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Abstract. A novel technique called photometric stereo is introduced.
The idea of photometric stereo is to vary the direction of incident illumi-
nation between successive images, while holding the viewing direction
constant. It is shown that this provides sufficient information to deter-
mine surface orientation at each image point. Since the imaging geom-
etry is not changed, the correspondence between image points is known
a priori. The technique is photometric because it uses the radiance
values recorded at a single image location, in successive views, rather
than the relative positions of displaced features.

Photometric stereo is used in computer-based image understanding. It
can be applied in two ways. First, it is a general technique for deter-
mining surface orientation at each image point. Second, it is a technique
for determining object points that have a particular surface orientation.
These applications are illustrated using synthesized examples.
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I. INTRODUCTION

Work on computer-based. image understanding has led to a need
to model the imaging process, One aspect of this concerns the
geometry of image projection. Less well understood is the
radiometry of image formation. Relating the radiance values
recorded in an image to object shape requires a model of the way
surfaces reflect light. )

A reflectance map is a convenient way to incorporate a fixed
scene illumination, surface reflectance and imaging geometry into
asingle model that allows image intensity to be written as a func-
tion of surface orientation. This function is not invertible since
surface orientation has two degrees of freedom and image inten-
sity provides only one measurement. Local surface shape cannot,
in general, be determined from the intensity value recorded at a
single image point. In order to determine object shape, additional
information must be provided.

This observation has led to a novel technique called
photometric stereo in which surface orientation is determined
from two or more images. Traditional stereo techniques deter-
mine range by relating two images of an object viewed from dif-
ferent directions. If the correspondence between picture elements
is known, then distance to the object can be calculated by
triangulation. Unfortunately, it is difficult to determine this cor-
respondence. The idea of photometric stereo is to vary the direc-
tion of the incident illumination between successive images, while
holding the viewing direction constant. It is shown that this pro-
vides sufficient information to determine surface orientation at
each image point. Since the imaging geometry is not changed, the
correspondence between image points is known a priori. The
technique is photometric because it uses the radiance values
Tecorded at a single image location, in successive views, rather
than the relative positions of displaced features.
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II. THE REFLECTANCE MAP

"The fraction of light reflected by an object surface in a given

direction depends upon the optical properties of the surface
material. the surface microstructure and the spatial and spectral -
distribution and state of polarization of the incident illumination.
For many surfaces, the fraction of the incident illumination
reflected in a particular direction depends only on the surface
orientation. The reflectance characteristics of such a surface can
be represented as a function é(i,e,g) of the three angles i, e and g
defined in Figure 1. These are called, respectively, the incident,
emergent and phase angles. The angles i and e are defined relative:
to a local surface normal. ¢(i,e,g) determines the ratio of surface
radiance to irradiance measured per unit surface area, per unit’
solid angle, in the direction of the viewer. The reflectance func-
tion ¢(i,e,g) defined here is related to the bidirectional reflectance
distribution function (BRDF) defined by the National Bureau of
Standards.!

Image forming systems perform a perspective transformation,
as illustrated in Figure 2(a). If the size of the objects in view is
small compared to the viewing distance, then the perspective pro-
jection can be approximated as an orthographic projection, as il-
lustrated in Figure 2(b). Consider an image forming system that
performs an orthographic projection. To standardize the imaging
geometry, it is convenient to choose a coordinate system such that.
the viewing direction is aligned with the negative z-axis. Also,
assume appropriate scaling of the image plane such that object
point (x,y,z) maps onto image point (u,v) whereu = xandv = y.
With these assumptions, image coordinates (x,y) and object coor-
dinates (x,y) can be referred to interchangeably.

