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Abstract

Sensor scheduling has been a topic of interest to the target tracking community for some years now and
more recently, it has enjoyed fresh impetus with the current importance and popularity of applications in
Sensor Networks and Robotics. The sensor scheduling problem can be formulated as a controlled Hidden
Markov Model. In the paper [7], we addressed precisely this problem and considered the case in which
the state, observation and action spaces are continuous. We presented a novel simulation-based method
that used a two timescale stochastic approximation algorithm to find optimal actions. In this report,
we study the convergence of the proposed stochastic approximation algorithm under general assumptions
and for the specific observer trajectory planning application of [7].



1 The Main Algorithm and its Convergence

The simulation-based method proposed in [7] to solve the sensor scheduling problem is a two timescale
stochastic approximation (SA) algorithm. We commence the report by presenting this SA algorithm in its
general form and study its convergence. Section 2 presents a small variant of the SA algorithm studied here
which is more suitable from the observer trajectory planning (OTP) application. (Note that OTP may be
viewed a sensor scheduling problem.) We show that the convergence results carry over easily. Finally, the
OTP problem of [7] is presented in Section 3 and the convergence of two timescale SA for this application is
established.

Notation 1 The notation that is used in the report is now outlined. The norm of a scalar, vector or matriz

is denoted by |-|. For a vector b, |b| denotes the vector 2-norm /), |b(i)|?. For a matriz A, |A| denotes
| Ab
ol -

the matriz 2-norm, maxy. |y .o I LI e convenience, we also denote a vector b € R™ by b= [b(i)}i=1.....n, or

""" 1=1,...,n
denote the stacked vector [a1 1, ..., Gm 1, Qlny---, am,n]T,) For a vector b, let diag(b) denote the diagonal
matriz formed from b. For a function f : R" — R, we denote (0f/0z(i)) (2) by V.u) f(2) and Vf(z) =
V. f(z),- - ,Vz(n)f(z)]T. For the vector valued function F = [Fy,--- ,Fn}T : R™ — R", let VF denote
the matriz [VFy,--- ,VF,]. For real-valued integrable functions f and g, let (f,g) denote [ f(z)g(z)dz. For
a random variable X and probability P, X ~ P implies the law of X is P. 1 denotes the vector with elements
1.

Consider the following two timescale SA algorithm, which is the main SA algorithm of this report,

Ort1 = Ok —ags1'(bg) (hl,ek (Wrt1) + ha g, (Wrt1) — Sop (Wrt1)bk) 5 (1)
bir1 = br— Brs1 (S5, (Wrt1)bk — Soy (Wrt1)h1,6, (Wit1)) » (2)
Wk+1 P@;ca k Z Oa (3)

where by, 0, € R?. For each § € R?, functions hy ¢ and ha g are R¥:-valued, i.e., h1 9, ha g : @ — R?. Likewise,
for each 6 € R%, Sy is a d x d diagonal matrix valued function, i.e., Sp : Q — R?*?. The step-sizes oy, and
B are non-negative scalars. The scalar valued function I' : R? — (0, 00) is given as follows,

C

(4)

where C' > 0 is a constant. The function I" is needed to ensure that the iterates by remain bounded almost
surely (see Assumption 3 below). Define the o-algebra

fk:J{eo}, .7:]@:0{90,(01,...7a)k}, k>1,

and let Ex(-) denote E(-|F). It follows that ) and by are Fy-measurable. For each § € R?, we assume the
function Sy satisfies
Eynpy (Sp(w)) = 0.

For each § € R%, define

hi(0) = Eup,(hig(w)), i=1,2, (5)
h@(w) = h179(w)+h2,9(w), WEQ, (6)
RO) = ha(0)+ ha(0). (7)

Additionally, we assume that h itself is a gradient of some performance criterion J, i.e.,

h(0) = VJ(0).



Thus when w is sampled according to Py, hg(w) is an unbiased estimate of V.J(6).
The convergence of a two timescale SA algorithm similar to (1)-(3) was studied in [5]. We may write the
slow time-scale process in a more general form as

Or+1 =0k + apr1Hpt1. (8)

If the parameter 6 did not change, say 0 = 6 for all k, the process {b;} would converge to some b(#). When
0y, varies slowly, we would like the process {b;} to track b(6y). Under certain regularity assumptions on the
process {H}} (see Section 1.1 below), it can be shown that the process {b;} converges in the sense

-1

lilgn by — Evnpy, (Sgk (w)) Eonpy, (Se, (w)h1,6, (W))| = 0.

As for the convergence of {6}, we will use the line of proof in [1], which are based on the classical arguments
of [6] with slightly modified assumptions, to show liminfy |h(6x)| = 0.
1.1 Convergence of the fast timescale

The assumptions below to establish the convergence of process {b;} are essentially the same as in [5] but
with some omissions. These are due to the Markov structure of w1 in [5], i.e., wg41 depends on 6y and wy,
while in our case, there is no dependence on wy.

Assumption 1 The step-size sequences {ay} and {8} satisfy

B > 0, Y ap=> B=00,
k K

Zai < o0, Zﬁi < 00,
k k
Z (?)p < 00,
k

k

for some p > 0.
Assumption 2 Define the following functions,

§(9) = EWNPB (Sg (w)) )
Sxhi(0) = Eyup, (So(w)hip(w)).
(a) There exists some constant C such that for all § € R?, we have

max (\?(9)‘ : |m(9)|) <c.

(b) There exists some constant C such that for all 6,6’ € R%, we have

max (’?(9) )

[SXRi(0) - % h1(9’)|) <clo-o|.
(c) For each p > 0, there exists a constant Cp, > 0 such that almost surely?,
sup Eoppinpy, <|53k (wk+1)|p> < Gy,

Sl;pEwkHNPek (|Sek(wk+1)h179k(wk+1)|p) < C:D'

1The proof actually requires the following weaker set of conditions [5]:
p
sup B (‘Sgk (WkJrl)‘ ) < Cp,
k
SI;pE(|Sgk(wk+1)h179k(wk+1)|p) < Cp.

However, in Section 4.1.1, we verify the stated stronger assumptions for the OTP problem.



Assumption 3 Re-writing the iteration for 0y as 0x+1 = 0k + ak+1Hiy1, We require

sup E (|Hg|") < o0
k

for all p > 0.
Assumption 4 (Uniform positive definiteness) There exists some constant ¢ > 0 such that for all
b0 € R?, o
bT'S2(0)b > alb)*.

The proof of the following result is available in [5].

Lemma 2 [5, Theorem 7] If Assumptions 1-4 are satisfied then, almost surely, supy, |bg| < 0o and
limy, b — S2(6,) 'S % hl(ek)‘ —0.

