithm, or HDE, will performwell on a subgraph.Previous multi-
level algorithmsdraw the hierarchyof subgraphsbeginning with
the coarsestgraph in the hierarchyto the �nest. TopoLayoutis
the �rst to draw the subgraphhierarchyusinga depth-�rst, post-
ordertraversal.Traversingthehierarchyin thiswayallowsfeatures
at lower levels to determinetheir screen-spaceextentsbeforethe
higherlevel featureis drawn. Thus,ourframework worksbestif the
algorithmsusedto draw our featuretypesarearea-aware or take
varyingnodesizeinto account.TopoLayoutis alsothe�rst multi-
level algorithmto includepassesto eliminatenode-nodeoverlaps
andapassto reducethenumberof node-edgeandedge-edgecross-
ingsin thelayout.Thesepassescontributeto thehighvisualquality
of our layoutswith comparablerunningtimesto previous reason-
ablemulti-level approaches.
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2 PREVI OUS WORK

2.1 Multi-Le vel Graph Drawing Algorithms

Signi�cant work hasbeendonein developinghierarchicalmethods
for graphdrawing to improve algorithmrun time with drawingsof
equalor increasedvisual quality. The spirit of thesemulti-level
graphlayoutapproachesis to recursively applya coarseningoper-
ator to divide the graphinto a hierarchyof coarsegraphsthat are
usedto representavery largeinputgraph.Thesetechniquesexploit
thepropertythatcoarsergraphsin thehierarchyarerepresentative
of themoredetailedones,but arecheaperto lay out.

In Walshaw [26], anestimateof asolutionof themaximalmatch-
ing problemis usedasa coarseningoperatorto constructthehier-
archy. Themaximalmatchingproblemselectsthe largestpossible
setof edgesin thegraphsuchthatno two edgesareincidentto the
samenode.However, theauthoracknowledgeshis techniquemay
not be suitablefor denselyconnectedgraphsor graphscontaining
highdegreenodes.

NiggemannandStein[22] describeamulti-levelalgorithmbased
ontherecursiveapplicationof L -maximizationclustering.For each
recursively clusteredsubgraph,the algorithmconstructsa feature
vector, which storesstatisticsabout the subgraph,including the
numberof connectedcomponents,biconnectedcomponents,and
L-clustersfound. This featurevectoris passedto a functionwhich
determinesthebestlayout.This functionis re�ned by applyingre-
gressionlearningto a largedatabaseof many typical graphs.This
bestlayoutmethodfor a typical graphis determinedby laying out
all the graphsin the databasewith as many graphdrawing algo-
rithms as possibleand evaluatinga quality metric on each. Al-
thoughthe work doesproducesomevisually convincing results,
the largestgraphdrawn was1000nodes.Even thoughno perfor-
mancenumbersweregiven,onecanassumethatthelargeamounts
of precomputationrequiredis a majorlimitation.

HarelandKoren[15] recursively applyanapproximatesolution
to thek-centresproblem,usinggraphtheoreticdistanceastheideal
distancebetweentwo nodes. The k-centresproblemgroupsa set
of points into k clusterswherethe distancebetweenany pair of
pointsin theclusteris minimized.Their algorithmrelieson theas-
sumptionthat theEuclidiandistancebetweentwo nodesshouldbe
proportionalto their graphtheoreticdistance.However, for highly
connectedgraphs,thegraphtheoreticdistancebetweenmany pairs
of verticesis similar andthechosenclusteringcouldbepoor. Sim-
ilarly, for graphsof low connectivity, suchastrees,theassumption
that graphtheoreticdistanceshouldbe proportionalto Euclidian
distanceleadsto poorlayouts.

Gajeret al. [11] coarsenby applyinga �ltration to thenodeset
of the input graph. The �ltration operatorconstructsa maximal
subsetat eachlevel i usingthe input graphat level i � 1 suchthat
thegraphtheoreticdistancebetweenany two nodesof thesubsetis
at least2i� 1 � 1. Althoughthe techniqueworkswell on graphsof
low connectivity, theauthorsacknowledgethat it doesnot perform
well ongraphsof higherconnectivity.

TheACEalgorithm[18] solvesfor theeigenvectorsof theLapla-
cianmatrix to determineasuitableprojectionof thegraphinto two,
three,or any dimensionlessthanor equalto thenumberof eigen-
vectorsof thematrix. Theeigenvectorsarecomputedby construct-
ing a hierarchyof coarsematricesandcomputingtheeigenvectors



of thecoarsestmatrix. Thesolutionis recursively usedasanesti-
matefor theeigenvectorsonelevel down until theeigenvectorsof
theoriginal graphhave beencomputed.However, a recentempiri-
cal evaluationof fastgraphdrawing algorithms[14], demonstrates
thatit doesnotperformwell on many typesof graphs.

TheFastMultipole Multilevel Method,or FM3, algorithm[13]
is the �rst multi-level algorithm for generalgraphswith a prov-
ableworstcaseasymptoticruntimeof O(NlogN + E). Thegraph
is partitionedinto subgraphscalledsolarsystems.Sunnodesare
the centralnodeof the solarsystem. Planetnodesare the nodes
immediatelyadjacentto a sun node. Moon nodesare the set of
nodesimmediatelyadjacentto a planetnode. The solar systems
arecontracteddown to singlenodesandtheprocessis repeatedto
createa hierarchy. They show a �x edfractionof nodesandedges
arepresentin eachsolarsystem,proving thehierarchyis balanced.
Using this fact, they areable to prove that the �nal graphlayout
canbe obtainedin O(NlogN + E) time. A subsequentevaluation
of FM3 convincingly demonstratesthat FM3 yields highervisual
quality resultsthanpreviouswork [14]. AlthoughTopoLayoutcan-
not beproven to beasymptoticallyfasterthanFM3, we will show
that,in termsof speedandvisualquality, it empiricallyoutperforms
FM3 onmany typesof graphs.