If the equation of an object surface is given explicitly as:

z = f(x,y)
then a surface normal is given by the vector:

[ af(x,y) af(x,y) 1
ax ' a3y ’—]

If parameters p and q are defined by:

OPTICAL ENGINEERING / January/February 1980/ Vol. 19 No. 1/ 139



ROBERT J. WOODHAM

VIEWER

v

Figure 1. Defining the three angles i, e and g. The incident angle i is
the angle between the incident ray and the surface normal. The
emergent angle e is the angle between the emergent ray and the sur-
face normal. The phase angle g is the angle between the incident and
emergent rays.
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Figure 2. Characterizing image projections. (a) illustrates the well-
known perspective projection. [Note: to avoid image inversion, it is
convenient to assume that the image plane lies in front of the lens
rather than behind it] For objects that are small relative to the view-
ing distance, the image projection can be modeled as the or-
thographic projection illustrated in (b). In an orthographic projection,
the focal length £ is infinite so that all rays from object to image are
parallel. .

of(x,y) af(x,y)
—_—— — and q=—"
ax dy

then the surface normal can be written as {p,q,-1]. The quantity
(p,q) is called the gradient of f(x,y) and gradient space is the two-
dimensional space of all such points (p.q). Gradient space is a con-
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venient way to represent surface orientation. It has been used in
scene analysis.* In image analysis, it is used to relate the geometry
of image projection to the radiometry of image formation.® This
relation is established by showing that image intensity can be
written explicitly as a function of gradient coordinates p and q.

An ideal imaging device produces image irradiances propor-
tional to scene radiances. In an orthographic projection, the view-
ing direction, and hence the phase angle g, is constant for all ob.-
ject points. Thus, for a fixed light source and viewer geometry, the
ratio of scene radiance to irradiance depends only on gradient
coordinates p and q. Further, suppose each object surface'element
receives the same incident radiance. Then, the scene radiance,
and hence image intensity, depends only on gradient coordinates p
and q.

The reflectance map R(p,q) determines image intensity as a
function of p and q. A reflectance map captures the surface reflec-
tance of an object material for a particular light source, object
surface and viewer geometry. Reflectance maps can be deter-
mined empirically, derived from phenomenological models of sur-
face reflectivity or derived from analytic models of surface
microstructure,

In this paper, it will be assumed that image projection is or-
thographic and that incident illumination is given by a single dis-
tant point source. Extended sources can be modeled as the super-
position of single sources. The reflectance map can be extended to
incorporate spatially varying irradiance and perspective. A for-
mal analysis of the relation between the reflectance map and the
bidirectional reflectance distribution function (BRDF) has been

iven.*
£ Expressions for cos(i), cos(e) and cos(g) can be derived using
normalized dot products of the surface normal vector [p,q,-1}, the
vector [pg,qg,~1] which points in the direction of the light source
and the vector [0,0,~1] which points in the direction of the viewer.
One obtains: -

1+ pPps + qqg
cos(i) =
Vl+p’+q2 Vl+ps’+qs’
1
cos(e) =
\}l + p* + g
1
cos(g) =

\’l + pgt + g¢°

These expressions can be used to transform an arbitrary surface
reflectance function ¢(i,e,g) into a reflectance map R(p,q).
One simple idealized model of surface reflectance is given by:

#a(i,e,g) = @ cos(i) .

This reflectance function corresponds to the phenomenological
model of a perfectly diffuse (lambertian) surface which appears
equally bright from all viewing directions. Here, g is a reflectance
factor and the cosine of the incident angle accounts for the
foreshortening of the surface as seen from the source. The cor-
responding reflectance map is given by:

e(l + pps + qqy
Vl+p’+q’ V1+ps-’+qs2

A second reflectance function, similar to that of materials in the
maria of the moon and rocky planets, is given by:

Ra(P’Q) =

@ cos(i)

$plie,g) =

cos(e)
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This reflectance function corresponds to the phenomenological
model of a surface which reflects equal amounts of light in all
_ directions. The cosine of the emergent angle accounts for the
' foreshortening of the surface as seen from the viewer. The cor-
responding reflectance map is given by:

e (l + pps + qqq)

\’l + pé + q¢f

It is convenient to represent R(p,q) as a series of iso-brightness
contours in gradient space. Figure 3 and Figure 4 illustrate the
two simple reflectance maps R4(p.q) and Ry(p,q), defined above,
for the case pg = 0.7, q; = 0.3and g = 1.

Rp(p.qd) =

q
¢ 0.1 0.20.3 0.40.5 0.6 9.7
-2.

2.

