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ABSTRACT
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We propose to approximate numerically this distribution and this
exponent based on various interacting particle system interpreta-
tions of the Feynman-Kac operator. We study the properties of the
resulting estimates.

INTRODUCTION

We consider an homogeneous and discrete time Markov motion in
an absorbing medium. The particle X, evolves according to a Markov
transition kernel M(x, dy) in a measurable space (E, &). At each time n,
it is killed with a probability 1 — G(X,,) where G is a given potential func-
tion for E into [0, 1]. When the particle hits the set G~ '(0), it is instantly
killed. In this sense G~ '(0) can be regarded as a set of hard obstacles. In
the opposite situation, the motion is not affected by the killing transition
in the set G '.[Y Regions where 0 < G(x) <1 can be regarded as soft
obstacles. The particle may explore these regions but its life time
decreases during these visits.

Let T be the random time at which the particle X,, is killed. In this
article we analyze the long time behavior of the quantities

P(T >n) and P(X, € | T > n).

We also propose an alternative model in which the hard obstacles are
turned into repulsive ones. We connect these two physical models with
two interacting particle systems approximating models. In the special
case G(x)=14(x), S € &, these particle interpretations are the discrete time
versions of a recent Fleming Viot particle model introduced in Ref."! for
the spectral analysis of the Laplacian with Dirichlet boundary conditions.
We design a general interacting process approach which simplifies and
extends the asymptotic results presented in the above referenced paper.
Uniform convergence results and unbiased particle estimates for the spec-
tral radius of the sub-Markov killing operator are presented. This analy-
sis has been motivated by the recent work of one of the authors with Del
Moral and Miclo?. The present article is an extension of the techniques
presented in Ref.”! to treat the hard obstacle situation. The semi-group
and martingale techniques presented here lay solid theoretical founda-
tions for the asymptotic analysis of the long time behavior of a class of
interacting particle models arising in physics. In contrast to Ref.!"]] these
techniques are not specific to Gaussian explorations of the medium.
Our approach can also be extended without further work to study the
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path-space distribution
P((Xo,...,X,) € | T > n). (1)

We refer the reader to the Ref.’) where the authors provide a natural
path-space extension and show that the occupation measures of the
genealogical tree associated to a sequence of absorbed and interacting
particle models converge to the desired distribution!!. Incidentally our
analysis also applies to study some asymptotic properties of the “go with
the winners’’ algorithm presented in Ref.[*].

At the heart of this article is a functional Feynman-Kac representa-
tion of the absorbing time distribution. Namely let p, be the distribution
flow on E defined for each bounded measurable function f by the
formulae

1) = () /A1) with dn(f) = IE(f(Xn) 11 G<xp>).

p=0
When the absorbing medium is regular enough, we will check that
n(1)=P(T >n) >0 and y,=Law(X,|T > n).

The power of this representation comes from the following formula
IP(T > n) = an(G) with ny = Law(Xo) and 75, =u, M.
p=0

The study of the exponential tail of the distribution of the absorbing time
depends on the long time behavior of the flow #,. We will present a
natural condition on the pair (G, M) under which the flows y, converges
to a unique distribution y as n—oo and in some sense we will have

P(T >n) ~ ™9  with A(G) = log uM(G) < 0.

n—o0o

The quantity A(G) also represents the logarithmic Lyapunov exponent of
the semigroup f— M(Gf) on the Banach space B,(S) of all bounded test
functions on S=G'((0, 1]). We will extend the techniques presented in
Ref.”! to non necessarily positive potential and we will provide exponen-
tial decays to the equilibrium for the nonlinear distribution flow u,, with
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respect to the total variation norm. Basically we will prove that

1ty = pllry < ce”™

for some finite constant ¢ < co and « >0 depending on the pair (G, M).
The second part of this article is concerned with the effective numerical
approximation of the flow u, and the limiting distribution x. We provide
essentially two distinct interacting particle interpretations dependent on
two distinct nonlinear Markovian interpretations of the measure-valued
dynamical system associated to the flow u,. More precisely, we exhibit
two collections of Markov transition K, indexed by the set of probability
measures v on E and such that

,un-H = :un Klln

Let IP be the McKean measure on the product space Q = E™ defined by its
marginals on E""!

P,(d(xq,...,%,)) = to(dxo)K (xo,dxy) - Ky (Xn—1,dxp).

By definition of P, the canonical process (Q,IP,Z) is a time inhomo-
geneous Markov chain on E with transitions

P(Z, €dx|Z,) = K, (Zy,dx) with p, = P-law(Z,).

The discrete generation interacting particle system associated to this
interpretation consists in a Markov chain &, = (éi, ces énN ) in the product
space EV with elementary transitions

N N
1
1 H N _ :
P&, €d(x,. NY1E)) = 11 K(&h,dx,)  with ) = N ;:1 56’”'

In the first interpretation the set of hard obstacles will be turned into
repulsive obstacles. The particle system will again behave as a set of
particles evolving in an absorbing medium. Between absorption times
the particles evolve independently one from each other according to a
Markov transition on S and related to the pair (G, M). When a particle
visiting a soft obstacle is killed then instantly another suitably chosen par-
ticle is splitted into two offsprings. The choice of this new particle depends
on its ability to stay alive in the next stage. In this context we will give sev-
eral uniform estimates w.r.t. the time parameter. For instance we will
prove that for each fixed N> 1, p > 1 and for any test function f € B,(E),
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where B,(E) is the set of bounded measurable functions on E, one has

sup VNE(|u¥ (f) — u(f)")7 < o0
n>dlog N

for a constant d < oco. In the second particle interpretation the system
evolves in absorbing medium with hard and soft obstacles. The time
evolution of the particles is essentially the same as before but a particle
visiting the hard obstacle set is instantly killed and in the same time
another suitably selected particle splits into two offsprings.