Thework of Six andTollis [24] is perhapsclosestin spirit to our
own. Although the methodis not technicallymulti-level because
the hierarchyis not recursively constructed,it doessharesome
propertiesof multi-level techniques;they decomposethegraphinto
biconnectedgraphsandlay out thetreeof biconnectedcomponents
usinga radial treelayoutalgorithmwhich is area-aware.Theindi-
vidual biconnectedcomponentsaredrawn usinga circular layout.
However, theonly topologicalfeaturetypedetectedis biconnected
components,whereasTopoLayouthandlesmany featuretypes.

We alsodescribepreliminarywork on TopoLayoutin a recent
poster[1].

2.2 High-DimensionalEmbedder (HDE)

In additionto strict topologicalfeatures,TopoLayoutdetectswhen
the High-Dimensional Embedder, or HDE algorithm [19] of
Harel and Koren, is an appropriatechoice. This approachis re-
latedto a rich family of mathematicalapproacheswhich have been
exploredassolutionsto problemsrangingfrom �attening curved
surfaces[23] to texturemappingin computergraphics[27]. These
algorithmsstartby selectinga subsetof d pointscalledpivotsand
computethepairwisegeodesicor graphtheoreticdistancebetween
the pivots and all other points on the surface. Eachpivot corre-
spondsto a dimension,and the graphtheoreticdistancebetween
a pivot andall otherpointsde�nes a position for eachpoint in a
d-dimensionalspace.Thepoint setis centred,andprincipalcom-
ponentanalysis(PCA) or multi-dimensionalscaling(MDS) maps
thed-dimensionalembeddingdown to a two or threedimensions.

In HDE, the �rst pivot of the graphis selectedrandomly. The
graphtheoreticdistancebetweenthe�rst pivot andall othernodes
in the graphis computedusingDijkstra's algorithm1. For the re-
mainingm� 1 pivots, the nodewith furthestgraphtheoreticdis-
tancefrom the pivot is selectedin order to maximizevarianceon
eachaxis.Oncethegraphis embeddedin thed-dimensionalspace,
PCAis usedto mapthegraphdown into two dimensions.A typical
valuefor d is 50 andthe algorithmhasan asymptoticruntimeof
O(d(N logN+ E)) .

1The graphtheoreticdistancecanbe computedusingeitherDijkstra's
algorithmor breadth-�rstsearch;herewe useDijkstra's algorithmbecause
weneedweightedHDE to handlegraphsof positive,unequaledgeweights.

Figure 1: TopoLayout algorithm phases.

3 AL GORI THM

TheTopoLayoutframework consistsof four mainphasesasshown
in Figure1. Thedecompositionphaseis thesameasthecoarsening
operatorin othermulti-level techniques.It is recursively calledon
the input graph,creatingour hierarchyandidentifying the feature
typeof thesubgraph.Thefeaturelayout phasedrawsthesubgraph
usingan appropriatealgorithmfor the featuretype. The crossing
reduction phasereduces,but doesnot completelyeliminate, the
numberof node-edgeandedge-edgecrossingsin thesubgraphby
rotatingnodes.Finally, theoverlap elimination phaseensuresthat
notwo nodesoverlapin the�nal drawing. Thelastthreealgorithms
areappliedto eachsubgraphin the post-ordertraversaland then
recursively arecomputedfor higherlevelsof thehierarchy.

Many of thealgorithmsusedin thesephasesaredirectly drawn
from previous work, someare slight modi�cations of previous
work, andsomearenovel algorithmsof our own. Similar work on
reducingnode-edgeandedge-edgecrossingshasbeenpresented,
but we presenta new algorithmfor this problemin Section3.2.2.
All algorithmsuseddirectlyfrom previouswork or thosewith small
modi�cationsaredescribedin thesesectionsandcited.

3.1 Decomposition

Thedecompositionphaseconsistsof a seriesof topologicalfeature
detectionalgorithms,which areappliedto the input graph. Upon
detectionof a topological feature,the subgraphof the featureis
collapsedinto asinglenode.Thisprocessformsahierarchy, where
a nodeat level i containinga subgraphis a parentandthenodesof
thesubgraphit containsat level i + 1 areits children.Nodeswhich
containasubgraphsareknown asmeta-nodes. Wecall thenodesof
theinputgraphleavesof thehierarchyasthey aretheonly nodesin
thesubgraphhierarchywhich arenotmeta-nodesandterminateall
pathsin thesubgraphhierarchy. Notethat thecomputedhierarchy
is rarely balancedand leaves can occurat any level. During the
constructionof a meta-noden, for any edgee adjacentto a node
containedin the subgraphof n and a nodeoutsidethe subgraph
of n, we createa meta-edgewhich connectsthe meta-nodeto the
othernodeadjacentto e. Meta-edgescontaina list of pointersto
theedgesin the input graphwhich they represent.Figure2 shows
anexamplehierarchycreatedby our decompositionphase.Meta-
nodesaretherectanglesin thediagramandtheir subgraphsarethe
setof nodescontainedwithin thebox. Thenodesarecolouredby
topologytype. This samecolourencodingis usedfor all drawings
producedby TopoLayoutfor theremainderof this paper.

