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« Belief propagation: entropy approximations (11.3.7)
* EXpectation propagation (11.4)

« Mean field (11.5.1)

« Variational EM/ Bayes (Bishop 10.1-10.2)

e Structured variational (11.5.2)



Bethe cluster graphs

e Suppose we create one cluster for each original
factor, and one cluster for each node.

_\.’1'1,1HH\.A1,1 . AI,Z_:_‘_A 1,2._,—[.*"1,2 . A1,3._J'—__.A 13

i q N . ) = ) ) ) )
|:| ABE| lEB”:' | [;:n,n_r— .| 4:BE| |5DE Ay Ay A AzzJ Ay, Agy
| | | |
el (Ap HAy A AL, AL, A — A,
(6] [me] [we) (0] [1wE] [wF Tz'l Ses —lz’z . _|2j
:Az,1 ' Aa,lj Azz ' Aaz)l lﬂz,ar Aaa

_._A3,1_.H__!"'-3,1 cAszam AspTAse, AgaAsg

 Then for a pairwise MRF, propagating C; — C; — C;
IS equivalent to sending msgs from node i to nhode |
via edge 1Ij.

* In general, BP on the Bethe CG = BP on the factor
graph.



BP on factor graphs

Bishop p406
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Bethe approximation to entropy

« Thm 11.3.10. If Q Is a calibrated set of beliefs for a
Bethe approximation CG then the factored energy
IS given by

F(P,Q) = N Es,lné+> Hp,(Cs)— Y Hy (Ss)
@ ¢ s

= ) Eg,lng+ Y Hg,(Cy)— > (di — 1)Hpg, (X;)
(0 ) i

where d_| = #factors that contain Xi.

 |If Xi appears in di factors, by RIP, it appears in (di-
1) sepsets. Hence we count the entropy of each Xi
once In total.



Weighted approximation to entropy

e Consider a cluster graph, each of whose clusters
(regions) has a counting number p,. Define the
weighted approximate entropy as

HS(X) =Y urHp, (C)
e For a Bethe-structured CG, we set

,LLZ':]_— Z:ur

renb;

 If we set ,=1, we recover the Bethe approximation.
e Let us consider more general weightings.



Convex approximation to entropy

* Def 11.3.13. We say that U, are convex counting
numbers if there exist non-negative numbers v, v,

Vl‘,i St [y = Ve Zi . X,eC, Vri for all r
B = Vi—)... X,eC, Vri far all i
e Then
Z;::.TH; +Z£!1H¥.¢,X ZMH;; )+ Z ves(Hg (Cr)—Hg, (X;) ZMH;_!_Y:
r ™, 11_1:6

« Thm 11.3.14. The above egn is concave for any set
of beliefs Q which satisfy marginal consistency
constraints.



Convex BP

Algorithm 11.2 Convergent message passing algorithm for Bethe-structured re-
gion graphs with convex counting numbers

Procedure Convex-BP-Msg |

-'._L'-',‘[f-‘,.] set of imtial potentials
Tisr{Cp) Current nodeto region messages
|
1 for i=1,....n
2 Compute incoming messages from neighboring regions to for v € WNhy
X; ,
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| Tisr(Cr) — (t"‘"[':""“] [Lenb,—g3) Hj_fi{""") (ér_.r_.‘fsl) /
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TRW

e Tree reweighting algorithm (TRW) uses the
following convex counting numbers, given a
distribution over trees T st each edge In the
pairwise network is present in at least 1 tree

pi == rsx, PT)
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Convex or not?

 When standard BP converges, the Bethe
approximation to the entropy Is often more accurate
than the convex approximation.

e However, It IS desirable to have a convex inference
engine in the inner loop of learning.

 If you train with a convex approximation, there are
some arguments you should use the same convex
approx at test time for decoding.
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Region graphs (11.3.7.3)

 One can use more general CGs than the Bethe
construction, which lets you model higher order
Interactions which are intermediate between the
original factors and singletons.