Remark 3 The statement of the above lemma concerning the convergence of ‘bk — S2(0,) 'S X Iy (H;C)‘ is

general in the sense that the only restriction imposed on the recursion for 0y is that it should be able to be
written in the form Or11 = O + apr1Hrr1 with Hy satisfying Assumption 3.

Remark 4 Concerning Assumption 3, strictly speaking, we only need sup,, E (|Hy|") < oo to be satisfied for
P
the value of p for which ), (%) < oo. However, from a practical point of view, it is not much more

difficult to verify Assumption 3 for all p > 0. Also, the choice of step-sizes are typically
o = k™7, Be=k"",

P
where constants a and (3 are allowed to assume values from the range o > 3 > 0.5. Thus, ), (%) < 00

may only be satisfied for a large positive p.

1.2 Convergence of the slow timescale

The proof of the convergence of V.J(6) below is based on the approach in [1]. Before we present the analysis,
we require the following two lemmas from [1].

Lemma 5 [1, Lemma 1] Let Yy, Wy, and Z, be three real valued sequences such that Wy, is non-negative for
all k. Assume that
Yip1 <Y — Wi + Zy,

E >0, and limp_, Zi:o Zy exists. Then, either Y, — —oo or else Yy converges to a finite value and

ZZ’;O Wy < o0.

Lemma 6 [1] Let f : R® — R be a continuously differentiable function satisfying for some constant C,
IVA(O) = VIO) <Clo—01],

for all ',0 € R?. Then,

1)~ 10) < @~ 07V (0) + S 10" 0

We now present the line of arguments to establish the convergence of VJ(0) and then formally state the
result as a lemma.
In (8) and Assumption 3 above, we wrote 0511 = 0 + g1 Hgy1, where

Hiyr = —T(bk) (h1,0, (Wkt1) + 2,6, (Wkt1) — So, (Wht1)0k)
= —F(bk)h(ek) + Wk—i-l,



and

Wigr = —T(bg) (h1o, (Wy1) = ha(6r))
—F(bk) (hgﬂk ((.«.J]H_ — }_Lg(ok)) + F(bk)SQk (wk+1)bk.

1)
Note that {W}} satisfies Ej (Wyy1) = 0. We assume h(f) is bounded. Also, assume h(6) (= V.J(0)) satisfies
for some constant C' and all 6,6,

7(0) — R(0))| < C|0— 0]
By Lemma 6,

J(Or+1)

IN

. C
J(Ok) + (041 — Qk)T h(@k) + 5 |O+1 — 9k|2
_ . C
= J(O) — arn Do) |RO)|* + ana W B(6r) + §a£+1 |Hyia]”

Assumption 3 asserts sup;, E (|Hk|2> < co. Thus,

p p
p{ i S0 7} = i S ot {ja )
{3t | = oy 3ot (i) < o
k=1 k=1
which implies
> af |Hil?
k=1

exists almost surely. If we can also assert

S an it W h(0)
k=0

exists almost surely then, we can invoke Lemma 5 below to conclude that either J(6;) — —oo or else J(6y)

converges to a finite value and >~ .~ ; 41T (br) |B(9k) |2 < 00, where the remark holds almost surely. Since J is
bounded below,

Yoo k1D (bg) ’ﬁ(@k)’2 < oo almost surely. Also, since supy, |by| < oo almost surely, I'(bg) is bounded
below and lim inf}, ‘B(Gk)‘ = 0. Note that if liminf}, ‘B(Qk)‘ > 0 then, for large enough T and some € > 0,

inf>7 |A(0))| > €, which would contradict the fact that -~ axr1T(br) }B(Gk)f < 00.
To assert Y po a1 WL 11 7(0r) exists almost surely, we will need the MCT (Martingale Convergence
Theorem). Note that

| =T (be) (h1.6, (wis1) — ha(0k))
—T(bk) (h2,6, (Wr+1) = h2(61)) + T(bk) Sy (Wrt1)br

(|h1,00 (Wrr1) = ha (61)]
+ a0, (wis1) = Ba(60k)] + [T (bk) S, (wi1)bil)”

2 |10, (Wkt1) — B1(9k)’2
+4 | ha,g, (Wri1) — Ba(0)|° + 4 [T (bk) Soy (wrr1)be|,

where in the last line we have used the inequality (see A.N. Shiryaev, Probability, 2nd Ed., pg.194): if a,b > 0
and p > 1, then (a + b)? < 2P~ 1(aP 4 bP). Assume the following conditions hold,

SL;PE { |P1,0, (Wrt1) — Bl(ek)|2‘ fk} < 00 a.s.,

(Wit |?

‘ 2

IN

IN

sup E { }hg’gk (Wrt1) — Bg(@k)ﬂ fk} < o a.s.,
k

sng { |So, (wk+1)|2‘ fk} < o0 a.s.



Then

7

i ai+1E{ kaTHB(ek)ﬂ ]-"k}

k=0
< Ciai+1E{|Wk+1|2’fk}
k=0
< CZak+1supE{|Wk+1\ ‘]_—k}
3 ook 0

almost surely, where the constant C is the bound on [h()|?. The MCT [4, Theorem 2.17] then states
> neo k1 WL h(6)) exists almost surely.
We summarise the above analysis of lim infy, ’ﬁ(@k)’ in the following lemma.

Lemma 7 Consider the recursion for 0y re-written as 01 = O + apy1 Hyy1, where Hyyq = —T'(br)h(0) +
W41, and the ‘noise’ term Wy is given by

Wigr = —T(bk) (hao, (wri1) — ha(0k)) — T(bk) (ho,0, (wri1) — ha(6k))
+L(br)S6, (Wr-+1) b, (9)

and satisfies Ey, (Wiy1) = 0. Let the following assumptions hold,
(a) h(8) (= VJ(0)) satisfies supy |h(0)| < oo and, for some constant C' and all 0,6,

[R(0) = h()| < C0 —0'];

(b)
supE(|Hk) < 00,
supE{\hwk (@) =M@ A} < o as,
bupE{|h29k (Wis1) — ha(61)] ‘]—"k} < ©  as.,
supE{|Sgk Wrs1)] ’]-‘k} < 00 a.s

(c) supy, |bi| < oo almost surely.
Then, if J is bounded below,
lirr%cinf |VJ(O)| =

Remark 8 Lemma 7 could have been stated in a slightly more general and concise way by omitting the
declaration of Wy, in (9) entirely, and replacing assumption (b) with
(b°) > ope ok a WL h(0y) exists almost surely.