Figure 3 describesthe decompositionalgorithm in detail and
the topologicalfeatureswe detect. The boxes in the diagramare
colouredusingthesameschemeintroducedin Figure2. Treesare
subgraphswithout cycles. A connectedcomponentis a subgraph
wherethereexistsa pathbetweenany pair of nodesin it. A bicon-
nectedcomponentis asubgraphwheretheremoval of any nodeor
edgewithin the subgraphdoesnot disconnectit into two or more
connectedcomponents.A cluster is a subgraphformedby some
clusteringalgorithm. In our implementation,we usethe strength
metric [3] for clustering.We thendetermineif HDE is a suitable
algorithmto lay out the subgraph.We noteHDE componentsare
not topological features,but HDE componentdetectionis a �rst
stepin selectingappropriategraphlayoutalgorithmsfor subgraphs



Figure 2: Subgraph hierarchy after decomposition, with topology en-
coded by colour. Top: Layout annotated with bounding boxes to show
hierarchy structure: meta-nodes encompass the subgraphs of their
children. Bottom: Diagram of subgraph hierarchy, with levels enu-
merated and nodes labeled by feature type. The hierarchy is not
necessarily balanced: leaves can occur at any level.

in ourhierarchy. Finally, if thedecompositionphasecannotidentify
thetopologyof thesubgraph,it is labeledunknown.

The resultinghierarchy, andthereforethe resultinglayout, can
changewith theorderin which thesedetectionalgorithmsareap-
plied. Our orderis basedon the following logic. Connectedcom-
ponentsof thegraphshouldbedetected�rst, sinceif therearemul-
tiple components,we canlay themout independently. Treesneed
to bedetectedbeforebiconnectedcomponentsbecausetheremoval
of any edgeor nodefrom a treedisconnectsthetreeinto two com-
ponents.Therefore,a biconnectedalgorithmrun on a treewould
fragmentall treesinto disjoint nodesandedges.Beforewe further
decomposethegraphusingstrengthclustering,we checkto seeif
HDE is anappropriatealgorithmfor layout. Finally, clusterdetec-
tion providesareasonabledecompositionto partitionthegraphinto
highly connectedsubgraphsasa last stepwhenmoremeaningful
topologicalfeaturescannotbefound.

3.1.1 TopologicalFeatureDetectionAlgorithms

We detect connectedcomponentsusing a series of depth-�rst
searchesto computespanningtreesfor eachcomponent.We refer
the readerto theBaaseandVanGeldertextbook [4] for detailsof
this standardalgorithmfor connectedcomponentdetection,which
runsin O(N + E).

We detecttreesby �nding the�rst cycle in thegraphandselect-
ing anoden onthatcycle. If acycle is not found,theentiregraphis
a tree. Otherwise,startingat n, we performa depth-�rst searchon
theentiregraph. Whenwe visit a nodeof degreeone,we remove
it andcontinuethe depth-�rst search.The algorithmremovesall
nodesof degreeoneit encountersuntil thereareno more,or when
a maximaltreeis detected.The time requiredfor treedetectionis
thereforeO(N + E).

A gooddescriptionof a standardbiconnectedcomponentdetec-
tion algorithmis givenby BaaseandVanGelder[4]. Biconnected
componentsaredetectedin the graphby performinga depth-�rst
searchthroughthegraph.Edgesthatpoint backto higherlevelsof
the depth-�rst searcharecalledbackedges.Whena subtrees of

thedepth-�rst searchtreehasno backedgesto any ancestorof s, it
is a separatebiconnectedcomponent.Thealgorithmtakesat most
O(N+ E) time.

We computeclustersusingthestrengthmetric[3]. Thestrength
metricpartitionsthegraphinto subgraphsby thenumberof 3- and
4-cyclessharedby thenodesof thesubgraph.For eachedgesub-
tendingnodesu andv, we partitionnodesadjacentto u andv into
threesets: M(u), thoseadjacentto u; M(v), thoseadjacentto v;
andW(u;v), thoseadjacentto both u andv. The total numberof
3-cyclesis the numberof elementsin W(u;v). We determinethe
numberof 4-cyclesby checkingfor theexistenceanedgebetween
anelementof W(u;v) andanelementof eitherM(u) or M(v). These
edgescanbecomputedin O(r) time usinga hashtable,wherer is
themaximumdegreeof a vertex in thegraph. We canthusdetect
clustersin O(rE) time.

Finally, to determineif HDE is a suitablelayout algorithmfor
the subgraph,we lay out the subgraphwith HDE and compute
the unweightedKruskal Stress-1function [20] on a randomsub-
set of

p
N nodestaken from the graph. BecauseHDE is a very

fast graphdrawing algorithm, we can afford to perform the lay-
out andevaluatethe stress.Whenevaluatingthe stressof the re-
sulting layout,we excludethe pivots chosenby HDE becausethe
stresswas inherentlyminimized for them by the algorithm. The
KruskalStress-1is frequentlyusedin MDS to evaluatehow faith-
fully the low-dimensionalembeddingof a setof pointsrepresents
the high-dimensionaldistancesbetweenthem. It determinesthe
normalizeddisparitybetweenthehigh-dimensionalrepresentation
of the point setand the low-dimensionalrepresentation.Kruskal
Stress-1producesa value between[0;1] with zero corresponding
to nodisparitybetweenthetwo-dimensionaldrawing andthehigh-
dimensionalspace,andonecorrespondingto maximumdisparity.
AlthoughHDE usesPCA to mapthed-dimensionalspacedown to
two dimensions,KruskalStress-1is still applicableasa goodlay-
out will placenodesof small shortestpathdistanceclosetogether
andnodeslargeshortestpathdistancefar apart. Thus,goodHDE
layoutsshouldhave low stress.The time requiredto computethe
stressis O((N logN + E)

p
N) asDijkstra's shortestpathalgorithm

is computedfor eachof the
p

N nodesof the subset.This stress
computationis computeda small constantnumberof timesandif
oneof thosestressesis below a thresholdof 0.2, the layout is ac-
cepted.