« Resulting algorithm is complex.
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Approximate messages

e Suppose we use a cluster tree (or graph), but
approximate the messages eg. to prevent them
becoming “too fat”

 |f the clusters have internal structure, we can
efficiently combine factored incoming messages
with factored clusters to get factored outgoing
messages

 We can also use this to combine non conjugate
distributions: eg we approximate a non-conjugate
likelihood by a simple form (eg MVN) and combine
with a simple cluster potential (eg MVN) to get a
simple posterior for the next step
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Assumed density filtering (ADF)

e Consider sequential Bayesian updating in which we
assume the prior p(6,,|y;...1) lives in some tractable
family Q (eg MVN).

e At each step, we do 1 step of Bayesian updating to
get the posterior p(6,y,..) and then do an M-
projection to get the best approximation within Q
(=moment matching for linear exp fam)

. s |

o
Bt — D¢ G ER by v
[
v Eg y/\theta, = logistic(y, x," 6,), 6,=6, ,

Eg. y/theta, = Gauss, theta, | theta, ; = mix Gauss
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ADF cont'd

 We combine msg from past (prior) with local
evidence (likelihood), project, then compute new
msg

bt—l,t X ¢t—1,t,ut—1
b1+ = Proj(be—1,:, Q)

Mt = Z Bt—l,t
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Expectation propagation

e For batch problems, ADF is suboptimal, and
depends on order of data.

 EP Idea: add backwards pass

tt+1 s |
7 % - /7 %
bt,t—l—l = proj (bt,t—|—17 Q)

x 7 %
He = E:bt,t—l—l

t+1

e Since msgs no longer exact, need to iterate
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Division = subtraction of natural params

 Assume all beliefs and msgs are linear exponential
families. Then
- ':::r:'_..ai i " r w &
Qg = ﬁ ?’JE:{P{‘._[Hﬁ_J _HJJ_,J-'_:'._?LH:'._;'J.:'}
« This can result in negative values for the natural
params (eg Gaussians with —ve variance).

e But undirected GMs with tabular potentials are In

the linear exp family and can always be used to
represent valid beliefs/msgs
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« How compute natural parameters of a msg?

 Compute the expected statistics of the separator,
according to the current approximate beliefs

05, — M-project, ;(Eg, 5 [Tij(Si;)]) —6; _ -

4
t—

 Computing the expectation can be made tractable If
B, has factored structure.

* |In general, the M projection can be hard.

« But if we have discrete variables, and Q is fully
factorized, it amounts to computing a product of
marginals.
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Variational analysis

 We optimize the same (approximate) objective as
before (factored free energy), but relax the local
consistency conditions so we only match statistics
(eg marginals) instead of full distributions

EP-Optimize

Find o
that maximize F[Fg. ()]

Es, ,op ;T3] = Es, j~a,[m] ¥ j) €€
z.-'jli[ﬂi] = 1 Wi € Vr
subject to o
Suislsis] = 1 Vi jeér
8.3
Bile;] = 0 Vi € Vr.e € Val(C;)
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EP msg passing

« Thm 11.4.5. Let Q be a set of beliefs st ; Is In the
exp family Q;. Let M-project-distr;; marginalize onto
S;j and then project onto Q;. Then Q Is a stationary

point of EP-optimize iff there exist auxiliary beliefs 0
such that

M-project-distr; ;(3;)
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Structured messages
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 The Q distribution (onto which we project) can be
any structure that makes computing marginals
efficient, eg a chain or cligue tree.

o
B
I
1]

i
na
B
L

22



23



Summary so far

e Let us summarize the BP and EP methods, and
then introduce a new class of variational methods

24



BP on Cluster graphs

 |In CGBP, we made 2 approximations
e 1. Optimize a bound on D(Q||P)

D(Q||P) = an—F(P, Q)
F(P,Q) = Hq(z)+ Y Eongmii(Ch)
e 2. Use pseudo margmals By, K and thus
approximated the entropy H(Q) and hence used the
approximate bound

PQ defZECNg ln’gbz—I—ZHB Z

<13>

Thm 11.1.2

 We then optimize the approximate bound subject to
local consistency constraints over some cluster
graph
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CGBP objective

Find Q={B:ieVriUip,;:({ j)eér}
that maximize F[Fs.(]]

piglsis] = ), Bilel

-8y
subject to Wi j) € Er,¥s; 5 € Val(Si;)
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If the cluster graph is a cluster tree, this is exact
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* In EP, we make the same 2 approximations as in
CGBP, but we also relax the local consistency
constraint so that now cliques only have to agree
on their expected sufficient statistics, not on their
distributions

Find Q
that maximize F[FPg, Q|

I"Sa:j-“'r-h,_r [Ti-j] = f'fS.h,-\-_S_,[Tf.i.:j] I"w'r'l'\! J:l e Er (11.41)
Z Biles] = 1 Vi e Vr (11.42)
subject to =
Y miglsig] = 1 W(ij)eér (11.43)
HIIJ
Bile;] = 0O WieVr,e; e Val(C;)  (11.44)

Even if the CG Is a tree, this is no longer exact (in general)
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Variational methods

