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Structure learning in UGMs

• Dependency networks

• Gaussian UGMs
• Discrete UGMs
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Dependency networks

• A simple way to learn a graph is to regress each 
node on all others, p(x_i | x_{-i})

• If the full conditionals are sparse, this gives rise to a 
sparse graph

• Heckerman et al used classification trees to do 
variable selection

• Meinshausen & Buhlman proved that if you use 
lasso, the method is a consistent estimator of graph 
structure

• Wainwright et al extended the proof to L1 penalized 
logistic regression
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Problem with depnets

• Although one can recover the structure, the params
of the full conditionals need not correspond to any 
consistent joint

• To estimate params given the graph can be 
computationally hard (esp for discrete variables)

• Only give a point estimate of the structure*

* Parent fusion project



5



6

Bayesian inference for GGMs

• If we use decomposable graphical models, we can 
use the hyper inverse wishart as a conjugate prior, 
and hence compute p(D|G) analytically

• Problem reduces to discrete search

• Can use MCMC, MOSS, etc
• For non-decomposable models, have to 

approximate p(D|G) eg by BIC. Have to compute 
MLE for every neighboring graph! *

• See work by Adrian Dobra.

* Derive analog of structural EM to speed this up – nips project, anyone?
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Graphical lasso

• We can estimate parameters and structure for 
GGMs simultaneously by optimizing

• Convex
• Can solve in O(#iter d4) time by solving a sequence 

of lasso subproblems



8

Example
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MLE params for GGM

• Consider first the problem of estimating Ω given 
known zeros (absent edges)

• Setting gradient to zero gives

• Consider this partition



10

Cont’d

• We have

• Dropping the zeros

• Can recover Ω from weights using
• To find w_22, use block inversion lemma 
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code
• W = S; % W = inv(precMat)
• precMat = zeros(p,p);
• beta = zeros(p-1,1);
• iter = 1;
• converged = false;
• normW = norm(W);
• while ~converged
• for i = 1:p
• % partition W & S for i
• noti = [1:i-1 i+1:p];
• W11 = W(noti,noti);
• w12 = W(noti,i);
• s22 = S(i,i);
• s12 = S(noti,i);
•
• % find G's non-zero index in W11
• idx = find(G(noti,i));  % non-zeros in G11
• beta(:) = 0;
• beta(idx) = W11(idx,idx) \ s12(idx);
•
• % update W
• w12 = W11 * beta;
• W(noti,i) = w12 ;
• W(i,noti) = w12';
•
• % update precMat (technically only needed on last iteration)
• p22 = max([0  1/(s22 - w12'*beta)]);  % must be non-neg
• p12 = -beta * p22;
• precMat(noti,i) = p12 ;
• precMat(i,noti) = p12';
• precMat(i,i) = p22;
• end
• converged =  convergenceTest(norm(W), normW) || (iter > maxIter);
• normW = norm(W);
• iter = iter + 1;
• end

ggmFitHtf in pmtk (by Baback Moghaddam)
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Example



13

Graphical lasso

λjj ≥ 0, λ
max
jk = |Σ̂jk|
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Subgradients
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Graphical lasso
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Shooting (coord desc for lasso)
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Shooting cont’d
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Soft thresholding
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Lasso vs ridge vs subset selection

For orthonormal features, we have explicit solns
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Graphical lasso with shooting
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Discrete UGMs

• Computing Z and hence the likelihood is intractable 
unless the graph is decomposable

• Hence Bayesian methods “never” used

• Even search and score is inefficient
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Ising models

• Analogous to GGM for binary data

X1 X2 X3 X4

Markov property

Besag, Hammersley & Clifford, Geman & Geman

W =






W11 W12 0 0
W21 W22 W23 0
0 W32 W33 W34

0 0 W43 W44






N (x|K) =
1

Z(K)
exp(− 1

2

∑

j,k

Kj,kxjxk), xj ∈ R

wjk ≥ 0 attractive (ferro magnet)

wjk ≤ 0 repuslive (anti ferro magnetic)

wjk mixed sign frustrated system

Xj ⊥ X−j |XNj

p(x|W) =
1

Z(W)
exp(

∑

j,k

Wjkxjxk), xj ∈ {−1,+1}
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Glasso for Ising models (Banerjee)

Convex relaxation of matrix permanent to matrix determinant
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Senate voting data
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word-document co-occurrence matrix for 20 newsgroups
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n=16,000,   d=100

Courtesy Mark Schmidt
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Markov random fields
• Markov random fields for yj ∈ {1,…,K}

• No longer a 1:1 mapping between G and W

p(y|W) =
1

Z(W)
exp(

∑

j,k

wT
jkf jk(yj , yk)) ∝ exp(θ

TF(y))

yj yk f jk(yj , yk)
1 1 (1, 0, 0, 0, 0, 0, 0, 0, 0)
1 2 (0, 1, 0, 0, 0, 0, 0, 0, 0)
1 3 (0, 0, 1, 0, 0, 0, 0, 0, 0)
2 1 (0, 0, 0, 1, 0, 0, 0, 0, 0)
· · ·
3 3 (0, 0, 0, 0, 0, 0, 0, 0, 1)

Parameter vector on each edge
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Conditional random fields

• CRFs are a conditional density model

• No longer a 1:1 mapping between G and W

p(y|x,W,V) =
1

Z(W,V,x)
exp(

∑

j,k

wT
j,kf jk(yj , yk,x) +

∑

j

vTj gj(yj ,x))
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Heart wall abnormality data

