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e Basic issues (19.1)

e Gradient ascent for DGMs (19.2.1)

« EM for DGMs (19.2.2)

« Variational EM (19.2.4)

« MCMC for param inf in DGMs (19.3.2)
e Variational Bayes (19.3.3)



MCAR

e Let Xi be the true value of variable I, and Oi in {0,1}
ne whether it Is observed or not. Yi(Oi1) = Xi or ?.

e Defn 19.1.6. Missing completely at random (MCAR)

means X \perp O.

 Given MCAR, we can safely ignore the missing
variables (for which Ox=1), since they tell us

nothing about theta
q/

/

O@ Z@@

p(0,v]Y1,Ys) = p(0|X1)p(¥|O1, O2)




Missing at random

 Defn 19.1.8. Let H be hidden vars, V be visible
vars, and O be observation status. Missing at
random means O \perp H | V.

xfe

ngf)

 Intuitively, although O may depend on some of the
variables Xv, since we observe Xv, we do not learn
anything new about Xh.



Benefits of MAR

« Thm 19.1.9. Given MAR, and a factored prior,
p(B,w[D) = p(B]Xv) p(Y[Xv,0)
o Pf.
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Counter examples to MAR

« Collaborative filtering: people are more likely to rate
movies they strongly like or dislike.

 Medicine: If a patient does not have a check mark
In the “had X-ray” field, they probably don’t have
any bone problems. However, if we explicitly write
the “primary complaint” as the cause of which tests
are performed, MAR is restored (since we observe
why O(Xray)=0).

e Henceforth we will assume MAR.




Multimodality

* For fully observed DGMSs, likelihood is convex
(assuming each CPD is convex), and hence has a
single global maximum.

 When we have missing data, the likelihood is a
mixture of up to K*n modes, corresponding to every
possible completion pattern

:._ H]’f J ".‘Hxh.-._:

l e &
. y-x:]

L(e[D)

b

E}Ir

Proposition 19.1.10: Assuming ia.d. dala, the hkelihood can be wirillien as

L(6:D)=]]Plo[m] |6)=]] D> _ Plo[m].him]|6).

m h[m] I



Identifiability

e Sometimes we cannot uniquely identify the
parameters, even given infinite data

 Eg The experimenter either tosses coin 1 or coin 2,
but we don’t know which. The model Is

?” L{0: D) = P(X = Heads)MHerds)(1 _ P(X = Heads))M[1mils]
e e

4

I

PI:}{ = Hn.r:u'-fi.':",'l = Hy E:Jx”;._l o “ = HJ-:’]HIHE-

- Xl 1

* We have eg. p(D|6,=0.5, 6,=0.5, 6,=0.5) =
p(D|6,=0.5, 6,=0.8, 8,=0.2). The problem is
underconstrained.



Identifiability

 Defn 19.1.13. A parameter 0 Is identifiable if there
IS no 0 # 0 st p(X|0)=p(X|0’). A model is identifiable
If all © are identifiable.

* A mixture model cannot be identifiable since we
can always arbitrarily permute the hidden labels,
and the corresponding parameters.

« Hence we should not ask things like “what is the
orob. Xi belongs to cluster k™ but rather “what is the
orob Xi and Xi belong to the same cluster”.
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Gradient descent for DGMs

 We can find a local maximum using gradient based

methods.
 Consider tabular CPDs.
e Thm 19.2.1.
4 pxz’:k,XM:j,e
00ijk 0k

o Pf.

agzjk i ot vy LR R [ y g
p(e)

0:ik
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Gradient descent for DGMs

 Pfcontd
0 o _
dP(x | _“.}Plff_:!} - ﬂ:t{ZE;:E OP(x | u) P
1
= Z Pz | u) P(g)
¢:¢(B)=e £ (X Pax)=(.u)
1
— Plr| “..JP(;I.',_ u, e),
e Thm 19.2.2.
oU0:D) 1~ p 0
dP(z |u) P(z|u) 2 (@, u]ofm],0).
 Chain rule for non-tabular CPDs.
000 : D) Ol(Pg : D) OP(z | u)

90~ £~ OP(x|u) 08
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Gradient algorithms

e Gradient requires inference to compute family
marginals.

 Need to enforce positivity and sum-to-one
constraints (for discrete) eg reparameterize to
unconstrained form

g_:"ll"mh.l.