3.2 Layout

Duringthelayoutphaseof level i of ahierarchy, thefeaturesat level
i + 1 containedby all the meta-nodesat level i must be laid out
�rst to determinethe screen-spaceboundsof the meta-node.The
requiredscreenspaceof theleavesat level i is alreadyknown: the
original sizeof thenode.Thelayoutstage,shown in Algorithm 1,
draws the topologicalfeatureat level i usinganappropriatelayout
algorithm,rotatesmeta-nodesof thehierarchyto reducecrossings,
andeliminatesall node-nodeoverlapsin thesubgraph.

Algorithm 1 Pseudocodefor thefeaturelayoutphase.
layout (subgraphs)

for all meta-nodesc 2 s do
c:size boundingBox (layout (c:subgraph));

layOutFeature (s);
reduceCrossings(s);
eliminateOverlaps (s);



Figure 3: Decomposition phase for TopoLayout. Detection algorithms in coloured boxes with the same colouring scheme used for the features in
Figure 2. If a clause on a horizontal is true, we transition along the arrow. Otherwise, we follow the vertical arrow to save some subgraphs and
recursively decompose others.

3.2.1 FeatureLayout

The initial layout of the topologicalfeaturesin thegraphdepends
on the detectedtopologicaltype. We employ four typesof layout
algorithms:tree,circular, HDE, andforce-directed.

Area-awaretr eelayout algorithmsareusedfor the treeandbi-
connectedcomponenttopologicaltypes. Clearly, treelayoutalgo-
rithmsareappropriatefor trees,but thereasonto usethemto draw
biconnectedcomponentsis lessobvious. For a setof biconnected
componentsresidingat level i with their collapsedsubgraphsat
level i + 1, the topology of the subgraphat level i is a tree; if it
were not, therewould be a cycle at level i and all subgraphson
that cycle would be mergedinto a singlebiconnectedcomponent
at level i + 1. If the removal of an edgecreatedtwo biconnected
components,theedgeappearsasanedgein thetreeat level i. If the
removal of anodecreatedtwo biconnectedcomponents,weuseone
of themethodssuggestedby Six andTollis [24] andplacethenode
betweenthetwo components.TopoLayoutcanuseany treelayout
algorithmthatis area-awareto draw thesetrees.We usethebubble
treealgorithm[12] for treesof low depthandhighbranchingfactor
andanarea-awareversionof theWalker algorithm[5] for all other
trees.ThebubbletreealgorithmrequiresO(NlogN) timewhile the
versionof theWalker algorithmrunsin O(N) time.

We use an area-aware circular layout algorithm to highlight
completegraphs. Circular layout consistsof simply placing the
nodesof the grapharounda circle, so area-aware circular layout
is a straightforwardadaption.Althoughcircular layoutsyield low
visualqualitydrawingsfor generalgraphsbecausethey have many
crossings,they area goodchoicefor completegraphs;thesymme-
try of all linescrossingandthefeature-basedcolor codingleadsto
thevisualpop-outof cliques.Thealgorithmrunsin O(N) time.

Whenappropriate,we usearea-aware HDE [19] to lay out un-
known componentsthatpreformwell duringdetection.Area-aware
HDE is simply normalHDE with weightededges.The weight of
eachedgeis setto themaximumradiusof theadjacentnodeswith
a minimumweightof one.

We usearea-aware GEM for all othercasesof clustersandun-
known components.Area-awareGEM is a minor modi�cation of
the GEM Frick algorithm[9] wherenodesareconsideredcharges
andtheedgesareconsideredsprings.Thesystemis placedin anini-
tial con�guration,oftenrandom,andis releaseduntil it reachesan
equilibrium. Oscillationsandrotationsaboutequallyoptimalposi-
tionsaredampened.We useanarea-awareversionof GEM, which
is similar to the algorithmsdevelopedby Harel and Koren [16]
whoadaptedFruchterman-Reingold[10], Kamada-Kawai [17], and
combinationsof thesealgorithms.

Theforcesfor area-awareGEM canbede�nedfor apairof nodes
ni andn j . Let r i andr j be the the radii of theboundingcirclesof
thesenodesrespectively. Let pi andp j betheir positions,andlet l
besomeidealspringlengthfor thedistancebetweentheboundaries
of thetwo nodes.TheGEM forcesthata noden j exertson a node
ni are:

~r

~f

t

c

o

(o;c)
nc

no

(a)

c

o

(o;c)

nc
no

(b)

Figure 4: Reducing crossings with torque. (a) Computing the tor-
sional force t on c exerted by the edge (no;nc). (b) Applying t results
to rotate c. Dashed nodes and edges are meta-nodes and edges.
Solid nodes are leaves. The square box is the centre of node c.

frepulsive(ni ;n j ) =
l + dr i + r j e
kpi � p jk2 ( pi � p j ) (1)

fattractive(ni ;n j ) =
kpi � p jk2

l + dr i + r j e
(p j � pi ) (2)

The bold termsin (1) and(2) arethe termswe addedto make
GEM area-aware. The ceiling of the sumof the radii is taken so
that the forcesare still computedpurely with integer arithmetic.
Oscillationandrotationcontrol in the algorithmis the same.The
complexity of thealgorithmremainsO(N3).