2 A Variant of the Main Algorithm

In this section, we present a variant of the main algorithm (1)-(3) that is more suitable for the OTP appli-
cation. As we show, the convergence results for the main algorithm carry over easily.
Let
F=[F, - ,F]":R*— R?



be bounded mapping with bounded partial derivatives, i.e.,

sup [F(0)] < oo, (10)
e R
sup [VE()| = |[VFi(0),---,VF4(0)]| < cc. (11)
0cRd
(Note that VF; = [gGFf AR gg;]T.) As detailed in Section 3 below, introducing the mapping F' is important

for the OTP application. It follows that
V(JoF)(#) = VF(O)VJI(F())
= VF(0) (hi(F(0)) + ha(F(9))
= VF(0)Eunrp {P1.re)(@) + hape) (W)}

Drawing parallels with algorithm (1)-(3) (and the discussion) in Section 1 suggests the following algorithm
to minimise J o F',

Okr1 = Ok — ap1l'(bk) VE (k)
X (h1, p(oy) (We+1) + ho, (o) (Wrt1) — S, (Wrt1)bk) » (12)
b1 = br— Brs (Sﬁk (wWr+1)bk — S, (Wrt1)hy g, (wk+1)> ; (13)
Wit~ Py, (14)
b, = F(6n), k>0, (15)

This is the main algorithm of the report.
Let the range of the function F' be denoted by range(F'). Assuming F has bounded partial derivatives we
have,

[F(6) = F(0")] < C16 -0

. ~ ~ Opy1—0
for some constant C'. Since 041 = 0 + ak+1%, we also have
Ors1 — Ox C
< |Ok+1 — O] = C|Hy1],
A1 A1

which implies that it is sufficient to verify Assumption 3 with

Hj1 = =T (bp)VF(0) (h1,p(o,) (@k+1) + ho p(o,) (@r+1) — Sk, (Wrt1)br) - (16)
The following corollary to Lemma 2 is straightforward.

Corollary 9 Consider Algorithm (12)-(15). Let Assumption 1 be satisfied, Assumption 2a for all® €range(F),
2b for all 6,0" €range(F) and 2¢ with 0y replaced by 6, defined in (15). Let Assumption 3 be satisfied with
Hyyq given in (16) and Assumption 4 for all b € R%, 0 €range(F). Then, almost surely, sup,, |bx| < oo and

limy, ‘bk — ?(ék)715 X hl(ék)‘ =0.
We now state the equivalence of Lemma 7 for the modified algorithm (12)-(15) in the following corollary.

Corollary 10 Consider the recursion for 0 above re-written as Ox11 = 0k + apy1Hip1 where Hypypqp =

—T'(bg)VF(0x)h(0r) + Wri1, and noise term

Wit1 = —L(bk)VE(O) (h1, o) (Wrt1) = hi(F(6)))
—T(bx)VFE (k) (ha,ro,) (Wrt1) — ha(F(6r)))
+F(bk)VF(0k)SF(0k)(WkJrl)bk



satisfies By, (Wiy1) = 0. Assume
(a) VE(O)h(F(0)) (= V(J o F)(9)) satisfies supy |V(J o F)(0)| < 0o and, for some constant C and all 6,6,

IV(J o F)(8) — V(J o F)(0)| < Clo—0;

(b) that
supE<|Hk2) < oo
supE{|VF (00) (h1,ro0 (@ri1) — (PO | A} < oo as, (17)
supE{|VF (0k) (ha.p(ory (@h 1) — Ba(F(6)) |‘}"k} < o0, as., (18)
supE{|VF (00)S o @) *| i} < oo, e (19)

(c) supy, |br| < oo almost surely.
Then, if J o F' is bounded below,

limkinf [V(Jo F)(6) =0, almost surely.
Remark 11 In Corollary 10, if we assume that function F has bounded first and second order derivatives®,

we have,

[F(6) — F(6")
IVF(60) — VF(6"))

C110 -6,

<
S C(2|0_9/|a

and the Lipschitz condition on V(J o F) is satisfied provided |h(F(6))| is bounded and VJ Lipschitz when its
domain is restricted to range(F'). This follows since,

VE@)RE®) - VEORE@)] )
< EF@O)IVE©) = VE@O)| + [VE@)||h(F(0)) — h(F(0"))].
Remark 12 When F is bounded, to verify (17)-(19) in Corollary 10, it is sufficient to verify

sup Euopy {1 ) - @)} < .

dcrange(F)
.2
s B, {[ag) - R0} <
Ocrange(F)
2
sup EwNPB.{‘Sé(UJ”} < oo.
§Emnge(F)

3 'Trajectory Planning Problem

A more detailed account of the OTP problem is contained in [7]. Below, we only present the relevant material
from [7] for the convergence to be studied and the report to be self-contained.

At time n, let X,, € R% and Y,, € R% be the random vectors that model the d,-dimensional state and
its dy-dimensional observation respectively. Suppose that an action 4,, € R% is applied at time n. The state
{Xy}n>0 is an unobserved Markov process with initial distribution and transition law given by

Xo~mo, Xng1~p(|Xn), (20)

8% F; (0 . .
2supy ‘ aeka(ej) ’ < oo for each i, k, j.




respectively. The observation process {Y,},>0 is generated according to the state and action dependent
probability density
Yo ~q(-|Xn, An) - (21)

In OTP, we wish to track a maneuvering target for N epochs. At epoch n, X,, denotes the state of the target,
A,, the position of the observer and Y,, the partial observation of the target state, i.e., Y,, = g(X,, An, Vi),
where V,, is measurement noise. The aim of OTP is to adaptively maneuver the observer to optimise the
tracking performance the target.

Given the sequence of actions ay., := {ai,...,a,} and measurements yi., := {y1,...,yn}, the filtering

density at time n is denoted by m, (or wﬁf’li"’“lz") to emphasise the dependence on y1.,, a1.,) and satisfies

the Bayes recursion

(@) = a2 an) [ (] )mam (o)do’
! ffq (Ynlz, an) p(z|a’ )1 (2')da' dz’

The initial state density 7 is fixed. The full posterior, i.e., the density of X., given Yi., and Ay, is,

o (Tom) = (1171 (Yizi, Ai) p (zilwio1)) mo(20)
T [ g (Yilai, Ad) p (2] wio1)) mo(20)daom

(22)

The simulation-based algorithm proposed in [7] for sensor scheduling requires both the marginal 7, and
the full posterior m.,, for all N epochs, i.e., for 1 < n < N. In [7] we proposed to approximate these densities
using a mixture of Dirac delta-masses,

L
ﬁO:n(mO:n) = Z U/Sf)(sxé]) (’TO:n), (23)
et in
where 6, () denotes the Dirac delta-mass located at Xé]T)L and the importance weights {w,(f )}le are non-
O:n

negative scalars that sum to one. The approximation to ,, namely 7, follows by marginalising 7o.,. There
are a number of ways to define such a point-mass approximation. For example, the simplest scheme would

L

be to sample L independent state trajectory realisations {X(()]%} from (II'_yp (x;|zi—1)) mo(x0). The
j=1

importance weights would then be

s (Y;- X9 4,
ng) — z_lq ‘ '3 )

