Change of variables formula: multivariate version

(This fixes some typos in Section 11.5.5 of my book.)
We now extend the results of Section 11.4.5 to joint derssitie
Let g be a function that magR” to R™, and lety = g(x). Define theJacobian matrix as
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If m = n, thenJ is square, and we can compute its determinant; denote thatbylet J. Also, let|J| be the sign of
the determinant. This measures how much a unit volume clsamgen we apply).

If g is an invertible mapping, we can define the pdf of the tramséat variables in terms of the original variables as
follows:
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As an example, consider transforming a density fl©@antesian coordinate = (z1, z2) to polar coordinatey =
(r,0), wherer; = rcosf andzy = rsinf. Then
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or 00
and
|detJ| = |J| = |rcos® 0 + rsin? 6] = |r| (4)
Hence
py(y) = px(x)|J| (5)
pro(r0) = px, x,(v1,22)r (6)

To see this geometrically, notice that
Pr<R<r+4dr,§ <©<0+dl) = pre(r8)drdd 7

is the area of the shaded patch in Figure 1, which is cleahhdd, times the density at the center of the patch. Hence

Pr<R<r+4dr,§<©<0+dl) = pre(r8)drdd (8)
= px,y(rcos,rsind)r dr do 9)

Hence
pro(r,0) = pxy(rcosf,rsinf)r (10)
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Figure 1: Change of variables from polar to Cartesian. The area ofttadex] patch isdrdf. Source:? Figure 3.16.