The essential difference with the previous particle model is that the
whole configuration &,=(&!,..., &) may hit the set of hard obstacles
E —S. Let 7 be the first time this event happens

™ =inf{n > 0: 4" (G) = 0}.

In this context we will prove for instance the following asymptotic result
}EEC(WZV(N) (f)lfNZn(N) — 'u(f)|p)l/l’ —0.

for some sequence of integers n(N) — oo as N— oo. We end this introduc-
tory section with some comments on the genealogy of the particles. If we
interpret the above particle models as a birth and death model then arises
the important notion of the ancestral line

(S0 El -+ -+ ) € B

of each individual & . In these notations 5;,,1 represents the ancestor at
level p of the particle &,. The path-particle model coincides with the
corresponding interacting particle interpretations of the Feynman-
Kac distribution flow defined as in Ref.”’! by replacing X, by the path
(Xo,...,X,) and the potential function G(X,) by G,(Xo,...,X,) =
G(X,). For path evaluation problems, this enlargement technique of
the state space can be used to conclude that for any f, € By(E"")
and p>1

‘IE(%iz_l:fn((éj;,n)0<p<,1)er>n) — IE(f(XO, L 7Xn) | T> n) < %
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and
e ; AN c(n)
E <‘ N;fn((ép,n)ogpgn)erZn - IE(f(X07 e 7Xn) ’ T> }’l) ) < ﬁ

for some finite constant c(n) = O(n).

HARD, SOFT AND REPULSIVE OBSTACLES

In this section, we review some probabilistic models of particle evolu-
tion in an absorbing medium. The motion of the particle is represented by
a Markov transition M(x, dy) on some measurable space (E, &) represent-
ing the medium. After each elementary move the particle X,, at time n
remains in its location with a probability G(X,), otherwise it is killed
and goes into an auxiliary cemetery of coffin state ¢. The potential func-
tion G is an &-measurable function on E taking values in [0, 1] and we
recall that S=G'([0,1]). The Markov evolution X¢ in the absorbing
medium E.=EU{c} is therefore defined as a two-step transition
absorption <. exploration c
n n+1-

X,
If we extend (G, M) to E, by setting
M(c.dy) = 5.(dy) and G(c) =0,

then the absorption/exploration transition can be written more formally
as follows

P(X, € dy| XS = x) = G(x)dx(dy) + (1 — G(x))d.(dy),
P(XS,, € dy| XS = x) = M(x, dy).

We let [E;, and P}, the expeciegtion and the probability measure of the
killed Markov evolution (X¢, X, ) on the state space E,. with initial distri-
bution 7 on E. We also denote by [E, and P, the expectation and prob-
ability measure associated to the homogeneous Markov chain X, with
Markov transition M and initial distribution 7. These distributions are
defined in a traditional way on the canonical spaces associated to the
canonical realizations of the chains X¢ or X,. For indicator potential
function G(x)=14(x), the chain X evolving in § is not affected by the
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killing transition but it is instantly killed as soon as it enters in the set of
hard obstacles E — S. We define T as the first time the particle is killed

T =inf{n > 0,X¢ = c}.
Note that

P, (T >n)
=P, (XG€E,....X, €E)

N AHI nO(de)G(xO)M(xO’ dxl) e G(xnfl)M(xnfl,dxn)G(Xﬂ)
= IEnO <H G(Xp)) .
p=0

Suppose the state space E is a rooted tree with an unknown finite
maximum depth D and the particle traverses the paths from the root to
the set of leaves. The particle at a vertex x of depth d < D chooses its path
according to a given probability distribution M(x, dy)

M=

M(x,dy) = >  p(x,yk)dy,(dy).

~
Il

1

If we set S=E— L and G(x)=1g(x) then the killed Markov model X¢
consists in exploring the tree according to M and when the particle X¢
is at a leaf then it is killed and we set X{ =c. By construction, we have
in this context

P, (T>D+1)=0.

One way to prevent the particle to be killed in a given finite horizon is to
introduce the following accessibility condition:

Assumption (A). We have #(S)>0 and for each n>1 and x€S§,
M(x, S)>0.

This condition is not met in the previous situation but it holds true in
most physical evolution models in absorbing medium. Loosely speaking
this condition states that a particle evolving in the absorbing medium has
always a chance to survive. Thus we have IP, (7> n) >0 for any n>0. In
this sense, Assumption (A) ensures that the medium does not contain
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some trapping regions where the particle cannot escape. More interest-
ingly under (A) we can write

M(x,dy)G(y) = G'(x)M'(x, dy)

with the pair potential/Markov kernel

G'(x) = M(G)(x) = / M(x, dy)G(),
1

M (x,dy) = M(x, dy)G(y).