 The problems with BP and EP are

— They do not monotonically increase a lower bound on
In Z

— They may not converge (except convex BP)

e Let us now require Q to be a coherent probability
distribution (of tractable form). Hence we can now
compute the exact entropy and optimize the exact
objective

D(Q||P) = ImnZ-F(P,Q)
F(P,Q) £ Ho(z)+ Y Ecinqnyi(Cy)

* This always increases the lower bound and will
always converge
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Mean field approximation

e Let us assume the approximate posterior is fully
factorized

= H Qz(%)

 Then the objectizve (negative free energy) Is

F(P,Q) « —I-ZEX ~@In¢e(Xe)
ZH (Qs) +ZZ [[@i(ze) nge(ze)
« Eg 4x4 grid O(n, K?) for energy, O(n, K) for H

FlPy.q] = I{A Az g nelAny As g+ Erag aa g -~gllnelde . Az )]+ Frag aa-g]

E t;'[]“fﬁ"lﬂi 1Al + Egllng{Adya, Ay aj] + Fglng(Ay 5. A 4)] +

P

Pt

”Q'.,-qi,i_] + Illqull'.qilg_:l + Illqull'.qilg_:l + Illqull'.qil.i_:l +

Hgldaa) + HoilAag) + HolAsa) + Hgl{ Aaa)



* Objective is concave in each arg (entropy Is concave in
each Q |, expected energy is linear in Q i)

ZH Qi) +ZZ []Qi(zc) Inge(z.)

Zc ’LEC

 The set of completely factorlzed distributions is not convex

a: _ )\HQl wi _|_ 1 _ HQZ2 wi Not factorized

7 1
 Hence we are optimizing the objective over a non-convex
space, and will be subject to local maxima

e Let us derive equations that characterize the fixed points.
These could correspond to saddle points or local minima,
but such points are unstable and unlikely to be the result of
our iterative update scheme.
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e Define

<f(wh (kﬁ 2{: {[I}inxz}

Th 1€h

Fan)ie = S | T @] fzalz; = k)

wh\wg ’I,Eh 7’7&]

(f(zp)) = ZQJ z; = k)(f >>

Inp(z,) > Zﬂnqbc zc)) +ZH Q:)

Z Q;(k Z Ingc(xzc))jne + H(Qj5) + ZH(Qz)

17

We mostly follow Tommi Jaakkola’s notation rather than Daphne Koller’'s 31



Mean field equations

8Qj(k)L(Qj’)\) = Sjk—InQ;(k) —1+A=0
Qj(k) = exp(Sjr)exp(A—1)
- Zi exp(3(In 6o(20)) 1)
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Example: grid

(HNr;) = = exp Z Fu,—(x,~qInd(Ug, ;)]
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e Suppose we want to find a MAP estimate

maxlog p(6) + logp(s|0)

. If we have latent variables Z we can use EM
e E step: compute expected complete data log joint

N
£(0,001a) = logp(0)+ > > p(z|Tn, Oora) log p(z, zn|0)
* M step: set n=1 z

Orew = argmax f(6,0,4)

35



Variational EM

« Consider the negative free energy
F(z,Q,0) = ZQ ) logp(x, 2|0) + H(Q)
» Earlier we showed this is a lower bound on the log-

likelihood
F(z,Q,0) = InZ(z,0)— D(Q||p(z|z,0))
logp(z|d) = InZ= mng(x,Q,H) = F(z,Q",0) > F(z,Q,0)

« Where the bound is tight if Q*(z) = p(z|z, )
* E step: find Q,(z) that maximize
F(xannaeold)

M step: find \theta that maximize

36



Variational EM

 An exact E step Is equivalent to setting
Qn(z) = p(2|Tn, Oo1a)
e The corresponding M step maximizes

Y F(20,@Qn,0) = > D> p(zlen, 0o1a) log p(z, 2,|0)] + H(Qn)

n

= f(6,00a) + > _ H(Qn)
» Since H(Q,) is independent’of 0, this reduces to the
standard EM algorithm.

 Generalized EM merely increases (not maximizes)
0 in the M step.