7 — . (24)
ST q (VX 4:)

Jj=1

For any integrable function h, [ h(2o.n)70:n(Z0:m)dTo:n converges to [ h(zom)mo:n (Zo:m)d2om as L — oo (see
[3, Ch. 2] for a precise statement of the mode of convergence). Practically though, we would prefer a

small sample size L and this simple scheme of sampling from the state transition model can result in the
majority of the importance weights w) being very small. There are number of remedies proposed for this
in the Sequential Monte Carlo literature [3, Ch. 1.3.2]. For example, the importance sampling step can
L

be designed to minimise the conditional variance of the importance weights by sampling {XéJ,)L} from a
) j=1

Markov transition density that takes the observations into account. We emphasise that standard techniques
from the Sequential Monte Carlo literature can be adopted in constructing an approximation of the form (23)
to the full posterior, but we do not study this issue in detail here. To simplify the presentation, we will only
focus on the simple scheme of sampling from the state transition model. To emphasise the dependence of 7.,
on the realisation of observations Y7., and the sequence of actions Aj.,, we use the notation 7?(()?2:"’141:"'). We
often drop the sequence of observations and\or actions from 7., in order to unclutter the expressions. The

reader is reminded though that 7., should always be regarded as a function of (Y1.,, A1.,).



Consider a suitable test function v : (Rdz Nt R, (For example, 9 could pick out a component of

interest of the state vector.) In [7], it was proposed to solve the following sensor scheduling problem,

2
min  J(A1n) = Fa, {@%ﬁé&%“‘l% = {w, w Ay } : (25)

A1:NEO4

where ©4 C (Rda)N is an open set.? The expectation operator is to be understood in the following sense.
For an integrable function h : (RCII)NJr1 X (Rd“)N X (Rdy)N — R,

EALN {h(XO:N7 A11N7 Yl:N)}

= / h(wo:n, Avn, Y181 q (yil2i, Ai) p (5]2i—1) To(0)dzo. ndyi.N - (26)

3.1 Bearings-only Tracking

We do not need to specify the target model explicitly. Our only concern is that we can sample from the
model. Maneuvering targets are often modelled such as a jump Markov linear system (JMLS) [2]. The state
of the target is comprised of continuous and discrete valued variables, i.e.,

T 4 -
X’I’L = [rw,nyvz,nyTy,nyvy,nvgn] e R X :‘7

where (74,n,7yn) denotes the target’s (Cartesian) coordinates at time n, (vgn,vy,) denotes the target’s
velocity in the x and y directions, and &, denotes the mode of the target, which belongs to a finite set =.
The target switches discontinuously, as indicated by &,,, between constant velocity maneuvers.

Let the observer model be of the form

Al:N = F(Ul:N)v

where we exert control on the observer positions A;.ny through the variables Uy.y. For instance, the acceler-
ations of the observer could be determined from the input Uj.n, which will in turn determine the observer
trajectory. The convergence results of Propositions 14 and 15 below do not depend on the specific form of
F but only that this function is sufficiently regular. We now give an example of F' which was adopted in the
numerical section of [7].

Example 13 Let the state of the observer be

X0 = [r20, 00 0,70 0, 0 ]T7 (27)

n z,no Yz lyns Yyn

with .
Ay = [l ron] (28)

z,n ' y,n

Assume the following kinematic model for the evolution of the state,

1 T 0 0 T2/2 0
01 0 O T 0
o _ |0 0 1 T | xo, 0 T%/2 | ¢ x atan(U, 29
n+1 0 0 0 1 n 0 T ( "+1) ( )
=G = H

where the initial state X§ is fived, T is the sampling interval, and U, 1 € R? determines the acceleration in
the x and y directions. We have included the function atan and the positive diagonal matriz C. The function
atan and its first two derivatives are bounded. Also, atan is linear about zero and makes a nice choice of

3Problem (25) corresponds to [7, eqn. (16)] with a discount factor A = 0. The same analysis applies for A € (0, 1].

10



saturating function for the acceleration; naturally the acceleration cannot be unbounded. The matriz C alters
the saturation behaviour of the acceleration. The observer trajectory is completely determined once X§ and
Ui.n are given,

1000 n y o & n—u
A, = [ 0010 } x (G X +Z;G HCatan(Ui)>. (30)

The function F is now implicitly defined.

In the bearings-only model, the observation process {Y;, }n>0 (C R) is generated according to

_ ra:,n - An(l)
Y, = atan (Ty,n — An(2)> + Vi, (31)

where V EaYg (0,02). In our simulation-based framework, we require that the observation process density
is known and is differentiable w.r.t. A,. The bearings-only case is one such example. To present the
convergence results of Proposition 14 and 15 below, we will assume that the = and y position of the target
corresponds to the first and third component of the state descriptor X,

X, = [Tx,nv'ary,nv"']Ta (32)

which is usual convention in the literature.
Before stating the two timescale SA algorithm for OTP, we first define the following functions. The R?
vector-valued function called the score is defined to be,

Sy 2.a)" = [Vaa(lz,a),  Vaeale,a)] x q(yle,a)™
= [Sl(%xva)’ SQ(y’x’a)]
v —atan (5=} [ 1 1’(1)0(1)] (33)
U (zame)t PO e

For each Aj.x € R?N, define the diagonal matrix-valued function Sy,  : (R%=)N*! x (R)N — R*N x RN
as follows,

= —0

Sarn (Xo:n,Y1:n) = diag ([[Sj(Yi,Xi,Ai)]j_m} i—l,...,N) : (34)

Note that Sa,,, (Xo.n,Y1.n) is just the score stacked as a vector, and then converted in to a diagonal matrix.
For each Aj.y € R*V, let functions hy a,.y,h2,.4,.y @ (R%)NTL x (R)N — (R?)N be given as follows,

B, (Xow Yin)) = (@zﬁg&wm> { ,frgg;wﬂmf) Sty (Xon, Yiow )1,

ha,a,,y (Xo:n,Y1:n)
_ (028,(Y;, - Ag), #0054
= (w2 aG ) <S (i A g
|| (A (% >ﬁé¥¢””*h”’> |
w2 (0 a0 ) (8,0 A AR |

di=1,.. N

where 1 is the vector with elements 1. (Notation: For scalars a;,, j=1,...,m,i=1,...,n,

[[a] zb 1. } denotes the stacked vector [a1,1,...,@m1,---,Qln,- .-, am_,n]T; see the declaration of
i=1

11



notation in the Introduction.) One may verify that the gradient of the performance criterion satisfies*
VJ(A1n) = Ea,y {h1,4,0 (Xo:n Y1:n)) + h2,a,4 (Xonv Yien) } - (35)

