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CS340 Machine learning
Mixture priors
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Conjugate priors

• We have used conjugate priors for computational 
convenience.

• But sometimes our prior beliefs cannot be 
expressed in this way.

• Eg coin is either 1/3 prob heads or 2/3 prob heads
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Mixture of conjugate priors

• Z ∈ {1,…,K} is a latent variable which specifies 

which prior mixture component to use

p(Z = k|π) = πk

p(θ|Z = k,α) = p(θ|αk)

p(x|θ) = p(x|θ)

Example:   Beta(θ|10, 20)  or Beta(θ | 20, 10)
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Posterior is also a mixture

p(θ|x) =
p(x|θ)p(θ)

p(x)

=
p(x|θ)

∑
k p(Z = k)p(θ|Z = k)∫

p(x|θ)
∑
k′ p(Z = k

′)p(θ|Z = k′)dθ

=

∑
k p(Z = k)p(x, θ|Z = k)∑

k′ p(Z = k
′)
∫
p(x, θ|Z = k′)dθ

=

∑
k p(Z = k)p(θ|x, Z = k)p(x|Z = k)∑

k′ p(Z = k
′)p(x|Z = k′)

=
∑

k

[
p(Z = k)p(x|Z = k)∑
k′ p(Z = k

′)p(x|Z = k′)

]
p(θ|x,Z = k)

=
∑

k

p(Z = k|x)p(θ|x, Z = k)

p(x|Z = k) =

∫
p(x|θ, Z = k)p(θ|Z = k)dθ
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Sequence logos
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Data
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Generative model

Inference goals:
Infer p(Zt|X1:n,t, α,π)
and p(θt|X1:n,t,α,π)

p(Zt|π) = discrete(π)

p(θt|Zt = k,α) = Dir(θt|αk)

p(Xit|θt) = discrete(Xit|θt)

α1 = (50, 1, 1, 1),α2 = (1, 50, 1, 1),α3 = (1, 1, 50, 1),α4 = (1, 1, 1, 50)

πk = 1/4
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Posterior

Nt =

(
n∑

i=1

I(Xit = 1),

n∑

i=1

I(Xit = 2),

n∑

i=1

I(Xit = 3),

n∑

i=1

I(Xit = 4)

)
Sufficient statistics

Posterior on θ

Posterior on Z

p(Zt = k|Dt) =
p(Dt|Zt = k)p(Zt = k)∑
k′ p(Dt|Zt = k

′)p(Zt = k′)

p(Dt|Zt = k) =
Z(Nt +αk)

Z(αk)

Z(α) =

∏
j Γ(αj)

Γ(
∑

j αj)

p(θt|Dt) =

4∑

k=1

p(Zt = k|Dt)Dir(θt|αk +Nt)

E[θt|Dt] =
∑

k

E[θt|Dt, Zt = k]p(Zt = k|Dt)
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Results
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Which locations are conserved?
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Generative model

p(Ct) = discrete(Ct|(pc, 1− pc))

p(Zt|Ct = 1) = discrete(Zt|(
1

4
,
1

4
,
1

4
,
1

4
, 0))

p(Zt|Ct = 0) = discrete(Zt|(0, 0, 0, 0, 1))

p(θt|Zt = k) = Dir(θ|αk)

p(Xit|θt) = discrete(Xit|θt)

α5 = (1, 1, 1, 1) ,α1, . . . ,α4 = 1
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Results

p(Ct = 1|Dt) =
p(Ct = 1)p(Dt|Ct = 1)∑
1

c=0 p(Ct = c)p(Dt|Ct = c)

p(Dt|Ct = c) =

5∑

k=1

p(Dt|Zt = k)p(Zt = k|Ct = c)