M(G)(x)
For indicator function G(x) = 1g(x), we have for instance

M(xv dy)lS(x)

G'(x)=M(x,S) and M'(x,dy) = M(x.S)

In the same way since we have 7¢(S) >0, we can also write

G(x)
1o(G)

no(dx)G(x) = 1o(G)no(dx)  with i (dx) = 1o(dx).

The killed particle model

X/C absorption <. exploration X'

n n n+l1

associated to the pair (G',M') is again defined by a absorption/
exploration transition but the novelty here is that the potential
function G’ is strictly positive. In this alternative particle model, the
random exploration is restricted to S and cannot visit hard obstacles.
Furthermore if we set

T' =inf{n >0,X° = c}
then we readily find the formula

P (T > n) = o(G) x PS(T" > n). 2)

Mo

It is also important to notice that M’ is a Markov kernel from S into itself.
This shows that the absorbed Markov particle evolution is restricted to
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the measurable state space (S,%) where % is the trace on S of the
o-field &.

FEYNMAN-KAC REPRESENTATION

Let Q' be the bounded operator on the Banach space of bounded
measurable function f& B,(S) defined for any x € S by

Q'(f)x) = /M(x, dy)G(y)f(y) = M(Gf)(x) = G'(x)M'(f)(x).

We denote by Q'™ the semi-group (on B(S)) associated to the operator
Q' and defined by Q'™ =0’ "~YQ’ with the convention Q'"” =1Id. The
logarithmic Lyapunov exponent or spectral radius of Q' on B,(S) is the
quantity defined by

A(G) = log Lyap(Q) L suplog 0 (1)(x) (3)

= lim —

N—=oon xes
In a symbolic form, under regularity assumptions detailed further, we
have in the logarithmic scale

PS(T" >n) and P(T' > n) ~ MO™,

Our next objective is to connect A(G) with the long time behavior of the
distribution flow models

p,(dx) =P (X5 € dx| T > n),
n,(dx) =1 (XS € dx|T > n).

Mo n

Notice that for any f€ B,(E), we have the Feynman-Kac functional
representation formulae

1n(F) = nl(1)/in(1) with ,(f) = Ey, <f(Xn) 11 G<xp>),
p=0
n—1

M) = 1) /(1) with 7,(f) = Iy, <f(Xn) 11 G(Xp>>.
p=0

Let X/, be the time homogeneous Markov chain with initial distribution
. and Markov transition M'. Using the superscript ( )’ to denote the

Copyright © Marcel Dekker, Inc. All rights reserved.

Marcer DekkER, Inc. ﬂ
270 Madison Avenue, New York, New York 10016 6



ORDER | _=*_[Il REPRINTS

1184 Del Moral and Doucet

positive measures W, A, nl, v, defined as above by replacing (19, X,,, G)
by (1), X},, G') we find that

In(dx) = no(G)y,(dx) and p, =1,

Note that #/,(S)=1 and #/, can be regarded as a distribution flow model
taking values in 2(S). From these observations, we obtain the two
following interpretations

P, (T > n) = Ilm 4)

and
n—1 n—1
Py (7 2 n) = 5,(1) = [0 (= [T p(@))
p=0 p=0

When 7= n74= 9., for some x €S, we use the superscript (- to define
the corresponding distribution. In these notations, we find that for any
xeSand n>1

and by (4) we obtain
1 n—1
AP(G )=—logQ Zlognp G) = logn;”(G)
p=0

The above display indicates that the exponent A(G) is related to the long
time behavior of the distribution flows 115, *) — ,u( ") M and 1w ) = ( ) Letus
introduce the following mixing assumption.

Assumption. (G', Q’),,: there exists an integer parameter m > 1 and a pair
(7,0") €0, 1] such that for each x, ye S

G'(x)>7G'(y) and Q" (x,-)>dQ™(y,-).
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Theorem 1. Under assumption (G', Q'),,, there exists a unique distribu-
tion p€ 2 (S) such that A(G)=loguM(G) and for any f € B,(S)

pM(Gf) = M u(f).

In addition, we have the uniform estimates

N 2 x
sup [ — | < 55 (1 6% (6)
xeSs
as well as
2m 1
AD(G) = A(G)| < —— x —
sup |A,7(G) = MG)l = Z55 %
and

4 1
sup [log i) M(G) = A(G)| < 5 (1 = ).

xeS

This theorem and its proof parallel earlier results of one of the two
authors and Miclo®! for the soft obstacle situations. The strategy we have
used here to extend the result to the hard obstacle case is to analyze the
long term behavior of the distribution flow #/, in the set of probability
measures on S. The set 2(S) can be regarded as the subset of probability
measures p over E such that u(E—S)=0. On the other hand M is a
Markov kernel for the range S of G into itself. From these observations,
it is intuitively clear that the analysis of the long time behavior of
Un =1, € P(S) can be studied using the same line of arguments as those
presented in Ref.” in the soft obstacle case by replacing the set P(E)
by the set 2(S). The semi-group approach proposed is based on contrac-
tion properties of a collection of nonhomogeneous Markov transitions
related to the pair (G, M). The main difficulty in extending this technique
is to check that these nonhomogeneous kernels are Markov transitions
on S. For the convenience of the reader we give a complete proof with
some precise estimates. Before getting into its proof, we give next an
immediate corollary of this theorem. We denote by Z5(E) the set of prob-
ability measures 7 on E such that #(G)>0. Under our assumptions we
notice that for any 5y € 25(E) the Feynman-Kac flow 7, € Z5(E) is well
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defined and we have for any f € %,(F)

a1 (f) = @(n,)(f) = n,(GM(£))/1,(G).

