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A Linear State-Space model
-

Consider the following linear (time-invariant) system:
Xt = AXt_l + BWt -+ Fut (1)
v = Cxp+ Dvy+ Guy (2)

with xg ~ N (g, Xo), (1.1.d.) wi ~ N(0,Q), vi ~ N (0, R).
Also xg L w; L v; for all ¢.
This is also called a linear-dynamical system.

Problem: Given measurements y; and matrices A — G,
find optimal x; and u;.

Separabllity of Control and Estimation: Find optimal
state estimate x,; with u; = 0, then optimal policy is a

linear function of state estimation u; = Kpx;. J
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A Linear State-Space model
-

We compute state estimates for the following model:

-

x; = Axy_1+ Bwy (3)
yt = Cx¢+ Dvy (4)
Example A 2-D vehicle with speed control driven by noise,
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Linear Projection

Denote an estimate of x given y as x|, and error
covariance P, = E[(x), — x)(x, —x)"].
Minimum mean-square estimate = x|, = E(xy).

The space of (zero-mean) random variable is an
inner-product space with inner-product (x,y) = E(xy?!).

Hence MMSE estimates can be found by ortho. proj.:
%1, = (xy)lyll °y = E(xy" )E(yy") 'y (8)

If x is uncorrelated with y, x), = 0 and P, = E(xx").
Xlyiys = Xly, T Xjy, T y1 L ys, and By = Py + Pys.

NOtatIOﬂ Xt1|t27 Pt1|t2 and et1’t2 )A(t1|t2 — X¢1

Kalman Filter
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Prediction Estimates

fPredict using state equations: x; = Ax;_1 + Bws.
Given an estimate at ¢t — 1, propagate as follows:

Prediction: X;;,_1 = AX;_ 1141
P — AP AT + BQB?
tt—1 = t—1[t—1
Proof : )A(t t—1 — A}A(t_l t—1 -+ BVAVt = A)A(t_”t_l
T L A
-1 = Xtft-1 — Xt

= AXt—1|t—1 — Xt
— A}/\(t_”t_l — AXt_l — BWt

_ T _

= b1 = APt—1|t—1AT + BQB"

|
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-

Find “new information" in the current measurement (use

| nnovation

measurement equation y; = Cx; + Dvy):

Innovations : e;

Pe,t

Proof : y;—1

Yt — S’t|t—1 = Yt — Cf(ﬂt—l
CPy;_1C" + DRD"
CXyjp—1 + Dvypq = OXyppq
Cx¢ + Dvy — Oy
Cejﬁt_l + Dvy

Cpt‘t_lcT _|_ DRDT

|
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Correction with Kalman Gain

|7 Correction : Xy, = Xyp_1 + K€y (9)T
Py = (I—KCO)Py_ i+ KPPy K/ (10)
Proof: €, = Xy — X (11)
= Xy—1 T Krer — x¢ (12)
— e;ﬁt_l + Kiey (13)
Eley— e K] = Eley,_1(Cefy_q + Dvi)' K] (14)
= Py C'K/ = K,CPy 4 (15)

Py = (I —KC)Py_1+ KiPey K} (16)
Find K} (called Kalman gain) such that P, is minimized

K = argmin 4Py K] — KCPyy_y = Py CTPlan) |
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Kaman Filters

Predictions : X;;_1 = AXy_1;—1
Py = AP_j1A" + BQB'
Innovations : &, = y: — CXyy_q
Py = CPy_,C"+DRD'
Kalman Gain: K; = Pt‘t_lCTPe_’tl
Correction : Xy; = X1 + K€y

Pt|t = ([ - KtO)Pﬂt—l + Ktpe,tKér

|
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Optimality
-

P 1s covariance, achieves Cramer-Rao Lower Bound.

Unbiased if x|y Is unbiased, otherwise asymptotic.

Best linear unbiased estimator.

Solve the following Riccatti equation for P to get the
converged covariance.

P, = APA" + BQB!

P, = CcPCl+ DRD"

K = pClP !

P = (I-KC)P,+ KP.K"

then K = PC?" P! can be computed beforehand,
reduces the computational complexity. J
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| mplementation

Square-Root filters.

Information filters (IF).

Sparse Kalman Filters.

EM algorithm to find A, B, C, D.

Extensions : Extended KF, IF, Unscented KF.

|
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# Optimal Filtering, Anderson and Moore (contains
almost everything)

# Linear Estimation, T. Kailath (for orthog.-pro;j.
derivations etc.)
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