\
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Figure 3. The reflectance map R,(p.q) for a lambertian surface il-
luminated from gradient point pg = 0.7 and qg = 0.3 (with ¢ = 1.0). The
reflectance map is plotted as a series of contours spaced 0.1 units
apart.
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Figure 4. The reflectance map Ry{p.q) for a surface illuminated from
9gradient point pg = 0.7 and qg = 0.3 {with ¢ = 1.0). The reflectance map
's plotted as a series of contours spaced 0.2 units apart.

Reflectance map techniques

Using the reflectance map, the basic equation describing the
Image-forming process can be written as:

I(x.y) = R(p,p) . 1

One idea is to use Eq. (1) directly to generate shaded images of
surfaces. This has obvious utility in computer graphics applica-
tions including hill-shading for automated cartography® and video
input for a flight simulator.® Synthesized imagery can be
registered to real imagery to align images with surface models.
This technique has been used to achieve precise alignment of
Landsat imagery with digital terrain models.?

Equation (1) can also be used in image analysis to determine ob-
ject shape from image intensity. Equation (1) is a nonlinear first-
order partial differential equation. Direct solution is tedious.®
More generally, one can think of Eq. (1) as one equation in the
two unknowns p and q. Determining object shape from image in-
tensity is difficult because Eq. (1) is underdetermined. In order to
calculate object shape, additional assumptions must be invoked.

Recent work has helped to make these assumptions explicit. For
certain materials, such as the material of the maria of the moon,
special properties of surface reflectance simplify the solution.3:8:®
Other methods for determining object shape from image intensity
embody assumptions about surface curvature.®»!* Simple surfaces
have been proposed for use in computer aided design.!" When
properties of surface curvature are known a priori, they can be ex-
ploited in image analysis.!? This is useful, for example, in indus-
trial inspection since there are often constraints on surface curva-
ture imposed by the drafting techniques available for part design
and by the fabrication processes available for part manufacture.!?

Reflectance map techniques deepen our understanding of what
can and cannot be computed directly from image intensity.
Photometric stereo is a novel reflectance map technique that uses
two or more images to solve Eq. (1) directly.

HI. PHOTOMETRIC STEREO

The idea of photometric stereo is to vary the direction of incident
illumination between successive views, while holding the viewing
direction constant. Suppose two images I,(x,¥) and I,(x,v) are ob-
tained by varying the direction of incident illumination. Since
there has been no change in the imaging geometry, each picture
element (x,y) in the two images corresponds to the same object
point and hence to the same gradient (p,q). The effect of varying
the direction of incident illumination is to change the reflectance
map R(p.q) that characterizes the imaging situation.

Let the reflectance maps corresponding to I;(x,y) and I,(x,y) be
Ri(p.q) and Ra(p,¢p) respectively. The two views are characterized
by two independent equations:

Li(x,y) = Ri(p.q) . @

L(x,y) = Ra(p,q) . 3)

Two reflectance maps Ri(p,q) and Rq(p,q) are required. But, if
the phase angle g is the same in both views (i.e., the direction of il-
lumination is rotated about the viewing direction), then the two
reflectance maps are rotations of each other.

For reflectance characterized by Ry(p,q) above, Egs. (2) and
(3) are linear equations in p and q. I? the reflectance factor g is
known, then two views are sufficient to determine surface orienta-
tion at each image point, provided the directions of incident il-
lumination are not collinear in azimuth.

In general, Egs. (2) and (3) are nonlinear so that more than one
solution is possible. One idea would be to obtain a third image:

Li(x,y) = Ra(p,q) 4

to overdetermine the solution.