> e vty €1
* Need to enforce positive definite — optimize wrt the
cholesky factors.

 Have to specify step-size and search direction (use
black-box algorithm).

e EM Is much easier...

Plz|u)=
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EM for DGMs

o Key intuition: if we knew the values of H, we could
compute the MLES/MAP estimates for 0 easily. So
we infer H|O@ and then estimate 6|H. For the latter,
we Just need the expected sufficient statistics. For
tabular CPDs, this Is just a table of expcted counts

e E step
Mg: [z, u] = Z P(z,u | o[m].8").

¢ M step

° it Mot [z, u]
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Pseudocode

i
1 for each t =0,1..., until convergence

2 /| E-step
} [ M[z;, u;]} — Compute Expected-Sufficient-Statistics(G, 8, D)
1 - M-step
a for eachi=1,....n ;
fi for each x;,u; € l'rﬂ-il[_}f-j_.Pﬂ-%{-i;l
r o Mi[ze,uy
| O &
N return @'
1 // Initialize data structures

2 for ecachi1=1.,....n

3 for each ;,u; € Val( X;, Pﬁ%‘h}'

4 M[z; u;) — 0

5 // Collect probabilities from all instances
§ for cach m=1... M

7 Run inference on (G, 0) using evidence ofm]
N for ecachz=1,....n

(] for each r;,u; 1-’-:1.3(}{3-,13:1%{—1]

10 M|z w;] — Mz, u;] + P(z;, u; | olm])

11 return {Mr;, u;]:Vi=1,...,nVr;, u; € 1-"&E(XiTPaE{ri)} 15



ECDLL

* Define expected complete data log likelihood, wrt Q

distribution over H|D
Eq[t(8: (D,H))] =) Q(H){O : (D, H))
H

« For tabular CPDs, we have

(O :(D.H)) = Z Z M p (i, willog 8, |,
=1 (zy,uy) € Val( Xy Pax, )

i

EQ[E(E} : {D H})] — Z Z .EL;I [ﬂf{-p.-H} [.'T:E-? H..g;]] lﬂg 9[,,”“1.

i=1 (xyug)eVali Xy Pax, )

T

Eqll(0: (D.H))]=)_ - Mg[zi, wi]log by, |,

i=1 (xy,uq )€ Val{ Xy Pax, )
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ECDLL for exp fam

 The key to making EM simple for expfam models is
that the log-likelihood is linear in the sufficient
statistics

e

P18) = ﬁ_q(g) exp { (t(0).7(£))} T((D,H)) =) _7(o[m], h[m]).

U6 : (D, H)) = (t(6),7((D,H))) + Y _ A(o[m]. h[m]) —log Z(0).

i

Eq[¢(6 : (D, H))] = (¢(8), Eqlr((D,H))]) + D _ Eq[4k6[m], hjm))] — M log Z(6).

[‘)/\6(/
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Choosing Q (for E step)

e Define

Op[0, Q] = Egll(0 : (D,H))] + Ho(H).

e Thm 19.2.5.

Corollary 19.2.5: For any @,

00:D) = ®p[0,Q]+ DQ(H)|P(H | D.6))
Eq[/(0 : (D.H))] + Ho(H) + D(Q(H)|P(H | D, ).

« From (2), ECDLL is lower bound on LL.
« From (1), iIf Q=p(H|D,\theta), then bound is tight.

 EM alternates between optimizing Q and optimizing
\theta. Can do partial updates.

18



Convergence

« Thm 19.2.6. If we do exact EM (so Q=p(H|D,theta)),
then the LL never decreases

Theorem 19.2.6: During ierations of the EM procedure of Algorithm 19.2, we have that
E(HHI :D)— 0" :D) > EpiH D, 0 [E(QHI : D,Hﬂ — EpH|D,6%) [E(E’t : P,H)].

As a consequence, we obtain that:
(e D)< ot D).

Proor We begin with the first statement. Using Corollary 19.2.5, with the distribution
Q'(H) = P(H | D,8") we have that
00T D) = Eq [0 : (D,H))] + Ho:(H) + D(Q'(H)|P(H | D,6))
00" :D) = Eqg 00" : (D, H))| + Hoe(H) + D(Q'(H)|P(H | D.0"))
= Eq:[£(6": (D,H))| + Ho(
The last step is justified by our choice of Q'(H) = P(H | D, 0"). Subtracting these two

terms, we have that

(O D) — £(6" : D) = Eqe [((0F : D, H)] — Eqe [£(6" : D, H)] + D(Q(H)|P(H | D,6+))

H)
H)

As the last term 18 non-negative, we et the desired ineguality.