3.2.2 CrossingReduction

We introducean algorithm to reducethe numberof edge-edge
crossingsandnode-edgecrossingsin our drawing. Ourheuristicis
to rotatemeta-nodesin our hierarchyto reducecrossingsof edges
in theoriginalgraphconnectingnodesin differentsubgraphsof the
hierarchyasshown in Figure4. The heuristicdoesnot guarantee
aneliminationof node-edgeor edge-edgecrossings,but it reduces
thenumberof themin mostcasesandshortensedgelengthbetween
subgraphsaswell. Our approachis similar to that of Symeonidis
and Tollis [25] who provide a solution to this problemby mini-
mizing what they call inter-groupcrossings.In their approach,an
energy function is minimizedto applya goodrotationto their cir-
culardrawingsto reducethenumberof crossings.Thisapproachis
analogousto Kamada-Kawai [17] in graphlayout. In contrast,our
approachis similar to GEM [9] andincludesoscillationcontrol.

Let o andc bemeta-nodesin a subgraphat level i of our graph
hierarchy. Let no andnc be leavesin our graphhierarchy. We use



thepositionsof no andnc in thecoordinateframein thesubgraph
at level i to computethe torquet . The nodesof no and nc are
not necessarilyat level i + 1 andcanbenestedin several levelsof
meta-nodes,eachwith theirown relativecoordinateframes.For the
moment,weassumethelocationof thenodesno andnc is known in
thecoordinateframeof thesubgraphat level i andshow laterhow
thesepositionscanbecomputedef�ciently . The torquecomputed
is physicallyinspired,but is not physicallyrealistic. Let the force
vector ~f be a unit force along the edge(no;nc). Let~r be the ra-
diusvectorfrom thecentreof nodec to thenodenc. Thefunction
sg(~x) returnsthesignof thenormalperpendicularto theembedding
plane.Thetorqueexertedby (no;nc) onc is givenby Equation(3).

t =
p
2

sg(~r � ~f )(~r � ~f ) (3)

Analogousto that of force-directedgraphdrawing techniques,
our solutionto the problemis incremental.The averagevalueof
t is computedfor all edgesin the list of edgescontainedin the
meta-edge(o;c). Theprocessis repeated,computinganaveraget
for eachmeta-nodein thesubgraphcontainingo andc, usingtheir
incidentmeta-edges.Oncetheaveraget is computedfor all meta-
nodesin the subgraph,it is appliedto the cumulative rotationof
eachmeta-node.

Meta-nodescanoscillatearoundequallygoodorientations.Our
approachto dampeningoscillationsis similar to thatof GEM [9].
We storethe torquefor eachmeta-nodeappliedduring the previ-
ousiterationandcompareit with the torquecomputedduring the
current iteration. If the signsof the torquein the two iterations
areopposite,we areoscillatingaroundanoptimalorientation,and
a dampingfactor is applied. Currently, this factor is the fraction
of completediterationsto theNi iterationswhich will beexecuted,
whereNi is thenumberof meta-nodesin thesubgraphat level i.

Computingthepositionsof theno andnc nodesin thecoordinate
frameof thesubgraphat level i is relatively straightforwardif every
nodein thegraphhierarchyhasa pointerto meta-nodewhich con-
tainsit. This informationcanbeconstructedin thedecomposition
phasewith no asymptoticruntimepenaltywhenwe constructmeta
nodes.Eachmeta-edgehasa list of edgesit represents,soeachno
andnc involvedin a torquecomputationcanbedeterminedin con-
stanttime. We traversethehierarchyup to the subgraphat level i
composingtranslationsandrotationsto determinethepositionsof
no andnc in the subgraphat level i. If no or nc is at a depthof
i + L, this traversaltakesO(L) time. Sinceeachedgeis involvedin
at mostonetorquecomputationandNi iterationsof torqueareex-
ecuted,theoverall asymptoticcomplexity of thecrossingreduction
phaseis O(LNiE).

3.2.3 OverlapElimination

In TopoLayout,neitherarea-awareGEM norHDE providesaguar-
anteeof nonode-nodeoverlaps.Thecrossingreductionphasemay
alsointroducenodeoverlapsbetweenmeta-nodesandothernodes
in eachsubgraphof thehierarchy. To ensurethatpairsof nodesdo
not overlap in our �nal layout, we performa passto test for and
reduceor eliminatetheseoverlaps.

We experimentedwith severalalgorithmsto reduceor eliminate
nodeoverlapsin thedrawing. In all cases,we tried overlapreduc-
tion two ways: separatelyfor eachsubgraphof the hierarchy, or
a singlepasson theentire�nal drawing afterTopoLayouthadex-
ecutedall otherphases.We found that the former approachwas
best,becausea singlepasson the �nal drawing causesoverlapof
topologicalfeatures.

First, we testedthenaive approachof consideringevery pair of
nodesto determinethe setof overlaps. If two nodesoverlapped,
they wereshrunkdown in sizeuntil no overlapwaspresent.Al-
thoughthis O(N2) methodwasslow, it doesguaranteea drawing

Algorithm Complexity
Detection

Tree O(Ni + Ei)
BiconnectedComponent O(Ni + Ei)
ConnectedComponent O(Ni + Ei)
HDE O((Ni logNi + Ei )

p
Ni)

Cluster O(rEi)
Initial Layout

BubbleTree O(Ni logNi )
WalkerTree O(Ni)
Circular O(Ni)
Area-AwareGEM O(N3

i )
HDE O(d(Ni logNi + Ei ))

Re�nement
CrossingReduction O(LNiE)
OverlapElimination O(Ni logNi )

Figure 5: Time complexity of TopoLayout framework components, for
each hierarchical level.

free of node-nodeoverlapsandproduceddrawings of high visual
quality for many typesof graphs.