For reflectance characterized by R,(p,q) above, three views are
sufficient to uniquely determine both the surface orientation and
the reflectance factor ¢ at each image point, as will now be
shown.'" Let I = [I,,I;,ls] be the column vector of intensity
values recorded at a point (x,y) in each of three views (" denotes
vector transpose). Further, let

n = [nu,ﬂnz.ﬂm]'
~
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[nzx ,nzz,,nza]'

Ny
2:‘; = [ﬂal,nn,na:]'
be unit column vectors defining the three directions of incident il-
lumination. Construct the matrix N\ where
Ny Mg My
N = I ng ng ng
~
N3; Na2 N33
Let n = [n,,ng,n;] be the column vector corresponding to a unit
S~
surface normal at (x,y). Then,
L=ceNn
so that,
ep = N"1
provided the inverse N! exists. This inverse exists if and only if the

~ . . .
three vectors n,, n, and ny do not lie in a plane. In this case, the
~ 13
reflectance factor and unit surface normal at (x,v) are given by:

e = IN']|
and -
o= (N1, 5)

Unfortunately, since the sun’s path across the sky is very nearly
planar, this simple solution does not apply to outdoor images
taken at different times during the same day.

Even when the simplifications implied by R, (p,q) and Ry(p,q)
above do not hold, photometric stereo is easily implemented. In-
itial computation is required to determine the reflectance map for
each experimental situation. Once -calibrated. however.
photometric stereo can be reduced to simple table lookup and/or
search operations. Photometric stereo is a practical scheme for en-
vironments, such as industrial inspection, in which the nature and

position of the incident illumination is known or can be con-

trolled.

The multiple images required for photometric stereo can be ob-
tained by explicitly moving a single light source, by using multiple
light sources calibrated with respect to each other or by rotating
the object surface and imaging hardware together to simulate the
effect of moving a single light source. The equivalent of
photometric stereo can also be achieved in a single view by using
multiple illuminations which can be separated by color.

Applications of photometric stereo

Photometric stereo can be used in two ways. First, photometric
stereo is a general technique for determining surface orientation at
each image point. For a given image point (x,v), the equations
characterizing each image can be combined to determine the cor-
responding gradient (p,q).

Second, photometric stereo is a general technique for deter-
mining object points that have a particular surface orientation.
This use of photometric stereo corresponds to interpreting the
basic image-forming Eq. (1) as one equation in the unknowns x
and y. For a given gradient (p,q), the equations characterizing
each image can be combined to determine corresponding object
points (x,y). This second use of photometric stereo is appropriate
for the so-called industrial “bin-of-parts” problem. The location
in an image of key object points is often sufficient to determine the
position and orientation of a known object on a table or conveyor
belt so that the object may be grasped by an automatic
manipulator.

A particularly useful special case concerns object points whose
surface normal directly faces the viewer (i.e., object points with
p =0 and q =0). Such points form a unique class of image points
whose intensity value is invariant under rotation of the illumina-
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tion dircetion about the viewing direction. Object points with sur-
face normal directly facing the viewer can be located without ex.
plicitly determining the reflectance map R(p,q). The value of
R(0,0) is not changed by varying the direction of illumination,
provided only that the phase angle ¢ is held constant.

These applications of photometric stereo will now be illustrateg
using a simple, synthesized example. Consider a sphere of radius r
centered at the object space origin. The explicit representation of
this object surface, corresponding to the viewing geometry of
Figure 2(b), is given by: .

z=f(x,y) = -Vr2-x2-y2 | (6)

The gradient coordinates p and q are determined by differen.
tiating Eq. (6) with respect to x and v. One finds:

-X )
p= ——andq = —
zZ P

Suppose that the sphere is made of a perfectly diffusing object
material and is illuminated by a single distant point source at gra.
dient point (py.qy). Then. the reflectance map is given by R, (p.q)
above so that the corresponding synthesized image is:

0 if x2 + 2>
Iix.v) = .

max(0.R, (-x/z.-v/z))  otherwise (7)
Equation (7) generates image intensities-in the range 0 to e Inthe
example below. r = 60 and g = 1.

Multiple images are obtained by varying the position of the
light source. Consider three different positions. Let the first be
Ps=0.7 and g, = 0.3 as in Figure 3. Let the second and third cor-
respond to rotations of the light source about the viewing direction
of —120* and +120- respectively (i.c.. Pg = -0.610. 4y,=0.456
and pg = ~0.090. q; = -0.756). Let the three reflectance maps be
Ri(p.q). Ra(p.q) and Ry(p.q). The phase angle g is constant in each
case. Let the corresponding images generated by Eq. (6) be
Lix.y). Le(x.v) and I(x.y).

