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* Problem formulation
e Filter methods
 Wrapper methods
L1 methods



Feature selection

e If predictive accuracy Is the goal, often best to keep
all predictors and use L2 regularization

 We often want to select a subset of the inputs that
are “most relevant” for predicting the output, to get
sparse models — interpretabillity, speed, possibly
better predictive accuracy



Bayesian formulation

« Let m specify which of the 29 subsets of variables
to use (bit vector)
p(m|D) o p(Dm)p(m)

p(Olm) = [ T] pludxs, w, mip(wlm)dow
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Statistical problem

 What if we cannot evaluate marginal likelihood p(D|m)?
e Cannot use MLE since will always pick largest subset

all suozels onpros. -l car cer

100
i
h :
!
S : -
_ | . .
R E :
E II.III
L I .
£ a0 | i |
= \ . | I
0 ! E
L 5O L - ! : .
1o} - 5 : ! : :
—-4__ | : :
an — 4 S N

N



Penalized likelihood

« Common to pick the model that minimizes

J(m) = —log p(D|m) + Acomplexity(m)

 Eg complexity(m) = #chosen variables
e For linear regression

J(m) = RSS(w) + A|wllo, w=(X(:,m)IX(,m)) ' X(:,m)y



Computational problem

e 2d subsets to evaluate



Filter methods

 Compute “relevance” of Xj to Y marginally
« Computationally efficient



Correlation coefficient

e Measures extent to which
X_jandY are linearly

related B Cov(X;, Y)
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Anscombe’s quartet

p=0.81



Mutual information

 Can model non linear non Gaussian dependencies

(z;,9)
// p(z;,y) log %Jp( )dasjdy

e |f assume p(X,Y) is Gaussian, recover correlation
coef. Can use non-parametric density estimates to

get better estimate.
e For discrete data, can estimate p(X,Y) by counting.
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MI for NB with binary features
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What's wrong with filter methods

* Interaction effects (eg SNPSs)




Wrapper methods

« Perform discrete search in model space
o “Wrap” search around standard model fitting

 Forwards selection, backwards selection, heuristic
algorithms (GAs, SLS, SA, etc)

* Need efficient way to evaluate score of models m’ in
neighborhood of m
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Forward selection for linear regression

e At each step, add feature that maximally reduces
residual error.

 |f choose |, should set its weight to be the
orthogonal projection of r onto column |

J(w;) = |lr—xw;]l3=r"r+ w?ijxj — ijx;‘-Fr
4 = 0 homework
dwj
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Choosing the best feature

 Inserting formula for optimal w_|

T..\2 T..\2 T..\2
X.Tr X T X, r
J(UAJJ) _ I'TI‘—I—( ,-jr ) _2( % ) —I'TI'—( ,_jr )
. xjr)’
k = argminJ(w;) = argmax —

If features are unit norm, we pick | with largest inner
product (smallest angle) to r

k = argminJ(w;) = arg m_ax(x?r)2
J J



Orthogonal least squares

* Once chosen k, project onto subspace orthogonal
to 1:k

Algorithm 1: Forward stepwise selection (Orthogonal |east squares)

r < y,used < (), unused + 1ton
repeat

T
k < arg max;_ynused X; T

1

2

3

4 r < r— (xir)x

5 move k from unused to used
6 foreach ;5 € unused do

7 L X ¢ X — (X?Xk)Xk

3 x; = %/ |||

9 until stopping criterion is met




L1 is convex relaxation of LO

e For linear regression

Jo(m) = RSS(w) + ||w|lo

Ji(m) = RSS(w) + A||w||x




Lasso

J(w) = RSS(w) + Al|w||1 J(w) = RSS(w) + \||w]|?

4



Whence sparsity?

 Ridge prior: all points on unit circle equal under the
prior i
1(L,0)[l2 = [1(1/v2,1/v2l|2 =1

e Lasso prior: points on corner of simples more
probable a priori

110 =1 <I(1/v2,1/v2|h = V2



Lasso as MAP estimq’gi‘o"n
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Regularization path
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 Lambda=0 is OLS/MLE
 Max value sets all weightsto O

J(w) = RSS(w) + A||wl||1

Amaz = 12X y]]oo = Qm?X |yTx:,j| Homework