We alsoimplementedthe ClusterBusteralgorithmof Lyonset
al. [21], which computestheVoronoidiagramof thenodesetand
iteratively pulls the nodestowards the centroidof eachVoronoi
cell. For a constantnumberof iterations,the algorithm runs in
O(NlogN) time. Unfortunately, this methoddoesnot guarantee
no nodeoverlapsin the�nal drawing, andtheresultswereusually
of low visualquality.

We obtainedthe bestresultsfrom implementingthe fast node
overlapremoval algorithmwithoutLagrangemultipliers[7], which
is discussedin detail in Dwyer et al's technicalreport[8]. In this
work, two, separatepassesalongthex-axisandthey-axiseliminate
all nodeoverlapsin thegraph.Thealgorithmconstructsaweighted,
directedconstraintgraphalongeachdimensionandusesquadratic
programmingto minimizenodedisplacement.Assumingthateach
nodein the graphoverlapswith a constantnumberof nodes,the
algorithmis O(NlogN). Thismethodguaranteesnooverlapsin the
�nal drawing andwasappliedto everysubgraphof thehierarchyto
producetheresultsin Section5.

The overlap elimination phaseis always executedon graphs
drawn with HDE andarea-aware GEM, sincewe cannotguaran-
teetheabsenceof overlapsin drawingsgeneratedfrom thesealgo-
rithms. Overlapeliminationis only executedon othertopological
featuresif they containmeta-nodes,becausethecrossingreduction
phasecan introduceoverlaps. As the fast overlap removal algo-
rithm only considersaxisalignednodes,theaxisalignedbounding
boxof therotatedmeta-nodeis computed.

4 AL GORI THM COM PL EXI TY

Figure 5 shows the time complexity of the algorithmswe usein
TopoLayout. We report the numberof operationsperformedon
eachsubgraphof the hierarchy: Ni is the numberof nodesin a
subgraph,andEi is the numberof edgesin a subgraphat level i.
Themaximumdegreeof a nodein thesubgraphat level i is r. The
valueof d is the dimensionalityof the high-dimensionalspaceof
theHDE algorithm,which is typically �fty . Thevalueof L is the
numberof levelswe musttraverseup thehierarchyto computethe
level i positionsof no andnc whencomputingtorques.

5 EXPERI M ENT

WeimplementedtheTopoLayoutframework ontopof theTulip [2]
graphvisualizationsystemandhave testedit againstothermulti-



level algorithmsondatasetswith arangeof connectivitiesandsizes.
All benchmarkswere run on a 3.0GHz PentiumIV with 3.0GB
of memoryrunning SuSELinux with a 2.6.5-7.151kernel. The
majority of the datausedfor testingwas taken from Hachuland
Jünger'sempiricalstudy[14] of graphdrawing algorithmsandFig-
ures6 and 7 demonstratethat we have reproducedthe resultsof
their work. In fact,even the runningtimesarenearlythe sameas
our hardwaresetupwassimilar. In these�gures, every row is the
samedatasetandeverycolumnis alayoutalgorithm.Thenameand
sizeof thedatasetfor eachrow is in theupperleft handcornerof
theleftmostcolumn.Thetime takento lay out eachdatasetwith a
particularalgorithmappearsin theupperright handcornerof each
tableentry. For spacereasons,a representative subsetof thegraphs
andalgorithmsusedin this evaluationwerechosen.The codefor
GRIP2, ACE3, andHDE4, wasavailableonline andwasincorpo-
ratedinto theTulip framework. StephanHachulkindly suppliedthe
FM3 code,whichwasalsoincorporatedinto Tulip for testing.Harel
andKoren's multi-level approach[15] wasnot tested.Thesource
codefor this implementationwasunavailableandrestrictedgraph
sizesof lessthantenthousandnodesdueto quadraticsizememory
requirements.As ourobservedrunningtimesandvisualquality re-
sultswereverysimilar to thosein theempiricalstudy[14], onecan
refer to their resultsfor a comparison.We allowedTopoLayoutto
colour topologicalfeaturesin thegraph,usingtheschemede�ned
in Section3.1.Sincetheothergraphdrawing algorithmsdonotde-
tect topologicalfeaturesautomatically, the comparisonis fair and
demonstratesanotheradvantageof our approach.

From the datasetsin the study [14], we choseone of their
real world graphs,the B-size graphsfor eachof their challeng-
ing arti�cial graphsclasses,andonechallengingreal world graph.
When comparing our results to their study, note that smaller
snowflake A and spider A drawings were shown, whereas
we are providing drawings for the larger snowflake B and
spider B. All other drawings we provide match those in the
study. In addition to the datasetspresentin the study, we added
four of our own. We show thedrawingsobtainedfrom theexperi-
mentin Figures6 and7.