First, consider image point x = 15, v = 20. Here, I,(x,y) =
0.942, Ir(x,y) = 0.723 and I3(x,y) = 0.505. Figure 5 illustrates the
reflectance map contours R,(p,q) = 0.942, Re(p,q) = 0.723 and
Ra(p.q) = 0.505. The point p = 0.275, q = 0.367 at which these
three contours intersect determines the gradient corresponding to

q
Ry(p.q) = 0.723
20
ind Ri(p,q) = 0.942
(py,qy)
2 x 2 (Plle)
\ /__ X
\ .
=350 7 ) 30 P

(p3sa3) x

/ R3(p.q) = 0.505

Figure 5. Determining the surface orientation {p.q) at a given image
point {x,y). Three reflectance map contours are intersected where
each contour corresponds to the intensity value at(x,y) obtained from
three separate images. li{x,y) = 0.942, I,{x,y) = 0.723 and hix,y} = 0.505.
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Iz(x.¥) = 0.600

Ij(x.y) = 0.97¢

I3(x,y) = 0.375

figure 6. Determining image points (x,y) whose surface orientation
is a given (p,q). Three image intensity contours are intersected where
each contour corresponds to the value at (p,q) obtained from three

' separate reflectance maps. R,(p.q) = 0.974, R.{p.q) = 0.600 and Ri(p.q) =
0.375.

Iz(x.y) = 0.796 Ii(x.y) = 0.736

~—

~60.0 ~40.0 .

I3(x,y) = 0.796

—

- Figure 7. Determining image points {x,y) whose surface normal

directly faces the viewer. Three image intensity contours are in-
tersected where each contour corresponds to the value at (0,0) ob-
tained from three separate reflectance maps. Note that the reflec-
tance map value at (0,0) does not change with light source position,
Provided the phase angle g is held constant.

¥image pointx = 15,y = 20.

Second, consider gradient point p = 0.5, q = 0.5. Here,
Ri(p,q) = 0.974, Ry(p,q) = 0.600 and Rs(p,q) = 0.375. Figure 6
illustrates the image intensity contours I,(x,y) = 0.974, L(x,y) =
0.600 and Ia(x,y) = 0.375. The point x = 24.5, v = 24.5 at which

ese three contours intersect determines an object point whose
gradient is p = 0.5, q = 0.5.

Finally, Figure 7 repeats the example given in Figure 6 but for
the casep = 0, q = 0. Here, Ry(p,q) = Ra(p,@) = Ro(p,q) =

-796. Object points with surface normal directly facing the
Viewer form a unique class of points whose image intensity is in-
‘ariant for rotations of the light source about the viewing direc-
tion, The point x = 0, y = 0 at which these three contours in-
tersect determines an object point with surface normal directly

facing the viewer. This result would hold even if the form of
R(p.q) is unknown.

Accuracy considerations

Photometric stereo is most accurate in regions of gradient space
where the density of reflectance map contours is great and where
the contours to be intersected are nearly perpendicular. Several
factors influence the density and direction of reflectance map con-
tours. The reflectance properties of the surface material play a
role. Figures 3 and 4 illustrate the difference between two- ideal-
ized materials viewed under identical conditions of illumination.
In general, increasing the specular component of reflection will
increase the density of contours in one region of gradient space at
the expense of other regions. Using extended light sources rather
than point sources will alter the shape and distribution of reflec-
tance map contours. Imaging systems can be configured to exploit
these facts.!s

For a given surface material, the main determiner of accuracy
is the choice of phase angle g. In photometric stereo, there is a
trade-off to acknowledge. A large phase angle increases the densi-
ty of reflectance map contours in illuminated portions of gradient
space. At the same time, a large phase angle results in more of gra-
dient space lying in shadow. A practical compromise must be ar-
rived at for each application.