The aim is to study the convergence of the following two timescale SA algorithm for OTP that was
presented in [7]:
Ul:N,k+1 = Ul:N,k — ak+1F(bk)VF(U1:N7k)
X (h17A1:N,k (XO:N,k+17Yi:N,k+1)
+h2’A1:N,Ic (XOtN,k+17Y1:N,k+1)

=S asn e (Xo:N k15 YN k1) k) (36)
ber1 = bk — Brt15%,.4, (XoNkt1, Yien k1 )bk
+Be1184, x4 (Xo:N k41, Y1:N k41)
Xh1,Ayx 0 (Xo:N k11, Y1N k1)) (37)
(Xo:N k1 YN e+1)  ~ Pajy (38)
Ainge = FUing), k>0, (39)

where Al:N,k,UlzN,k € RZN. If we set Gk = Ul:N,ka ék = Al:N,k and Wg+1 = (XO:N,k+17Y1:N,k+1) then, the
correspondence between this algorithm and Algorithm (12)-(15) is obvious.
Define

ﬁ(AliN) = EAI:N {S1241:N (X0:N7 YlIN)} ) (40)
S X hi(A1.n) = Ea,y {Sa.xXon,Y1.n)P1 4,y (Xon, YinN)}- (41)

For the bearings-only observation model, we have the following result concerning the convergence of the fast
and slow timescale.

Proposition 14 Consider Algorithm (36)-(39) for the bearings-only observation model corrupted by Gaus-
sian additive noise (31). Suppose that the following assumptions hold,

1 p
E N — =l 1<i<N,p>0, 42
A1:N€S71“laIT)Lge(F) (Ko Yiw)~Pay. {‘XZ(S) - A1(2) } > ' P ( )
1
sup max | —zs <oo, 1<i<N, (43)
Ay, N Erange(F) X;7(3) — Ai(2)
%

. . _ X;(3)—A; (2

inf inf E(Xon Yin)~Pa, oy’ (X:(8)=4:(2)) 5 ¢ >0, (44)

1<i<N A;y.nErange(F)

2
Xi(1)—Ai(1)
P*(&@%m@ﬁ]

[ X, (1)— A, (1) ]2
-2 (X:(3)—A;(2))?

9 2
Xi()=Ai(1)
[1+(&@>&@J]

inf ll'lf E(XOZNuyllN)NPAlzN O'Y > 0. (45)

1<i<N Aj.nErange(F)

4Note that

9 -~ (y1:N,01:N)
da;:(7) <w’”0=N > ’

= (OIS i) 7GR ) = (0GR (85w an), 7).

12



Then, almost surely, supy, |bx| < 0o and limy |by — S2(A1.n %) 1S X hi(A1.N k)| = 0. Furthermore, if F has

bounded second order derivatives then, almost surely,

liminf [V(J o F)(Ur.n k)] = 0.

The proof of Proposition 14 appears in Section 4. Condition (43) relates to the samples used to approx-
imate the posterior density (23)-(24). Also, the first and third component of the target state is its « and y
coordinate respectively. Note that the proposition does not limit the specific form of function F' that relates
inputs U7.ny to actions Aj.y. It only requires F' to be sufficiently regular as specified by the last assumption
concerning bounded second order derivatives. For F defined implicitly by (30), this assumption is satisfied.

The next result gives the conditions under which assumptions (42)-(45) hold. The result basically says
that if the support of Xy.n and that the range of F' do not intersect, then the assumptions hold and we have
the desired convergence of two timescale SA for OTP. It is interesting to note that the scenario where this
is true is that studied by all previous works on OTP for bearings-only observations [7]. Thus, the conditions
of Proposition 14 do not appear to be too restrictive for the application.

Proposition 15 Write the mapping F : R*N — R*N as F = [F11,Fy 2, 7FN’1,FN’2:|T, (Note that
Ai(j) = F;;(Ui.n).) Suppose that the density of Xo.n, f(zo.n), has a compact support Ky C RA(N+1L),
Furthermore, suppose that for each 1 <1 < N, the compact set K¢; := {z;(3)| zo.ny € K¢} does not intersect
with the closure of the set range(F; 2), i.e., there exists a compact set Ka; such that range(F;2) C Ka,;, and
KsiNKa; =2. Then, conditions (42)-(45) are satisfied.

Proof. Note that infx,(s)ex;, .4,2)ex4. |Xi(3) — Ai(2)] > 0 since we a minimising a continuous function
over the compact set Ky; x K4 ,; at least one solution from this compact set exists. Condition (42) now
follows since for any Aj.n €range(F),

1
E(XO:NaerN)NPAl:N ‘)(1(3)_141(2)

N

P
1
Eix. e sup T 72 _ Ao
(Xo.v,Yun)~Pay.y {<X1(3)€/Cf,i,A7‘,(2)€/CA,7: Xl(?)) o Al(2)|> }

IN

1 p}
(infxi(?))eicf.i,Aj(2)eicA,i 1X:(3) — Ai(2)|) '

A similar argument establishes (43). As for (45), note that

< E(XO:N,YLN)NPALN

1
(X:(3)—As(2))*

inf 5
Xon €K, Av.y Erange(F) [ (xiu)—Ai(l)ﬂ

Xi(3)—A:(2)
1
7
(SupXi(B)EKf,l,A,i@)echqi \Xi(3)—Ai(2)\)

2
2
[H (supxwexf,AliNemge(mXi<1>—A7a(1>) ]

> = b(> 0).

infx, (3)ex; .4, @ex 4 ;1 Xi(3)—Ai(2)]

13



Thus

)

[ Xi(1)=4,(1) r
(Xi(3)—Ai(2)?

9 2
X:(1)—A; (1)
[1 + (‘&-(3)—5(2)) }

{ X,(1)—A(1) }2
(X:(3)—A;(2))?

X (1)—A;(1 21
T, (Xoon) (Xi(1) = 4i(1))

(x:(3)—4;(2)*

2
X (1H—A; (1)) 2
L) ]

E

Xo:n,Y1N)~Pay, y

- E(XO:NyylzN)’\‘PAl:N I/Cf(XO:N)

%

E

XO:N,Yl:N)NPAl:N X iano;NEICf,Al;NErange(F) [

v

bE(XO:N;YI:N)NPAl:N {(Xt(l) - Al(l))2}
> bxwvar{X;(1)},

where in the last line, the density of Xg.n is independent of the sequence of actions A;.ny and hence we write
var {-} omitting reference to the actions. A similar argument establishes (44). m

4 Proof of Proposition 14

4.1 Verifying the assumptions for convergence of the fast timescale

Proposition 14 stipulates a set of conditions under which we have convergence of the fast and slow timescale.
We begin by showing how satisfying (42)-(45) would imply the assumptions of Corollary 9 are satisfied and
hence proving convergence of the fast timescale in Proposition 14.