• d=16, n=345, yj ∈ {0,1} representing normal or 

abnormal segment, xj in R100 representing features 
derived from image processing

Siemens Medical

“Structure Learning in Random Fields for Heart Motion Abnormality Detection”
Mark Schmidt, Kevin Murphy, Glenn Fung, Romer Rosales.
CVPR 2008.
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Group L1 regularization

• Solution: penalize groups of parameters, one group 
per edge

J(w,v) = − log
∑

i

p(yi|xi,w,v) + λ2||v||
2
2 + λ1

∑

g

||wg||p

||w||2 =

√∑

k

w2k

||w||∞ = max
k
|wk|
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Group lasso

• Sometimes we want to select groups of parameters 
together (e.g., when encoding categorical inputs)

ŵ = argminRSS(w) + λR(w)

R(w) =
∑

g

||wg||2 =
∑

g

√∑

j∈g

w2gj

R(w) =
∑

g

||wg||∞ =
∑

g

max
j∈g

|wgj |

Still convex, but
much harder to
optimize…
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Group L1 for graphs

• Penalize groups of parameters, one group per 
edge

• Issues
– How deal with intractable log-likelihood? Use PL 

(Schmidt) or LBP (Lee & Koller)
– How handle non-smooth penalty functions? (Projected 

gradient or projected quasi newton)

J(w,v) = − log
∑

i

p(yi|xi,w,v) + λ2||v||
2
2 + λ1

∑

g

||wg||p

||w||2 =

√∑

k

w2k

||w||∞ = max
k
|wk|
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Pseudo likelihood

• PL is locally normalized
L(W) =

n∏

i=1

p(xi|W) =

n∏

i=1

1

Z(W)
exp(

∑

j

∑

k

xijWjkxik)

PL(W) =

n∏

i=1

d∏

j=1

p(xij |xi,ni ,wj,:)

=
∏

j

∏

i

1

Z(wj ,xi,Nj
)
exp(xij

∑

k

Wjkxik)

Z(wj ,xNj
) =

∑

xj∈{−1,+1}

exp(xj
∑

k∈Nj

Wjkxk)

Besag
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Constrained formulation

• Convert penalized negative log pseudo likelihood

• into constrained form

f(w,v) = − log
∑

i

PL(yi|xi,v,w) + λ2||v||
2
2

min
w,v

= f(w,v) + λ1
∑

g

||wg||p

L(α,w,v) = f(w,v) + λ1
∑

g

αg

min
α,w,v

= L(α,w,v) st ∀g.αg ≥ ||wg||p
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Desiderata for an optimizer

• Must handle      groups (d = 16 in our application, 
so 120 groups)

• Must handle 100s features per group

• Cannot use second-order information (Hessian too 
expensive to compute or store) – so interior point is 
out

• Must converge quickly 

(
d

2

)
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Projected gradient method

• At each step, we perform an efficient projection 
onto the convex constraint set

Project each group separately.
Takes O(N) time for p=2,
O(N log N) time for p=∞,

Where N = #params per group.

van der Berg, Schmidt, Friedlander, Murphy; Duchi et al.

xk = (α,w)k

xk+1 = tΠSp(xk − βgk)

gk = ∇f(x)xk
ΠS (x) = arg min

x∗∈S
||x− x∗||2

Sp = {x : ∀g.αg ≥ ||wg||p}
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Spectral step size

• Gradient descent can be slow

• Barzilai and Borwein proposed the following 
stepsize, which in some cases enjoys super-linear 
convergence rates

t chosen using non-monotone
Armijo line search

xk+1 = tΠ(xk − βkgk)

gk = ∇f(x)|xk

βk+1 =
(xk − xk−1)T (xk − xk−1)

(xk − xk−1)T (gk − gk−1)
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Projected quasi Newton
• Use LBFGS in outer loop to create a constrained 

quadratic approximation to objective
• Use spectral projected gradient in inner loop to 

solve subproblem

“Optimizing Costly Functions with Simple Constraints:
A Limited-Memory Projected Quasi-Newton Algorithm”,
Mark Schmidt, Ewout van den Berg, Michael P. Friedlander, and Kevin Murphy,
AI/Stats 2009
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Experiments

• We compared classification accuracy on synthetic 
10-node CRF and real 16-node CRF.

• For each node, we compute the max of marginal 
using exact inference

• First learn (or fix) G, then learn w given G
– Empty, chain, full, true
– Best DAG (greedy search), best tree (Chow-Liu)
– max p(y|w) ||w||1, ||w||2, ||w|| ∞ 

• Jointly learn G and w 
– Max p(y|x,w,v) ||w||1, ||w||2, ||w|| ∞ 

ŷj = argmax p(yj |x,w, G)
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Results on synthetic data

• d=10, n=500 train, 1000 test

90% confidence interval derived from 10 random trials
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Results on heart data
90% confidence interval derived from 10-fold cross validation



42

Incremental feature addition

• Lee, Ganapathi & Koller compute gradient and 
expectations using LBP instead of PL

• They greedily add features according to their 
expected gain (change in penalized loglik)

• Initially the graph is sparse so LBP is accurate, but 
degrades over time
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Della Pietra

Can use Gibbs sampling + IS corrections
Della Pietra, Della Pietra, Lafferty, PAMI 
1997
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Maxent models of faces

Use importance sampling to reweight the Gibbs samples when evaluating
feature gain 
C. Liu and S.C. Zhu and H.Y. Shum, ICCV 2001