Convergence cont’d

Theorem 19.2.6: During ierations of the EM procedure of Algorithim 19.2, we have that

f(ng . D} — f(ﬂ't . T)} = Ep[’]-irp_gt] [EEQHI . T}Hﬂ — EPE'HI*RE“II [E(Ht . T}Hjl]
As a consequence, we obtaimn that:
(o' D) <ot D).

To prove the second statement of the theorem, we note that @7 is the value ol @ that

. . . . . ! .
at least at large as the value obtained for any other set of parameters, including 8°. We
conclude that the right-hand side of the nequality 15 non-negative, which implies the st
statement m

& 7 t - t+1 .5 . 7 t -
Theorem 19.2.7: Suppose that 0 is such that 0'7" = 0 during EM, and 8" is also an
interior point of the allowed parvameter space. Then 07 is a stabionary point of the log-
hkelihood function,

20



Rate of convergence

 |nitially fast, then very slow; can switch over to
conjugate gradient near optimum

-+ T T
~iof
BT

Trarning LL{ irsaroe

h 6 & 4 % 4

I Hl i:l -!:l -ll- gL

« EM has ||near LUIIVBIQBIILE rate

-'* i
Ef:}f —Ef

Although we do not go through the proof, one can show that EM has linear convergence
rafte. This means that for each domain there exists a tg and a < 1 such that for all £ = 1,

Ei+1 = (¥€t.
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Local maxima

 Maxima can differ a lot in quality.

e Can do multiple restart, killing off some runs early if
they look bad (as in beam search).

T T
an |- -y
- 3
- 2
=
§ 8
F €
k i =
s il 5
o n
= e
= 20 v Ty
== 52 Wy
O Heklenva asw
T 1
= o a2 =] e o e oo it 5 o] ] L] Bl ] ] i}
E.anmple gize F‘I‘EI:-E'HHQE of nuns

(a1 ) (h)
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Assessing convergence

e Can check whether parameters stop changing or
LL stops changing. Can be quite different.

* Recall 9000 : D . M
OP(x | u.)} - P(r|u) mz=:1 P(z,u | om],0).

 If p(Xx,ulo[m]) small, gradient is small, else O(M)

 Hence effects of param on LL can be small or
arge.

(&) 23



Accelerating convergence

Hard assignment EM (eg Kmeans). E step is
searching over discrete assignments; this tends to
converge faster (but to a worse solution).

Hybrid EM/CG
Over relaxation: step size > 1.

Stochastic EM: since Q(H) = prod_m Q(hm|om), we
can do inference on only a subset of the datacases
(mini-batch) and then do an M step

(Monte Carlo EM: sampling in the E step)

24



Example: fitting planes to 3d point clouds

PLX |f_ —L {?Mr ?-a-t{dr p,:”llzlcrjl /\

§ ol o 25



Variational EM

e Restrict Q distribution in E step to a tractable
family, rather than p(H|D,theta)

max max Dn| 6, O
e p|?, ]

 Eg do mean-field in the E step, then regular M step
 Maximizes a lower bound on the LL

Fl : D) = max Ppll. Q] = maxPn|@. O].
_ .' i | '{"]_Qeg p|f, Q]

26
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MCMC

e Can compute p(0,H|D) using standard algorithms

« Parameter collapsed particles: sample 8, compute

0(H|D) analytically

e Data completion collapsed particles: sample H,
compute p(0|H,D) analytically

28



Marginalizing out H

e Bayesian Mixture model

P
@

Datam Clusters k

M K
P(D|61,....0,2) =[] (ZP(C[m] = & | \)P(x[m] | C[m] :ek,ak})

P(0, | X, 0_1..,D)x P(D | 6y.....0K.\). Have to use MH

29



Marginalizing out \theta
@

,-/® Collapsed Gibbs sampling
Cf DP mixtures

Datam Clusters k

P(X| e) = Dirichlet(ao/K + |I1(c)],. .., a0/ K + | Ik (c)]).