Corollary 1. Under the assumptions of Theorem 1, the distribution n=
uMe P5(E) is the unique fixed point of the nonlinear mapping
D:PG(E)— Ps(E) and we have for each n>1

2 =
sup [y — nl| < 5 (1 6%)" (7)
x€S
and
4 PN
sup|log ;" (G) = A(G)] < 5 (1= 9%
xe

To check this corollary, we first notice that
1(G) = uM(G) = u(G') > 0

from which we conclude that ®(y) € #(E) is well defined and for any
F€BKE)

n(GM(f)) _ uM(GM(f))
n(G) uM(G)

O(n)(f) = = uM(f) =n(f)-

The estimate (7) is easily checked by noting that

0 =l = 16 M = ]| < [ = .

Proof. By definition of the distribution flow #/ € 2(S), we have for any
fE€BYS) and p<n

Myen(f) = @, (n,)(f) = 1, () [, Q" (1).
Next we observe that for any y € 2(S)

Copyright © Marcel Dekker, Inc. All rights reserved.

Marcer DekkER, Inc. m
270 Madison Avenue, New York, New York 10016 6



ORDER | _=*_[Il REPRINTS

Particle Motions in Absorbing Medium 1187

with the function g, € B,(S) and the Markov kernel K,, from § into S
defined by

Ny _ o)
gn = Q( )(]) and Kn(f) _Q/T)(l).

Under our assumption, we have for any (x, y)€ $% and n>m

g(x) _ Q1)) _ 0" ())(x) o (8)

g(y) QM) (y)  Q(Q=m(1))(y) ©

It is also convenient to observe that

Q(f) _ 0@ (f) _ 0" (gnmKn-m(f))

T QW(1) T QUI(QUI(1) T Q0 (g, )

K}’l(f)

Therefore we obtain the decomposition formula
K, =R"K, ,
with the Markov kernel Rﬁ;’) from S into S defined for each f& B,(S) by

_ 9" (gn-nf)
Q'™ (gn—m)

We conclude that

—m n—([&]=1)m
For any p € 2(S) the distribution @/ (1) € 2(S) and we have

@) (1) =¥, (WK,

with the Boltzmann-Gibbs transformation W/, : 2(S) — 2(S) defined for
each fe By(S) as

V(1) (f) = u(gnf)/1(gn)-

Therefore we conclude that for any pair (u;, us) € 2(S)*

197, (k1) — P ()| < Bs(Kn) IW5, (1) — W, ()|
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with the Dobrushin’s contraction coefficient defined by the formulae

ﬁS(Kn> = sup||K,,(x,-) _Kn(ya')||7 (10)
x,yeS
Kn B Kn
— sup  MKn =K (1

U151 €2(S) llr — pal

Using (9) and (11), we have the estimate

Bs(Kn) < ] Bs(RG—™). (12)
Under our assumption, we note that for each pair (x, y) € $%, n>m and
FEBKS), f>0

RUY(f)(x) > 6%R™(f)(y).

This together with (10) implies that Ss(R") < (1 — &%) and by (12) we
conclude that

Bs(Kn) < (1= 070,
It is now not difficult to check that

&gym—um

W (1) — ¥ (1) <2 sup

(x.y)es* &n

2
<<l = pall (by(®))

from which we conclude that

| o

D) (1) — @, ()| < 5 (1= 85|l y — |- (13)

<

By the Banach fixed point theorem we conclude the existence of a unique
distribution p € 2(S) with for each n >0

p=@,(n).
From this fixed point equation we find that for each f& B,(S)

w(HuM(G)) = uM(Gf) = n(Q'f).

Copyright © Marcel Dekker, Inc. All rights reserved.
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If we take f=Q'"(1), we get the recursive formula

H(@Y (1)) = W@ (1)u(@'(1)
= W@ ()" = u(M(G))"!

from which we conclude that
1
log u(M(G)) = -log u(Q'"(1)) = AL (G).
Using the inequality

|x —
lx Ayl

[logx —logy| <

we readily find the estimate

log ' M(G) — log uM(G))

M(G)(x) 1
< sup e x =l — ).
(x,y)€S? M(G)(y) npgo g

This together with (13) implies that

A% (G) — log uM(G)| <

for some finite constant c(r, ') < 22
consequence of

afl = a# + Z als!
p=0 p=0 p=m
m—1 2m ) n—1 )
= all + Z a4 Z alf
p=0 p=m p=[tm
—m(l+a+-+a5m) <2
l1—a
This ends the proof of the theorem. O

Next we propose a simple sufficient condition for (G’, Q'),, in terms
of the pair (G’, M").