4.1.1 Assumptions 2a and 2c

We will show that a sufficient condition for Assumption 2a and 2c is

1
F - - @
o Bonsrrn {7

p
}<oo, 1<:<N, p>0,

i.e., (42) of Proposition 14.
Recall the definition of hl,AlzN,k (XO:N,k+1,Y1:N,k+1))7

P Ay (KXo g1, Y1iN k1))

2
= (<w2’,ﬁ.(()}}/Nk+1)> o < ’ﬁé?;i/:N,k+1)> ) SAl;N,k(XO:va‘i‘lv}/l:va""l)l'
2 ~(Yunkt1)\ ~(Yi:N,k+1) 2\ .
Note that the term | (©¥*, 7y 5 U, To.N is bounded by

2 max wz(XégV).

14



Using this fact,

|S % b1 (Arn))|
= ’E(XD;N,YLN)NPAI:N {SAlzN(XO:N,Yl:N)hl,ALN(XO:N,YLN)}‘
S O X |EXgnYin)~Pa, 5 {SiI;N(XO;N,YLN)l}‘
< Cx xS (A

where C is the bound 2 max; ¥? (Xélg\,) Thus we only have to verify the boundedness of ’?(Al: N)‘ to verify
Assumption 2a.
As for Assumption 2¢, we have similarly

1S a1 n 0 (X0:N k1, YN kot 1) P14y (KON k15 YN 1) |

< Cx|1]x ‘Szllz,\,yk(XO:N,k+1,Y1:N,k+1)’»

Thus, Assumption 2c is satisfied provided

'}

2
Sl;p E(XO:N,k+17Y1:N,k+1)NPA1:N’k { ’SALN,k, (XO:N,k+17 Yl:N,k+1)

< sup E(XO:N7Y1:N)NPA1AN {|51241:N (X05N’Y15N)’p}
Aj.n Erange(F) ’

< G,

As SE‘I:N (Xo.n,Y1.n) is a diagonal matrix, it is sufficient to verify
:up E(XO:NaYLN)NPALN {|SJ2(}/1’ Xi, Al)’p} < Cp7j7i
1:N

for each p > 0, j € {1,2},4=1,..., N. In fact, verifying this will also simultaneously verify Assumption 2a.

p
Y, — atan Xf(l):A?(l) P
81 (Y Xi, AP = 0o x (m(s) A,L(;)) 1
14 (Xlu)fAi(l)) Xi(3) = A4i(2)
Xi(3)—A;(2)
~ Xi(1) — A4;(1)\|? 1 P
< 2p Y t 1 i
= v ““( B -4/ | X6 - 4@

2p

Xi(1)—Ai(1)
Y, — atan (X,i(s)—Ai(2)>

p
} < (), when p is even where constant C;, follows

x;(m-Am\|?
Y; — atan (m) } =

Thus, E(XO:N7Y1:N)~PA1:N {U;

from the central moment of a Gaussian. When p is odd, E(x,.,v1.x)~Pa, {U;Qp

oy + 02.C, 1, which follows from the inequality |z[? <1+ |z[P*!. Thus
SUP A, E(Xo.n,Yion)~Pa, y {181(Y;, X4, A;)|P} < oo for all i and p provided

P
}<oo, 1<i<N, p>0. (46)

1
E o - -
fxlllg (Koo Vi )Pz {‘Xi(?’) —Ai(2)

A similar argument shows supy, . E(x,.y,vi.n)~Pa,  152(Y5, X, A;)P} < oo provided (46) holds.
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4.1.2 Assumption 2b

We need to verify Lipschitz continuity of S2(A;.y). Since

‘?(ALN)—ﬁ( /1:N)‘ < H;%X’E(XO:N,YLNWPALN {S5(vi, Xi, Ai)}

E {820vi, X:, 40}

XonYun)~Pyy
it is sufficient to verify, for each 4, j, Lipschitz continuity of the function

ALN = E(Xoon Yion)~Pa, y {S’?(Y;,Xi,AZ—)}. By the Mean Value Theorem, the mapping

ALN = E(Xoon Yin)~Pa, y {Sj2 (Y;, Xy, Ai)} is Lipschitz continuous if its partial derivatives are bounded. We

will show that a sufficient condition for the Lipschitz continuity of ?(AL N) is

1
E N - -
Al:NESiEge(F) (oY) Py {‘Xﬁ(?’) —Ai(2)

3
}<oo, 1<i<N, (47)
which is implied by (42) of Proposition 14.
Likewise, since

| % hi(Arn) — S x by (AL )]
2
< max V2N |E(xyy vi)~Pa, {(<¢2,ﬁé§$w>> _< ﬁéi&w)> )S?(Y;,XhAi)}

752
. (V1. (Vi) \ 2
,E(Xo:N,YhN)NPA,l:N {<<1/’277r(():NN)> _ < ’ﬂ(():NN)> ) S?(Y},Xi,Ai)}

it is sufficient to establish Lipschitz continuity, for each i, j, of the function

2
ALN = B(xon Yin)~Pay,, {(< 2’7%(5?}[:N)> _ < ,ﬁ-(()?;b:N)> ) s;(yi,xi,Ai)}. We will show that S x hy is

Lipschitz continuous provided

)

1 4
sup E NSY1N )~ ‘ < oo, 48
Ajq.n Erange(F) (Xo.n-¥1:n) PAI:N{ Xz(3)_Az(2) } ( )
2
sup E(XO:N7Y1:N)NPA1:N {D/l| } < o9 (49)
Ajq.n Erange(F)
1

sup max

Aq.ny€range(F) ! Xi(l)(3) — Ai(2)

for 1 <4 < N, which is implied by (42), (43), together with the observation model (31).

Lipschitz continuity of ?(Al: ~) We commence by showing that the mapping
ALN = E(Xoon Yion)~Pa, 5 {5]2 (Y;, Xi, A;)} has bounded partial derivatives and hence is Lipschitz. Consider

first VAj(l)E(XO:Nyyer)NPAl:N {Slz(YlaXzaAz)} For j 7£ T,
aE(XU:N7Y1:N)NPA1:N {S%(YHX’L;AZ)}
5.4;(1)

{S3(Vi, Xi, A)S1(Y;, X, Aj) }

E
= 0.

Xo:n,Y1iN)~Pay,

For j > i, the result is follows by conditioning on Xo.;, Y1.;_1. For j < ¢, the result follows by conditioning
on XO:i»lejfla Yj+1:z‘-
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For j =1,

OB(xg, n Y1.N)~Pa,, {st(vi,xi,A)}
S 6;‘11(1{) 1 :E(XO:NaYI:N)NPALN {5113(}/“)(“141)}
95F (Yi, Xy, Ai)
HE S Pay {aAm}

Note that E(x,.y,vi.x)~Pa, {S3(Y;, Xi, A;)} =0 as odd central moments of a Gaussian are zero.