P(0y | ¢,D,¢) = Q01 | Dry(e)p d) x P01 | @) [ Pla[m]|64),

melpie)

P(Cm'|=k|e_p.D,d) x P(C[m'| =k | A, e_p)Pla[m'] | Clm'] =k, @[Ii(e_p)]. ).

P(CIm) =k | e, D, $) o (Ii(C—mi)| + a0/ K)Q(X | Doy, &)

30



Variational Bayes

 Min KL(Q|P) where we assume
Q0. H) =Q(O)Q(H).

« Thm 19.3.6. If we have global param independence
and Q(8,H)=0Q(0) Q(H) then

Q0. H) =[] Q0x. ) [T Qe lm)).

 Hence we can optimize each Q(h[m]) separately —
just like inference per case In the E step — and then
optimize each Q(\theta_I) separately — just like
optimizing each family in the M step

* E step: we do inference with expected params
« M step: we fit a distribution

31



VB for MixBernoulli

Q=0Q0n) {HQ(QX”H ] {HQ [m J . thetaH (P
|

Beta Beta Bernou

hetaX
/Leta|

Q(0y) o exp {hlP[E}H] + Z Eqgm) [In P(H[m] | QHJ]}

Datam Clusters k

Q(Ox,m) o exp {]11 POx,u)+ Z Equim)) [In P(zi[m] | H[m]. E?;.;”H}]}

m

Q(H[m]) o exp{Eqg@y)[nP(H[m]|6x)

+Z£Qiﬂx lH:,[hlP [m] | H[m].6x, HJ]}

POy = (B4, 0p1)) =Ine+ (apo — 1) InBho + (o1 — 1) Inbpa.
Equpmpn P(H[m] | 0g = (00,6,1))] = Q(H[m] = h?)Inbo 4+ Q(H[m] = h') In .

QO = (B0, 0,1)) o exp { (&hn + Z QH[m]=h 1) Iné0+
Qo = Qo —I—Z Q(H[m] = h°)

(th + ZQ(H[m] = hlj — 1) ln ghl} ﬂ;ﬂ — ap _|_§: Q{H[m] _ hl}.

_ Igil-:rh|;|+">_' Q(H[m]= hc'j lgah1+">_' Q(H[m]=h')—

KD hd ) 32



VB update for H[m]

Regular E step
P(H[m] | xy[m],...zn[m]) oc P(H[m] | 0p) HP[;I.‘E'[T?]-] | H[m], Ox, 11 ).
VB version

1
EQ[Ex“Hj[IHP(;ﬁ | H[m]ﬂqu}] = /Q{Qmﬂ[m]}lﬂ gde[m]dg.rdH[m]'
0

Eqoy, ) [nP(z; | Him],0x,1)] = ¢l ) — {P‘(Z Wt |1y)

-
ﬂ.i

where o are the hyperparameters of the posterior approvimation in Q(0x J|H) and @(z) =

¥
(InT'(2)) = ?;:ﬁ is the digamma function, which is equal to In(2) plus a polynomial function
of % And so, for z >3 1, p(z) =In(z). Using this approxzimation, we see that

Ok
Egoy, 0 Pl | Hm],0x, )] = In |

33
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Variational methods

e From Lecture 10:

e Minimize
D(Q||P) = WmZ-F(P,Q)
F(P,Q) = Hq(z)+ )Y Ecinqnyy(C))

* This always Increases the lower bound and will
always converge

35



Mean field approximation

e Let us assume the approximate posterior is fully
factorized

= H Qz(%)

 Then the objectizve (negative free energy) Is

F(P,Q) « —I-ZEX ~@In¢e(Xe)
ZH (Qs) +ZZ [[@i(ze) nge(ze)
« Eg 4x4 grid O(n, K?) for energy, O(n, K) for H

FlPy.q] = I{A Az g nelAny As g+ Erag aa g -~gllnelde . Az )]+ Frag aa-g]

E t;'[]“fﬁ"lﬂi 1Al + Egllng{Adya, Ay aj] + Fglng(Ay 5. A 4)] +

P

Pt

”Q'.,-qi,i_] + Illqull'.qilg_:l + Illqull'.qilg_:l + Illqull'.qil.i_:l +

Hgldaa) + HoilAag) + HolAsa) + Hgl{ Aaa)



* Objective is concave in each arg (entropy Is concave in
each Q |, expected energy is linear in Q i)

ZH Qi) +ZZ []Qi(zc) Inge(z.)