Copyright © Marcel Dekker, Inc. All rights reserved.
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Assumption. (G’,M'),,: there exists an integer m>1 and a pair
(,¢)€[0, 1] such that for each x, ye S

G'(x)>7FG'(y) and M (x,-)>eM™(y,.).

In the case of indicator functions G(x) = 14(x), this condition is related to
the mixing properties of the restricted Markov evolution on S.

Proposition 1. When assumption (G', M'),, holds for some integer m > 1
and some pair (¢,7) then assumption (G', Q'),, holds with the same

m>1and &' >7r"¢.

Proof. For any nonnegative function f€ B,(S) and x, ye S we prove
easily the following chain of inequalities

In the same way, we find that

0(1)(x) < (supG'(2)) M (£)()

zesS

from which we conclude that

0 (F)(x) > ( Lo G

: /(m) 1m 1 y(m)
ot T g )0) 2 Q1))

This ends the proof of the proposition. O

Condition (G’, M"),, is not a finite state space condition. We refer the
reader to Refs.>% for a collection of examples. In the next example, we
show that it holds for a restricted Gaussian transition and simple random
walks on compact sets.
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Example 1. Suppose M is the Gaussian transition on £E=1R

1
=——e¢
V2n

where a is a measurable drift function and let S be a Borel subset of IR
such that

M(x, dy) o=y

lla|lg = sup{|a(x)|;x € S} < oo and [§| =sup{|x|;x € S} < 0.

One has for any x, ye S

dM(x,.) , ,

_ — _ _ 2

e ) = expllale) —a())(y ~ a(x) + a(¥)/2)

€ [e @ )]

with  c(a) <2||la||s(|S] + ||alls). This clearly implies that M(x,S)>
e ““M(y, S). For the indicator potential functiofn G(x)=ls(x) we
conclude that (G', M'),, holds true with 7/ =¢ ““ and ¢ = ¢ >®,
Example 2. Suppose M is the Markov transition on E =Z defined by

M(x,dy) = p(—=1)6x-1(dy) + p(0)8+(dy) + p(1)dx+1(dy)
with p(i)>0 and Y1, p(i)=1. If we take S=[0, m] and G(x)=14(x)

for some m>1 we find that for any (x,y)€[0,m], M"(x, y)>0 and
M(x, S)>0. More precisely we have the rather crude estimate

M (x,) = (p(=1) A p(0) A p(1))"

and M(x, S)= G'(x) > p(—1) A p(0) A p(1). This readily yields that (G’, M'),,
is met with

P =p(=1)Ap(0) Ap(1) and & = (p(—=1)Ap(0)Ap(1))".

PARTICLE INTERPRETATIONS

In the second part of this article, we design interacting particle
systems to approximate the eigen-measure p and the exponent A(G).
Two strategies can be used depending on the two interpretations of
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AEI”(G), namely
) IS~ o ) 1 0
AP(G) =31 (G) and AL(G) =316,
p=1 p=0

In the first interpretation we start by observing that under condition (A)
for any ny€ Zs(E) the distribution flow 5, takes values in Z5(E). To see
this claim, we simply notice that for each n>1 we have

n—1
7’],1,1(G) = Vn(l) = IE;]O ( H G(Xp)> > 0.
p=0

In addition it satisfies a nonlinear equation

The mapping ®: Z(E) — #(E) is defined for any n € 2(E), n(G) >0, by
the equation

®(n) = nk,.

The collection of Markov transitions K, (x, dy) from E to E are defined by
Ky (x,dz) = S;M(x,dz) = /S,7(x,dy)M(y, dz)

with

Gy
$(.dy) = GWax(ay) + (1 = 6(0) S (),
The evolution equations of the distribution flow #/, are defined the same
way by replacing (G, M) by (G', M'). We do not describe these structures,
we simply use the superscript (-)' to denote the corresponding objects @,

S,» K- The nonlinear measure valued interpretations

Ny = (1) = 1,1 Ky, and o, = @', y) = 1,1 K5y
are related to four different types of interacting particle approximating
algorithms.

e The two particle models associated to the distribution flow #/, can
be studied in a simpler way. Indeed, they correspond to particle
evolution in an absorbing medium with soft and repulsive
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obstacles. The asymptotic analysis of these particle models can be
studied in essentially the same way as in Ref.l”). However a more
careful analysis is required as the potential function G is non
necessarily strictly positive. We will present a detailed analysis
of these algorithms including some precise uniform estimates with
respect to the time parameter in subsection.

e The two particle interpretations associated to the evolution
equation of 5, € Z(E) consists in evolving a set of particles in
an absorbing medium with hard obstacles. At a given time it
may happen that the whole particle configuration hits the set of
hard obstacles. At that time the algorithm stopped and we need
to resort to another realization. In subsection, we will see that this
event happens with an exponentially small probability. We will
propose a novel strategy to control uniformly in time the prob-
ability of this event. Roughly speaking the idea is to increase
slightly in a logarithmic scale the size of the population so as to
control the probability of extinction of the model.

From an algorithmical point of view, the two particles methods
associated to particle evolution in an absorbing medium with soft and
repulsive obstacles are the most interesting ones as there is no need to
increase the size of the population over time. However, it is not always

possible to implement these methods as it might not be possible to
compute G'(x) = M(G)(x) in closed-form.