957 (Yi, Xi, Ai)
E(XO:N,YLN)NPALN T(l)

951 (Yi, Xy Ai)
_ 5 25, (Y, X;, Ay) 2020 i)
(XU:NaYI:N)NPAlzN { Sl( L 71) aAl(l)

B —oy? <Xi(1) - Ai(1)> 1
= (Xo:N,Y1:N)~Pay. v - - R
1 Xi(l)fAi(l) 2 3 Xl(3) - AZ(Z) (Xz(?)) - A7,(2))3
LS aEEvwe)

B 1
S 4O'Y2E(X0:N,Y1:N)NP41:N {‘)(1(3)147(2)

3}
Similar arguments apply to show all partial derivatives of E(X():N’yl:N)NpAl.N {S?(Yi,Xi,Ai)} are bounded
provided (47) holds.

Lipschitz continuity of S x hi(A;.n) It is sufficient to establish Lipschitz continuity, for each 4, j, of the
function

2
AuN = EXo.n Yin)~Pa, {(<¢2,fré§;1ﬂ> _< ,ﬁ'é?%;N)> )SJQ-(YZ‘,Xz‘,AQ}, with domain range(F'). In
doing so, we require first the following bounds.
For j =1,2,
1
X(3) - a;(2)

where constant D is the bound on the function atan. Thus,

1950, X7, a0)| < 072 (Iyil + D).

(i) ?
E(Xo.n Yin)~Pa, {(m?x‘&(Yqu ,Al)’) }
2

1 2
i E(XO:NaYI:N)NPALN {(D/l‘ + D) } :

xM(3) - Ai(2)

< 0;4 max
3

Also,

gy (9785 ).

(08w a0 AT ) = (AR ) (8 (-, AR

< 2mlax‘w(Xégv)) X mlax‘Sj(yi7X(l) a;)

7
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for j=1,2,i=1,...,N. Thus,

8@?( 7) <<¢2’7}(()?11\}N’a1”)> - <¢,ﬁéz:;}vw,aw)>2)

. (g1, v Han, 0 A (y1NsanN)
_ w2’ (y1:n,01: N)> 2< ,W(yl.N,al.N)> : < 7 3./1.1\77 1N >
aaz( ) < To:N 0:N aai(j) 0:N

< leaX‘%/fz(X(()gv)’ X mlaX‘Sj(yiin(l)yai)

‘ 2

+4mlaX’w(Xéf3V) X mlax’sj(yi,Xfl), a:)

X" a;)

= Cx max ‘Sj(yi,

b

where the constant C' is independent of (y1.n5,a1.5).
Taking the partial derivative, we have

c‘mi(n)E(Xo:N,wamw {(W, wo ) = (0,25 >2> Sf(Yi,Xi,Ai)}
= o Yiw)~Pasy {(< i) = (AR )52( i Z,Az)Sn(Ym,Xm,Am)}
2B o n ¥ ~Pay {(W’ An) = »ﬁéib””f) SM&A»W}

9 <<¢277AT(()§;N)> — (wal
+E(X0:N,Y1;N)NPA1:N 3Am(n)

> )SJ?(SQ,XiaAi)

2
Boundedness of the first term follows from the boundedness of <<w2, “é?,” )> < ,fr(()?;i,:N )> ) and the
boundedness of sup 4,  E(xo.y.v1.x)~Pa, , 1Si(Yi, Xis A))["}, p > 0. The second term is bounded because

a 7
S; (Y;aXuA)W

} < 00. (It can be shown that

SuPa,. N E(XO:N’YLN)NPAI:N {

4
SUP A, v E(Xoon,Yiin)~Pa, 5 ‘m) } < oo for all 7 implies

2
SUP A, E(Xoon,Yiin)~Pa, {‘8%(9(2;)(2’)’4") } < oo for all 4, j,m,n.) To bound the final term, we use

2

o (w253 = (w82))

E(XO:N,Yl;N)NPAl:N BAm(n) SJQ(}/quaAz)

o\ (2 2

o ({un 784 - (wa8)’)

S E(Xo;N7Y1:N)NPA1:N (9Am(n)

[N

XE(XO;N,YLN)NPAIW {‘S (Ys, Xi, A; )| }
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where

o (<w2ﬁé§w> - <w,fré?%“>2) 2

E(XU;N,YI:N)NPAI:N 0Am(n)

IN

2
C X E(Xqn,Yion)~Pa, y {(mlax S"(Ym’Xv(ylz)7Am)D }

2

1
X E(XO:N7Y1:N)NPA1:N {(|Ym| + D)Q} .

< (COx o max|——
YO xW3) - An(2)

So, we need (49) and (50).
4.1.3 Assumption 3
We need to verify Assumption 3 with

Hy1 = =T (bk)VF(0r) (h1,70,) (Wit1) + h2,ro,) (Wht1) — Sro) (Wht1)bk) -

We will show Assumption 3 is satisfied if for all 1 <7 < N, p >0,

1 p
E ~ _— , 1
o x| | < oy
1
sup MAX | 0, (52)
Aq.y€Erange(F) ! X,t- (3)7141(2)
Sup E(XO:N7Y1:N)NPA1:N (|Yl‘p) < 0. (53)

Aq.n Erange(F)

In fact, (53) is satisfied for the bearings only observation model (31). Note that |V;|” < 1+ |Y;] P12 Where
[p] denotes the smallest integer greater than or equal to p. Thus, it is sufficient to verify (53) for positive
even integers. We will need the following inequality (see A.N. Shiryaev, Probability, 2nd Ed., pg.194): if
a,b>0and p > 1, then (a+ b)? < 2P~ (aP + bP).

E(XD:N7Y1:N)NPA1:N (|Y2|p)

2p_1E(X0:N,Y1:N)NPA1:N (

IN

Y; — atan (W)

+2p71E(X0;N7Y1=N)NPA11N <

< 271G, + D),

where C), follows from the central moment of a Gaussian and D is the bound on the function atan.
We may write

|Heg1l < [T0R)[VF(Or)] | 1,00 (@kt1)]

+ICO)VE O] [ha,r @) (Wrt1)| + [VF(0x)| [T(bk)bx] | Sk o) (Wi1)]
C1 |h1,r o) Wis1)| 4+ C1 |ha, p(oy) (Wit1)| + C2 | Sr(oy) (Wis1)

A

IN

)

which implies

[Hieqa|” < 22727 (|hy, o) (@isn)]” + [h2.pio) (@isn)]7) + 2271 CF [ Spo (i) [
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It is sufficient to verify
supy, E(|h1,p(0,) (wit1)|") < 00, supy, E(|ha,po,)(wit1)|”) < oo and supy, E(|Spe,)(wks1)|") < oo for all
p>0.