Crack is a standardgraphdrawing datasetpartof theWalshaw
GraphPartition Archive5. It wasthe real world graphusedin the
study. The 6-ary , snowflake B, spider B, andflower B
datasetsare one size of eachof the challengingarti�cial graphs
suppliedby StephenHachul. The 6-ary treedatasetis simply a
6-arytreeof depth� ve. Snowflake is atreeof veryhighvariance
in degree.Spider hasa subsetof nodesSwhich consistsof 25%
of thenodesin thegraph.Theelementsof Sareeachconnectedto
twelve uniquemembersof S. Theremainingnodesarerootedat a
singlenodealongeightpathsof equallength. Flower hasa rela-
tively high density. It consistsof joining six circularchainsof the
graphK30, a completegraphof thirty nodes,at a singleinstanceof
K30. LaBRI is thehyperlinkstructureof www.labri.fr . IMDB
Subset is a subsetof the InternetMovie Database6. Nodesin
this graphareactorsandedgesarepresentif two actorsappeared
in thesamemovie. Add32 is a graphwhich modelsthehardware
structureof a thirty two bit adderfrom the Walshaw GraphParti-
tion Archive. It was a challengingreal world datasetusedfrom
thestudy. Bico Walshaw is fourteendatasetsfrom theWalshaw
GraphPartitionArchiveconnectedby thirteensingleedgesinto one
component.Routers is a near-spanningtreewith a few cyclesof
themajor routerson theInternetbackbonefrom theInternetMap-
ping Project[6] takenin February2002.

2www.cs.arizona.edu/˜kobourov/GRIP
3research.att.com/˜yehuda/programs/ace.zip
4research.att.com/˜yehuda/programs/embedde r.zip
5staffweb.cms.gre.ac.uk/˜c.walshaw/partiti on
6www.imdb.com

6 DI SCUSSI ON

Onestrengthof TopoLayoutis that the runningtime performance
is proportionalto the amountof a particular topological feature
presentin thegraph.For themostpart,the topologicalfeaturede-
tectionalgorithmsarequick enoughto determineif somethingis
de�nitely not presentin the graph. As a result,we have an algo-
rithm whoseperformanceis sensitive to topologytype.

Figures6 and 7 show anotheradvantageof our approach:by
choosinga layoutalgorithmfor a featurethatcreatesa characteris-
tic pattern,we getvisualpop-outeffectsthatallows thesefeatures
to beeasilynoticed.For example,we caneasilypick out thenode
andedgebiconnectivity in LaBRI , thecyclesandtreestructuresin
routers , andthecliquesin IMDB Subset .

For nearlyall datasets,exceptcrack , neitherACE nor HDE is
ableto producelayoutsof high visual quality, becausethey place
many nodesat the samelocation. It hasbeennotedin Hachul's
study[14] thatthesealgebraicmethodsdonotwork well ongraphs
with many biconnectedcomponents.For this reason,theremainder
of thediscussionwill focuson theperformanceof GRIP, FM3, and
TopoLayout.

Oncrack , TopoLayoutisableto outperformFM3, but is slower
thanGRIP. As expectedfrom theliterature,all thealgorithmspro-
ducedpleasingdrawings.

TopoLayoutis able to outperformGRIP and FM3 in termsof
runningtimeon6-ary andsnowflake andit outperformsthem
in termsof visualqualityaswell. As TopoLayoutdetectstrees,it is
ableto visualizethe global structureof 6-ary andsnowflake
more effectively. For snowflake , the FM3 algorithm actually
hidespartof thegraph'sglobalstructure,becauseclumpsthesingle
nodesattachedto theroot nearthecentreof thedrawing asshown
in the inset. GRIP canshow part of the structurearoundits root
nodeasshown in its inset. Topolayoutpulls themout into the fan
structurevisible in thelower left of thedrawing.

TopoLayout has a slower run time on FM3 and GRIP on
spider . Thereasonis thatit runsO(N3) area-awareGEM on the
highly connectedheadcomponent.Thevisualqualityof thelayout
is similar for FM3, GRIP, andTopoLayoutin theheadregionof the
spidershown in theinset,but theeightfold symmetryof thelegsis
dif�cult to see.

TopoLayoutis slower thanFM3 andGRIPon flower , because
thestrengthmetric[3] hasslow performancewhentheconnectivity
of the graphapproachesnear-complete.Thedrawing of flower
producedby TopoLayouthasbetter information density; we can
seetheindividual cliquesin eachloop at a singlescale,whereasit
is lesstruefor theGRIPandFM3 drawings.However, thetopology
of theloopsarebetterdrawn by FM3. Thestructureof thecliques
is moreapparentusingTopoLayoutbecausethey aredetectedand
drawn using circular layout as shown in the inset. It is dif�cult
to seethe structureof the cliquesin the FM3 andGRIP drawings
becausemany nodesoverlap.

On LaBRI , the runningtime of TopoLayoutis of thesameor-
der asthat of GRIP andFM3. The drawings areof similar visual
quality, but thetreesandbiconnectedcomponentsin thedatasetare
displayedmoreclearlyin theTopoLayoutdrawing.

Therearemany cliquesin IMDB Subset andall threealgo-
rithms areable to separatethemout in their drawings. As Topo-
Layout is able to detectcompletegraphsanddraw them using a
circular layout, the topologyof thesecliquesis madeimmediately
apparentwhereasit is hiddenby GRIPandFM3. Theareasof bi-
connectivity arevisible in all threedrawingsandtherunningtimes
areof thesameorder.

For add32 , the drawing speedof GRIP is considerablyfaster
thanthatof FM3 andTopoLayoutwhoserunningtimesareon the
sameorder. Asadd32 describesa32-bitadder, it isnosurprisethat
it containsmany biconnectedcomponentsandhasatree-likeshape.
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Figure 6: Layouts of several datasets using ACE, HDE, GRIP, FM3, and TopoLayout for several datasets described in Section 5. For all rows,
blank squares indicate no drawing produced. Dataset name, number of nodes, and number of edges appear in the top left hand corner of the
leftmost column. Times in seconds, or reasons for no drawing, appear in the upper right corner of each entry. (T) indicates no drawing produced
in four hours of program execution.