Zc ’LEC

 The set of completely factorlzed distributions is not convex

a: _ )\HQl wi _|_ 1 _ HQZ2 wi Not factorized

7 1
 Hence we are optimizing the objective over a non-convex
space, and will be subject to local maxima

e Let us derive equations that characterize the fixed points.
These could correspond to saddle points or local minima,
but such points are unstable and unlikely to be the result of
our iterative update scheme.

37



e Define

<f(wh (kﬁ 2{: {[I}inxz}

Th 1€h

Fan)ie = S | T @] fzalz; = k)

wh\wg ’I,Eh 7’7&]

(f(zp)) = ZQJ z; = k)(f >>

Inp(z,) > Zﬂnqbc zc)) +ZH Q:)

Z Q;(k Z Ingc(xzc))jne + H(Qj5) + ZH(Qz)

17

We mostly follow Tommi Jaakkola’s notation rather than Daphne Koller’'s 38



Mean field equations

8Qj(k)L(Qj’)\) = Sjk—InQ;(k) —1+A=0
Qj(k) = exp(Sjr)exp(A—1)
- Zi exp(3(In 6o(20)) 1)

39



Example: grid

(HNr;) = = exp Z Fu,—(x,~qInd(Ug, ;)]
b W = M ea [-:;If:']

Zﬁ:, 1,4 {;,:J'Lﬂi_ 1.3 l'lnlx'ﬂ-"rﬂi- 1.5+ '5'!1_7;':""

' ' L Zﬂz 1Q|~ﬂij—111ntmrﬂaj 14 '5'5-:-_?;':'4-
Qai;) = EXP 4 4= -
. ":E.'!'.-l| ZE-=+1jan.ﬂ'!--l-l_';l_.l]-nrtl-"rﬂ-;}..ﬂ-l_l_lj;l;l—'—

ZE: A4l Qlta‘!-_',‘-l-l.-l]'llrh'lrﬂ-;jk -!__-;|+1_:|_:|

)

>
L

>>_(
M
™
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e Suppose we want to find a MAP estimate

maxlog p(6) + logp(s|0)

. If we have latent variables Z we can use EM
e E step: compute expected complete data log joint

N
£(0,001a) = logp(0)+ > > p(z|Tn, Oora) log p(z, zn|0)
* M step: set n=1 z

Orew = argmax f(6,0,4)

42



Variational EM

« Consider the negative free energy
F(z,Q,0) = ZQ ) logp(x, 2|0) + H(Q)
» Earlier we showed this is a lower bound on the log-

likelihood
F(z,Q,0) = InZ(z,0)— D(Q||p(z|z,0))
logp(z|d) = InZ= mng(x,Q,H) = F(z,Q",0) > F(z,Q,0)

« Where the bound is tight if Q*(z) = p(z|z, )
* E step: find Q,(z) that maximize
F(xannaeold)

M step: find \theta that maximize

43



Variational EM

 An exact E step Is equivalent to setting
Qn(z) = p(2|Tn, Oo1a)
e The corresponding M step maximizes

Y F(20,@Qn,0) = > D> p(zlen, 0o1a) log p(z, 2,|0)] + H(Qn)

n

= f(6,00a) + > _ H(Qn)
» Since H(Q,) is independent’of 0, this reduces to the
standard EM algorithm.

 Generalized EM merely increases (not maximizes)
0 in the M step.

» Similarly we can simply improve Q,, in the E step

Neal and Hinton, “A new view of the EM algorithm”, 1998 44



Variational Bayes

 We can replace the point estimate of 8 with a
distribution and try to minimize

D(Q(leNa e‘xlzN)Hp(Zl:Na e‘xlN))

e The distinction between E and M vanishes: we are
just doing sequential updates of Q(Z,) and Q(0)

* This gives us the benefits of being Bayesian for the
same computational speed as EM

45



VB for univariate Gaussian

exp (Ei;[Inp(X, Z)]) Ingq(Z;) = Eiz[lnp(X. Z)] + const.

q;1Z;) =
[ 0 Esplup(X.2)) 0z,

plulr) = N (pluo, (hor)™")

g N
N2
' V2 .
) exXp {_ E (Tn — ) } p(r) = Gam(r|ag,bo)
' n=1

p(Dlu7) = (

b2 | =4

o
:—]|'°'

qlpe. 7) = qulp)g- (7).