Soft and Repulsive Obstacles

The first particle interpretation associated to the flow #/, consists in a
Markov chain

1 N N
é;z :(5117"'7‘/:; JES
with initial distribution n{*" € 2(S)*" and Markov transitions

N 1
P& edx',....x")E )= H®/<Nzéifl) (dxP).
p=1 i=1

Noting that

VAR ) NooG(eEn) .
@ O | =) ——— _MI(E ).
<NZ & 227:1 (&) (Sae1s)

i=1 i=1
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We conclude that each elementary transition ¢ | — & is decomposed
into two separate generic selection/mutation transitions

selection 3 mutation

6271 énfl é:l

The selection stage consists in sampling N conditionally independent
random variables ¢ | with common law

N 1/ sl
G .
Z—(é, by with G'(EL) = M(G)(EL ).
i=1 Z; IG( n—1 )
During the mutation stage each selected particle Aﬁl’;l
independently of the others according to the mutation transition

evolves

M(én lvdx) ( )
M(G)(fZ—l)

M'(E,dx) =

It is instructive to examine the situation where G = 1. In this case, we have

G'(x) =M(x,S) and M’(x,dy)ﬂ’%);;()’)

The selection stage gives more opportunities to a particle é;’;l to reproduce
when the probability M(EZ 1> S) to stay in S at the next step is large. The

mutation transition consists in evolving the selected particle Z;Ll according
to the Markov transition M restricted to the set S. An alternative particle
scheme consists in defining a Markov chain

G=(&..a) e EY

with initial distribution “N and Markov transitions
P, edx,....xY) & ) HSIZ M( no dxP).

Similar arguments as above show that this algorithm is again defined
in terms of two separate genetic selection/mutation transitions but the
selection transition consists in selecting randomly the particle C _; with
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the distribution

S%Ziléaiil( Zﬁl,dX) - Gl(és*l)éélifl(dx)
R GlE)
+(1-G'(& ) = —=l—0u (dx)
1 jz:l:Zszl G'(& )

This particle algorithm contains less randomness than the previous one.
For instance, in the lattice model examined in Example 2, we have

G'(x) =M(x,S) =1 foreach x € (0,m)=S— {0, m},
G'(0) = M(0,S) = p(0) + p(1) and G'(m) = p(=1) + p(0).

In this context, the particles evolving in S — {0, m} are not affected by the
selection mechanism while the particles in location {0,m} tend to change
and move to another location. These two particle approximating models
can be studied using the same line of arguments as the one performed in
Ref !, More precisely, if we set

W _ 1y
/ p— .
M - N IZZ] 55:;

then under the regularity mixing condition (G’, M’),, we have for any
7€BYS), Ifll <1, p>1, the uniform estimate

supE([7™ () — ,(N|")” < c(m) 2 (15)

n>0

=

for some universal constant b, only depending on the parameter p > 1 and

c(m) < %-

ey
Since we have n;fN), 1, (f) € 2(S) the above estimate clearly holds for each
f€By(E). Recalling that #/, coincides with the distribution u,, if we
combine the above estimate with Theorem 1 and Proposition 1 we get the
following result.

Theorem 2. Suppose condition (G', M'),, is satisfied for some m > 1 and
some pair (¥, ¢') € [0, 1] then the limiting distribution y of the flow u, =1,
is the eigen-measure associated to the Lyapunov exponent N9 and for

Copyright © Marcel Dekker, Inc. All rights reserved.

Marcer DekkER, Inc. ﬂ
270 Madison Avenue, New York, New York 10016 6



ORDER | _=*_[Il REPRINTS

1196 Del Moral and Doucet

any f€ B,(E),

fI<1, p>1 we have the uniform estimate

b(

S

sup  E(jr™(f) — w(H|")""" < c(m)
n>d(m)log N

)

for some universal constant b(p),

2
c(m) <— /n; Vv 2
& r( m—1) Slr/m(l _ (8/r/ln) )

and

m

") S S og (11 — (erm?))

Proof. 1t is sufficient to notice that

E(jn™(f) - u()]")"”
bI’ 2 1 oimn2 [2]
Sc(m)ﬁJrW(lf(sr )2)

<c(m)—=+ (1 — (s/r/m)z)%

< ¢n) (T4 (1 an)F)

with a,, = "¢ and ¢/(m) = c/(m) vV —2 - For any pair (n, N) we have

an(1—a2,

! > (1 — ay)"" = %logN < Zlog(

1
ﬁ - 1 - am>.
This implies that for any n with n > m/ {210g (ﬁ)} we have

by + 1

E(ln™(f) = u(n)|")"" < ¢ (m) ot

This ends the proof of the theorem. O
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From the above theorem and by Theorem 1, we can construct two
particle approximations of the logarithmic Lyapunov exponent A(G)
introduced in (3). We define

ln 1
——Zlog '717
nes

where 17;( =5 Zl 1 5§,(u 1s the particle density profile associated to the

particle model starting ‘at nyV =5“". By the definition of the genetic
particle models, it is well known (cf for instance Ref*! that

n—1

N()
anNx n(Nx)(l)

1s an unbiased estimate of e”Aﬂ ), that is we have

IE(e <’“>(G)) — oN0) IE(y/(N,x)(l)) _ V;(x)(l)_

n

Corollary 2. Under the assumption (G', M"),,,, we have for any p>1 and
xeSs

s E (I 6) - exp(A(G))|) " < ) )

with the same constants b(p), c(m), d(m) as in Theorem 2. In addition we
have the uniform estimate

x ip _bp)-c
sup sup [E A;(N’>G—AGP < —
XES yn>\/N (‘ ( ) ( )’) VN

for some finite constants b(p) and ¢ which only depend respectively on p
and (m, ¢, 7).