The relative positions of the light sources must also be con-
sidered. Figures § and 9 give some indication of the trade-off
associated with light source position. In each case. reflectance is

Figure 8. Superimposed reflectance maps R.{p.q) and R.{p.q) where
Ri(p.q)is Rylp.q) withpg = 0.7, qg=0.3. 0 =1and Rip.q}is R,(p.q) with
pg =-0.3, q5 =0.7, ¢ = 1. Each region indicates how an error in intensi-
ty measurement determines a corresponding error in the estimation
of surface gradient (p.q).

assumed to be characterized by R, (p,q) above. Figure 8 considers
a two-source configuration in which the light source directions are
separated by 90° in azimuth with respect to the viewer. Figure 8
superimposes reflectance map contours, spaced 0.1 units apart,
for Ri(p,q) and Ra(p,q) where Ri(p.q) is Ry(p.q) with pg = 0.7
(g = 0.3 ¢ = 1 and Ry(p,q) is R,(p,q) with pg = -0.3 ¢ = 0.7
e = L. Each region of Figure 8 corresponds to a region of equal
measurement error. For example, if I,(x,y) is determined to lie
between 0.4 and 0.5 and I,(x,y) is determined to lie between 0.5
and 0.6 then surface orientation can be determined to + 6.8° of its
true value. This corresponds to an area of gradient space in the
third quadrant where the error regions are small. Here, a
measurement error of 1 gray level in 10 in each of I,(x,y) and
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Figure 9. Superimposed reflectance maps R:(p,ql and R:(p.q) where
Ri(p.q) is R,(p.q) with p, =0.7, q, =0.3, ¢ = 1 and Relp.q) is Rg(p.ql with
pg =-0.7, qg =-0.3, ¢ = 1. Each region indicates how an error in inten-
sity measurement determines a corresponding error in the estimation
of surface gradient (p.q).

Is(x,y) constrains surface orientation to within +6.8°. On the
other hand, if I;(x,y) is determined to lie between 0.9 and 1.0 and
Iz(x,y) is determined to lie between 0.5 and 0.6 then surface orien-
tation can be determined to +25.8° of its true value. This cor-
responds to an area of gradient space in the first quadrant where
the error regions are large. Here, a measurement error of 1 gray
level in 10 in each of I;(x,y) and Is(x,y) only constrains surface
orientation to within +25.8°,

Figure 9 repeats the example of Figure 8 but with the second
light source separated by 180° in azimuth from the first. In this
configuration, error regions are smallest in the second and fourth
quadrants of gradient space. Combinations using more than two
light sources can be arranged to achieve a desired overall ac-
curacy. One idea is to choose four directions of illumination,
spaced evenly in azimuth with respect to the viewer and having a
relatively large phase angle g.!® In such a configuration, most
points of interest are illuminated by at least three independent
sources and contours can be selected to intersect which are nearly
perpendicular and where error regions are small.

CONCLUSIONS

Surface orientation can be determined from the image intensities
obtained under a fixed imaging geometry but with varying
lighting conditions. Photometric methods for determining surface
orientation can be considered complementary to methods based
on the identification of corresponding points in two images taken
from different viewpoints:

1. Traditional stereo allows the accurate determination of dis-
tances to objects. Photometric stereo is best when the surface
gradient is to be found. :

2. Traditional stereo works well on rough surfaces with discon-
tinuities in surface orientation. Photometric stereo works best
on smooth surfaces with few discontinuities.

3. Traditional stereo works well on textured surfaces with vary-
ing surface reflectance. Photometric stereo is best when ap-
plied to surfaces with uniform surface properties.

Photometric stereo does have some unique advantages:

two images. This is the major computational task in tradi.
tional stereo.

2. Under appropriate circumstances, the surface reflectance
factor can be found because the effect of surface orientation
on image intensity can be removed. Traditional stereo pro-
vides no such capability.

3. Describing object shape in terms of surface orientation is
preferable in a number of situations to description in terms
of range or altitude above a reference plane.

Photometric stereo depends on a detailed understanding of the
imaging process. In addition, the imaging instrument must be of
high caliber so that the gray levels produced can be dependably
related to scene radiance. Fortunately, our understanding of im-
age formation and the physics of light reflection has advanced suf-
ficiently, and the quality of imaging devices is now high enough,
to make this endeavor feasible.
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1. Since the images are obtained from the same point of view, I
there is no difficulty identifying corresponding points in the
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