» Similarly we can simply improve Q,, in the E step

Neal and Hinton, “A new view of the EM algorithm”, 1998 37



Variational Bayes

 We can replace the point estimate of 8 with a
distribution and try to minimize

D(Q(leNa e‘xlzN)Hp(Zl:Na e‘xlN))

e The distinction between E and M vanishes: we are
just doing sequential updates of Q(Z,) and Q(0)

* This gives us the benefits of being Bayesian for the
same computational speed as EM
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VB for univariate Gaussian

exp (Ei;[Inp(X, Z)]) Ingq(Z;) = Eiz[lnp(X. Z)] + const.

q;1Z;) =
[ 0 Esplup(X.2)) 0z,

plulr) = N (pluo, (hor)™")

g N
N2
' V2 .
) exXp {_ E (Tn — ) } p(r) = Gam(r|ag,bo)
' n=1

p(Dlu7) = (

b2 | =4

o
:—]|'°'

qlpe. 7) = qulp)g- (7).

Gaussian
Ing,(p) = E,[lnp(D|p,7)+Inp(u|r)]+ const. Aopo + NT
iy = -
i v i Mo+ N
== —“[I] ;"ku[;.!—,mﬂz-l-Z[,t' —,u)z + const T
2 E 4 k- e Ay = I:,:"u:. + N ﬂE[T]
Ing:{v) = E;[lnp(Plu,7)+Inp(u|r)] + np(r)+ const. Gamma
N _
= (apg—1)In7T —bg7 + :llnr N+1
2 ay = ap+  ——
N 2
T i s o .
_EIE:,:_; [Z_;[.E‘ﬂ — w4 Aolp — pe) ] + const, by = bo +%IE.'._: Z(-E‘n B ,t-!:lz 4 hol(p — |l'.-!|:|:|2 .

T

Bishop p471 39



VB for univariate Gaussian

2
(a)
T
0 : 0 s
-1 0 H 1 -1 0 H 1
2 2
(c) (d) rrgence
T
1t il
( i (
0 0
~1 0 H | 0 H |

Green = exact posterior (NormalGamma), blue = factorized approximation
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VB for mixtures of Gaussians

Inference
gl 7w, p. A) = q(Z)g(m, p, A).

Ing*(Z) =E, ,allnp(X, Z, 7, g, A)] + const.

N K
In g*(Z =ZZ Znk 1IN pni + const.

'|_=

-

o
i

i

I'“

P W R

Inpn = Elnwm]+ lr.L[Jiulr'LkH — 2 In{27)
l i
_EIE-“'::sﬁk- _l-rx‘“ — ) -"'Lkixﬂ - .I’-f;;;']
N K
qalzz;l o H ]:[pi:;;
n=1 k=1

Multinomial (soft responsibilities), as in EM,

N

X 2w . A) =p(X|Z, p. A)plZ|m)p(w)p(p. A)

K

p(X|Z, . A) = Hﬂvmm )

1 k=1

N K
p@m)= [T T~

n=1 k=1

K
p(m) = Dir(m|ag) = Clexg) [ [ 75

K

plp, A) = H,.x-’ (1| mo, (BoAx) ') W(ALWa,ro)

k=1

except we used expected parameters rather than plug-in
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Automatic model selection

e Recall t~ Dir(a). If a << 1, we prefers skewed Tt
and hence sparse z.

« MAP estimate from regular EM is

R Zn’I‘nk—Fak—l N +a—1
T — —
g >tk +ar—1) N+Ka—-K

e Posterior mean estimate from VB IS

>onTnkTar  Npyt+a  «

— 3 >()
Zk(rnk+ak) N+Ka N+ Ka

T
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Selecting K with one run of VB

43



Variational message passing

e Consider a DAG model

plx) = 1_[33{:-:1|pa.1_1
 The mean field equations are
In q_':l:::{J:l = By [Z '.n_ﬁ{}:||p5.|fl] 4+ const.

i

 The only terms that depend on X_jare in x_J's
Markov blanket

 |f all CPDs have conjugate-exponential form, the
VB updates can be converted into a msg passing
algorithm

 VIBES software (John Winn)

44



45



Structured variational approx

Rather than assuming Q is fully factorized, we can
use any structure for which computing the
expectations of In ¢. and the entropy Is tractable

(A —A)
>|< A A — e — A Ay Ara A A
Az Az3 | | | |
;Ii >|< e As — R Aus Azq Az A A
Ay —(As 5 i | | |
>I< >|< Axy L Axa i\ Aaa i Aay Az Az Aszs A
Bazg)—(Les) | | | |
LA — '_""1_2___ "u'-i__; 1 -'“-.;_4_ Mgy -'"u_z_ A A

¢ = model, Y = approx

—_—

QX) = o;

1
EQ}

1
=

Corollary 11.5.13: If Q) = ﬁ 1_[_?. . then the potential @y is o stafionary point of the

energy functional if and only if:

rley) o exp {EQ [ln Py | {:j] — z Egny | e } . (11.59)

kg
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