Proof. If we take f=M(G)=G’ in Theorem 2 we readily find the first
estimate. To prove the second one, we observe that

WX )C 1
E(|A™M9(G) - AY(G >!>/"
lnl
<- E(|log " (G") — log ™ (G")|P)!/?.
k=0
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Recalling that for any u, v>0 we have |logu —logv| < |u —v|/(u A v) we
find that

IE(}A;(NX)(G) _ A5,X>(G)‘p) 1/p

1 1 ! N.,x X 1
< STEM(6) — a6,
k=0

- iIlfS G'n —
Under our assumptions we have for any x, ye S
rG'(y) <G'(x) < 1.

Therefore we have (infs G') > ¥(sups G’) and by (15) we prove the uni-
form estimate

E(ALY(6) = AP G) " < clm) B with clm) < e
By Theorem 1 and Proposition 1, we conclude that
E(|AM9(G) — A(G)[")"?
= b(p\)/.cﬁ(M) - s’3r/2<’31’1”+1> n
<PV <c(m) vgﬁ%) (\/L].v.—i—%)
and the end of the proof of the corollary is now clear. O

Soft and Hard Obstacles

The particle interpretations of the flow #, are conducted along the
same construction as the ones for the flow #/, by replacing (G’, M’) by
(G, M). To distinguish the particle models associated to 1, to the particle
models associated to n/, we simply suppress the superscript (-)'. The
essential difference with the previous particle models is that the whole
configuration ¢, = (51 ...,an ) may hit the set of hard obstacles E— S.

n’
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Let ¢ be this hitting time
™ =inf{n >0:9Y(G) =0}

As usual we add a cemetery point to the state space EY =E"U{c} and
we set

vn>V &, =& =c

We also extend the functions f € B,(E) on E. by setting f(c) =0. Without
any assumption on the pair (G, M) but assuming that y,(1) > 0, we proved
in Ref®! that

P(z"¥ <n) < c(n)eiN/C(")

for some finite constant ¢(n) < N only depending on the time parameter.
Consider now the rooted tree example discussed earlier. In this example,
we know the algorithm stops almost surely at the maximal unknown
depth D, that is we have that

P(<¥ < D) =1.

Using the above exponential estimate, we readily conclude that
P(z" = D) =1—-P("¥ < D) >1—¢(D)e NP,

This shows that the particle model dies at time D on the deepest depth
with an exponential rate. Unfortunately the constant ¢(D) obtained in
Ref®lis too large to study with more precision if the algorithm finds with
a given probability the deepest depth in polynomial time or not. Next we
strength condition (A) and we suppose that the Markov kernel M satisfies
the uniform accessibility condition.

Assumption (B). There exists a constant a(S) > 0 such that

sup M(x,E — §) < e,
x€S

This condition clearly holds true in the two examples given in Section.
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Lemma 1. When assumption (B) is satisfied for some a(S)>0 then for
any n>0 and no € 2(E), no(S) =1, we have

IP(TN <n)< ne NS

Proof. By a simple induction argument we first observe that

P(z" > n) =P(" > n—1and "(G) > 0)
=EPE1<i<NE& eS|, &n)lonn)
=P(" >n—1)

—E(PNV1<i<NE&EE—S|&, ..y t)lvan 1)
By definition of the particle models, we have in the first interpretation

P(V1<i<NEEE—S|Ey,. . Eu)lovan

(3% Es)
—\N SL Nos M( iz—lvE_S)> 111">n—1
N30

- =1 %l
i= (|

or in the second one

:H(S%ZN s M)( 51—17E_S)11N>n—1-

! 10
i=1 (|

Since for any n € Z(E) with n(S) >0 we have S,(x, S)=1 for any x€ E,
we readily get the estimate

Vx € E S;M(x,E —§) < ¢
from which we conclude that

P > n) > P >n—1) =PV > n—1)e V)

>P(N >n—1)— e NHS) > 1 — pe NS,

This ends the proof of the lemma. O
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The particle approximating measures of y, and 7, are defined for any
f € Bb(Ec) by

n—1
i (F) =) ()N (1) with 3 (1) =T[5 (G).
p=0
Note that for f=1 we have
n—1 n—1
yn(Dlovsy = [N (G)levsp, and Tows, = [ 1evsy
p=0 p=0

and 7 (f)lvs, = j[:,—g; 15>, with the convention 0/0=0. We denote by
Q the bounded integral operator on %,(E) defined for any fe& %,(E)
and x € E by

O(f)(x) = G(x)M(f)(x)

As usual we denote by Q" the corresponding semigroup defined by the
inductive formula 0" = 0" Y0 and we use the convention 0¥ = Id.