Recall the definition of hl;AlzN,k (XO:N,k+17Y1:N,k+1)),

P Ay (KXo g1, Y1iN k1))

. (Y1, . (Y1, 2
— (<w2’ﬂ,(():]i[.N,k+1)> o < ’W(()Zli/:N,k+1)> ) SALN,k(X01N7k+17}/1:N7k’+1)1'

Thus we have ‘hLF(Qk)(Wk;+1)| <Cx ’SF(gk)(W]g+1) , and is sufficient to verify sup,, E(’SF(gk)(qu+1)|p> < oo.

To establish supy, E(|ha ro,) (Wr+1) |p) < oo for all p > 0, is sufficient to show supy, E(|[h2, p(a,) (wk+1)L|p) <
oo for all p > 0, i, where [hy p(g,)(wrt1)], is the i-th component of the vector hg p(g,)(wrr1). From the
definition of hy pg,)(wk41), this implies showing

sup, <’<¢25j (Yirsts Aig)s ,ﬁ-(()?;i]:N,k+1)
_ 2,7?1'(()?%1\%+1)> <Sj(Yé,k+17'7Ai,k)77AT(()?;i,:N’k+l)
-2 < aﬁ(()?;ii:N,k+l)> <¢Sj (Yiks1, Aik)s ﬁ-é?}/jN,k+1)>
+2 7}(Y1¢N,k+1) 2 S-(Y. 4 ) Vi) D
» 0N 7 ik+1y "y ik ”/TO:N

p
< C xsup, F (maxl Sj(}/i7k+1,X,i(l)7Ai7k)‘ ) < 00,

for j =1,2,i=1,..., N, where the constant C depends only on the function v and the state samples {Xég\/}l
used in 7g.y. It was established above that for j =1, 2,

S S
x(3) — ai(2)

where the constant D is the bound on the atan function. Thus

mlax ‘Sj(yi,Xi(l), ai)

—2
<oy mlax

‘(|y¢+D),

p
sup £ (g[8, ¥icn. X0 4,0
k

P
1
< 0yP27 lsup E | max Y; P4 pr
Y & 1 X(l)(g)_ ol (Vi ktal )
P
1
< oy?271 sup  max sup B (|Y; 51 [” + DP)
Y A;€erange(F) ! Xl(l)(?)) k "
1 P

_9 _
< oy P2P7! sup  max

A (F) ! Sup EY"NPALN <‘Y;|p + DP) :
i Erange

Ajq.n€Erange(F)

x{(3) - 4i(2)
Thus, we require

_
x"(3) - Ai(2)

s By, (V") < oo
Ajq.n €range(F) ’

up  max
A;€erange(F) l

P
for sup, E (maxl ‘Sl(Yi’kH,Xi(l),Ai,k)‘ ) < 00.

Since E(|SF(9k)(wk+1)‘p) =F |:Ewk+1~PF<9k)(|SF(0k)(Wk+1)|p)}7 Assumption 2¢ implies

supy, E(|SF(9k)(Wk+1)’p) < 00 is also satisfied.
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4.1.4 Assumption 4

We need to establish that exists some constant a > 0 such that for all A;.x,b € RV, bTﬁ(ALN)b > alb|®.
This would follow if
inf inf E(x,y.vin)~ra, , 197 (Vi Xis Ai)} > 0.

Jyi AN

So, we require

iIilf zi?f\r E(Xon Yin)~Pay {S%(Yi’ Xi, 4i)}

S S
= inf inf E(Xo.xYi.x)~Pa 0;2 (X:(3)—Ai(2))° Lo,
i Al:N e ’ LN 2
1 Xi(1)—A;(1)
T\ Xe—ae
inf inf B(xo.n vin)nPay {53(Y;, X5, Ai)}
7 1:N :
_ ing in_fv E(XO:N,YI:N)~PA1:N 0;2 (X:(3)—A4(2)) > 0.

A x-am\?]”
{H (XZ(B)—AZ@)) ]
4.2 Verifying conditions for the convergence of the slow timescale

We will show that conditions (a) and (b) of Corollary 10 are satisfied. The assumptions necessary for the
convergence of the fast timescale imply condition (c) is satisfied (see Corollary 9).

4.2.1 Corollary 10, condition (a)

By Remark 11, assuming F' has bounded first and second order derivatives, the Lipschitz condition on V(JoF')
is satisfied provided |h(F(6))| is bounded and V.J = h is Lipschitz when its domain is restricted to range(F).
To show |h(F(0))| is bounded, it is sufficient to show each component of the vector valued functions
hi(F(0)) and hy(F()) is bounded. Likewise, to show h = hy + hy is Lipschitz, it is sufficient to show each
component of the vector valued functions h; and he is Lipschitz.
For the trajectory planning problem, the components of hi(Aj.y) are the functions

2
ALN = E(Xoon Yin)~Pa, y {(< 2,7%(()?}:N)> - <¢,ﬁé§;w)> ) Sj(Y;,XmAi)}

2
where j = 1,2, = 1,...,N. Since <<1/)2,7Ar(()?};1\’)> —< ,fr(()?;i;N)> ) is bounded, this function is bounded

provided sup 4,  crange(F) E(Xo.n . Yin)~Pa, 157 (Yis Xi, Ai)[} < oo, which has been verified in Assumption
2¢. As for the Lipschitz continuity, we may bound

0 ~ (Y1 ~ (Y7 2
DA, () D Kom V) Pasy {((w%éﬁ} - < ,wé;NN)> ) Sj(Yi,X,-,Ai)}

using similar arguments that were used to establish the Lipschitz continuity of S x hi(A1.n).
The components of ho(A;.x) are the functions
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where j = 1,2, 9 =1,..., N. Showing boundedness follows similar arguments used to establish Assumption
3. As for the Lipschitz continuity, we may bound its partial derivatives using similar arguments used in
verifying Assumption 2b (and 3).

4.2.2 Corollary 10, condition (b)

In verifying Assumption 3, it was shown that sup, F (\Hk|2) < 0.

In Remark 12, it was stated that one may verify

s By { [ g -0} < .

ferange(F)
_ ~ 12
sup Ewwpé{’hlé(w)—hg(e)’ } < 09,
fcrange(F)
2
sup EWNP§{|Sé‘(W)| } < o0,
fcrange(F)

in lieu of (17)-(19). To verify condition (a) of Corollary 10, it was shown that supge,,pee(r) hi(0) < oo,

i = 1,2. In verifying Assumption 3, it was shown that supge,,nge(r) Lonpy {

2
hz—,g(w)’ } < 00, i = 1,2, while

in Assumption 2c, it was shown that SUDcpange(F) Ey,np; {lsé(w)f} < o0.
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