Gaussian
Ing,(p) = E,[lnp(D|p,7)+Inp(u|r)]+ const. Aopo + NT
iy = -
i v i Mo+ N
== —“[I] ;"ku[;.!—,mﬂz-l-Z[,t' —,u)z + const T
2 E 4 k- e Ay = I:,:"u:. + N ﬂE[T]
Ing:{v) = E;[lnp(Plu,7)+Inp(u|r)] + np(r)+ const. Gamma
N _
= (apg—1)In7T —bg7 + :llnr N+1
2 ay = ap+  ——
N 2
T i s o .
_EIE:,:_; [Z_;[.E‘ﬂ — w4 Aolp — pe) ] + const, by = bo +%IE.'._: Z(-E‘n B ,t-!:lz 4 hol(p — |l'.-!|:|:|2 .

T

Bishop p471 46



VB for univariate Gaussian

2
(a)
T
0 : 0 s
-1 0 H 1 -1 0 H 1
2 2
(c) (d) rrgence
T
1t il
( i (
0 0
~1 0 H | 0 H |

Green = exact posterior (NormalGamma), blue = factorized approximation
47



VB for mixtures of Gaussians

Inference
gl 7w, p. A) = q(Z)g(m, p, A).

Ing*(Z) =E, ,allnp(X, Z, 7, g, A)] + const.

N K
In g*(Z =ZZ Znk 1IN pni + const.

'|_=

-

o
i

i

I'“

P W R

Inpn = Elnwm]+ lr.L[Jiulr'LkH — 2 In{27)
l i
_EIE-“'::sﬁk- _l-rx‘“ — ) -"'Lkixﬂ - .I’-f;;;']
N K
qalzz;l o H ]:[pi:;;
n=1 k=1

Multinomial (soft responsibilities), as in EM,

N

X 2w . A) =p(X|Z, p. A)plZ|m)p(w)p(p. A)

K

p(X|Z, . A) = Hﬂvmm )

1 k=1

N K
p@m)= [T T~

n=1 k=1

K
p(m) = Dir(m|ag) = Clexg) [ [ 75

K

plp, A) = H,.x-’ (1| mo, (BoAx) ') W(ALWa,ro)

k=1

except we used expected parameters rather than plug-in

48



Automatic model selection

e Recall t~ Dir(a). If a << 1, we prefers skewed Tt
and hence sparse z.

« MAP estimate from regular EM is

R Zn’I‘nk—Fak—l N +a—1
T — —
g >tk +ar—1) N+Ka—-K

e Posterior mean estimate from VB IS

>onTnkTar  Npyt+a  «

— 3 >()
Zk(rnk+ak) N+Ka N+ Ka

T

49



Selecting K with one run of VB

50



Variational message passing

e Consider a DAG model

plx) = 1_[33{:-:1|pa.1_1
 The mean field equations are
In q_':l:::{J:l = By [Z '.n_ﬁ{}:||p5.|fl] 4+ const.

i

 The only terms that depend on X_jare in x_J's
Markov blanket

 |f all CPDs have conjugate-exponential form, the
VB updates can be converted into a msg passing
algorithm

 VIBES software (John Winn)

51
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Structured variational approx

Rather than assuming Q is fully factorized, we can
use any structure for which computing the
expectations of In ¢. and the entropy Is tractable

(A —A)
>|< A A — e — A Ay Ara A A
Az Az3 | | | |
;Ii >|< e As — R Aus Azq Az A A
Ay —(As 5 i | | |
>I< >|< Axy L Axa i\ Aaa i Aay Az Az Aszs A
Bazg)—(Les) | | | |
LA — '_""1_2___ "u'-i__; 1 -'“-.;_4_ Mgy -'"u_z_ A A

¢ = model, Y = approx

—_—

QX) = o;

1
EQ}

1
=

Corollary 11.5.13: If Q) = ﬁ 1_[_?. . then the potential @y is o stafionary point of the

energy functional if and only if:

rley) o exp {EQ [ln Py | {:j] — z Egny | e } . (11.59)
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