TheGRIPandFM3 algorithmsareableto visualizethis large-scale
shape,but with TopoLayoutwe arealsoableto seesomeinternal
structure.

TopoLayouthasa running time of the sameorder as FM3 on
bico walshaw andGRIP is unableto producea drawing. The
drawings producedby FM3 andTopoLayoutareof similar visual
quality.

TopoLayoutdraws routers anorderof magnitudefasterthan
FM3, while GRIPis unableto producea drawing. In fact,therun-
ning time of TopoLayoutis similar to thatof HDE. All algorithms
areable to draw the cyclespresentin the dataset,but only Topo-
Layoutis ableto visualizethetreestructuresproperly.

7 FUTURE WORK

Two obvious ways to improve our framework would be to have
betterdetectionandlayoutalgorithmsfor theexisting setof topo-
logical features,and to add supportfor new featuretypes. Fig-
ure5 showsthatthemostexpensivealgorithmin thedecomposition
phaseis clusterdetection,andit is re�ected in theslower running
timesfor the �o wer graphs.For thefeaturelayoutphase,themost
expensive algorithmis theO(N3) area-awareGEM algorithm,and
weseeit re�ectedin therunningtimeof spider asthelargehead
componentis laid out usingthis algorithm. Adding morespecial-
izeddetectionalgorithmswouldnotonly improvethevisualquality
of the layout,but couldalsoimprove performanceif they led to a
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Figure 7: Layouts of several datasets using ACE, HDE, GRIP, FM3, and TopoLayout for several datasets described in Section 5. For all rows,
blank squares indicate no drawing produced. Dataset name, number of nodes, and number of edges appear in the top left hand corner of the
leftmost column. Times in seconds, or reasons for no drawing, appear in the upper right corner of each entry. (E) indicates no drawing produced
because of an error in the executable.

smallersetof nodesbeingpassedto the �nal clusterdetector. In
particular, addingdifferentclusterdetectionmethodsis anobvious
next step.

For laying out unknown components,it would be interesting
to usean area-awareversionof FM3 insteadof area-awareGEM
for its fastrunningtime andhigh visual quality on many typesof
graphs.SinceFM3 is basedonaspringembedder, adaptingit to be
ara-awareshouldbe feasible.With area-awareFM3, we would be
ableto signi�cantly improve the slow run time of TopoLayouton
spider , wherethespringembeddertakesover 99% of the time.
However, the visual quality of the drawing would most likely re-
main the same. The visual quality of flower would be signi�-
cantly improved, andwe would most likely be ableto seethe six

fold symmetryof theloops.However, wewouldprobablynotseea
greatimprovementin therun time, sinceclusterdetectionformsa
signi�cant fractionof it.

Improving area-awareHDE andcreatingarea-awarevariantsof
other typical graph drawing algorithmsis a topic for future re-
search.Currently, we make HDE area-awareby usingtheobvious
approachof weightingthe edgesproportionallyto adjacentnodes
size,which works well on graphswith uniform nodesizes.How-
ever, information densitysuffers with nonuniformnodesizes,as
occursin routers . We conjecturethata moresophisticatedap-
proachwould result in betterinformationdensity. We would also
like to improve theprecisionof our HDE detectionalgorithm.

AlthoughTopoLayouthandlesmany typesof graphsbetterthan



previous work, it still doesnot producehigh-quality layouts for
all graphsin the informationvisualizationdomain. If noneof the
topologicalfeaturetypeswe detectoccurin the graph,resultsare
poor. In this case,we simply have a hierarchyof clustersand
unknown componentswhich are drawn using area-aware force-
directedplacement. However, our framework allows for the ad-
dition of detectionfunctions,andincorporatingbetterlayoutalgo-
rithmsfor speci�c featureswill improve its performance.Detection
andlayoutof approximatelarge-scaletopologicalstructuressuchas
quasi-cliquesandquasi-trees,ratherthanexacttopologicalfeatures,
would beaninterestingnext step.

8 CONCL USI ON

We have presentedTopoLayout,a novel framework for drawing
large,undirectedgraphs.Unlike previous multi-level approaches,
TopoLayoutpartitionsthe graphinto topologicalfeatures,which
canbe laid out usinganalgorithmtunedfor their topology. In ad-
dition to topologicalfeatures,we have developedan algorithmto
detectwhen HDE will perform well on a subgraph. In contrast
to previousmulti-level algorithms,TopoLayoutis the �rst to draw
the subgraphhierarchyusing a depth-�rst, post-ordertraversal.
Traversingthehierarchyin this way allows featuresat lower levels
to determinetheir screen-spaceextentsbeforethehigherlevel fea-
ture is drawn. TopoLayoutis alsothe�rst multi-level algorithmto
providepassesto eliminatenode-nodeoverlapsandapassto reduce
thenumberof node-edgeandedge-edgecrossingsin thelayout. It
guaranteesa�nal layoutof nonode-nodeoverlapswith comparable
runningtimesto reasonablemulti-level approaches,whereruntime
andlayoutvisualqualitydependson thenumberandtypesof topo-
logical featurespresentin thegraph.Theexperimentalresultscom-
paringTopoLayoutto four othermulti-level approacheson a range
of datasetsshow thatTopoLayoutis frequentlyfasteror hasresults
of highervisualquality, andin somecases,it hasboth.
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