Proposition 2. [If assumption (B) holds, then for each n>0 and
f€By(E) the R-valued process

p<n—TWM () =yN(Q" P f)lws, —7,(Q"7f)

is a martingale with respect to the filtration FY = (¢, ...,¢&,) generated
by the particle model. In the first particle interpretation its angle bracket
is given by

1 P
NZ Vﬁ,v(l)zerzqq’(’?f,vfl)

q=0

x (" f —@(ny_)(Q" " f))?)

), =

and in the second particle interpretation

1 P
(Ton (), = 5 27 (D Lovzgnil

q=0

x (K ([QU=f — o) ) (" 1)]))

q-1

with the convention for g=0, g, =®n",)=Kn", =n,.
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Proof. We use the decomposition for each ¢ € %,(E)

p
(@) vzp=7,(0) = [N QP D) vz =N 1 (QP ) Lovsy 1]
(16)

with the convention for ¢ =0, y¥,(Q¥ ") 1x~_| =7,(¢). Observe that
QP D)1z g = 7 (1) 1ovs ) (QV V) (17)
and

QP o) sy = 7 ((GM(QP D)) 1 ovs g
=y (W ovs o[ (GM(QP~ D))

Since 1 = 1;13{,(0>:0+1n2’,1(0)>0 and
nf]\Ll(GM(Q(”_")@))HQQI(G):O =0
we conclude that

7o (@7 Vo) sy = 7 (D 1evsgnl  (GM(QP 9 9))
= 71 (D 1w @) ) (QV ).

If we set ¢ = Q" P)(f), for some f < #,(E) we find that
Py Q" f) vy — 7,(Q" P f)
= S (@)~ 00 )@ )
q_(lst interpretation)

P
- ZVQ’(l)lTNZq[nQ’(Q“*P)f) - "‘/N—lKnZ,I (0P f)]
q=0

2nd interpretation).

The end of the proof is now clear. O

Corollary 3. For each fc B,(E.),

A<l and n>0, p>1 we have

E(Vzv(f)erZn) = yn(f) (18)
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and
1 byc(n
(72 (s~ (1)) < 250 (19)

for some universal constant b, and a finite constant c(n) <n+ 1.

Proof. The first assertion is a simple consequence of Proposition 2. We
also prove the second estimate using Marcinkiwicz-Zygmund’s inequality
(cf. for instance Ref.).

To conclude this discussion on the un-normalized approximating
measures, we notice that if we define the particle log-Lyapunov exponent
estimates as

n—

log(ny"(G)1ev,)

n

I
ANI(G) = —tog( (1) 1evsy) =

S| =

1
p=0
then (18) reads

E(eN@) = o0

By Markov’s inequality, it also follows from (19) that for any p > 1 and
e€(0, 1)

. . én)\" 1
IP(Vn (l)lr’vzn > 6/11(1)) 2 1- bP(l _ 8) NP/2

for some universal constant b, and é(n) < (n+1)/y,(1). O

Theorem 3. If assumption (B) holds for some o.=0a(S) >0 then for any
n>0 and f€ B,(E) with || f]| <1, we have for any N> N(x)

c(n)
|IE(17nN(f)er2n) - 7711(f)‘ < T
for some finite constant c(n) <cn/y(l), c<oo and a collection of
integer parameters N(o) >1 depending on o. In addition for any
p>1 we have for N> N(a)

E(|n) (1o = na(]") "< b”fﬁ(”)
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for some universal constants b,<oo which only depend on the
parameter p> 1 and c¢(n) <n/y(1).

Proof. We use the decomposition

) = m o = (02 s,

e Cxn i 1)) | RSSC)

7N (1) \pa(1)
If we set
1
fo =y U = )
then, since y,(f,,) =0, (20) also reads
v, (1
(’72’(]() - nn(f))l‘rNZn = ;;l/((l)) (Vy]:](fn)lr’vzn - Vn(fn))erZW

By Proposition 2, we have
]E(V,Izv(fnﬂr’vzn) = 7,(fn)

This implies that

E((1y () = 1,(f)) Levz=n)

_ IE((;}N((ll)) - 1) Y (fu) vz mfn))lfwzn)
- ]EGN(<11>> (1 - V/N((ll)))w (i) Lvas vn<fn))lfw>,,>
~ (2 (1) L s = ) )

If we set h, = ﬁ — 1 we get the formula

IE((”;I:](fn) - nn(fn))lrzvzn) = _IE(;’:]((II))

X (VnN<fn)er2n _Vn(fn))l‘tNZn)' (21)

(7 () Levz = 7 ()
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Let QY be the set of events

xn_{yn(l) TN>”Z/I’I( )8}
= {7 (1) > 7,(1)¢ and 7" > n}
7a(1) } N
= _—andv: >ny CH{1" > n}.
= te=n
We recall that for any p > 1 we have
N c(n)\" 1
P(Q;,) > 1-b, (m) N2

with é&(n) <n/y,(1) and a universal constant b, < cc. If we combine this
estimate with (21) we find that for any f€ %,(E), with ||f]| <1,

|IE(( nN( n) n(fn))lr’vznﬂ
< [E((n) (fa) = ma(fu)) 1y )| + 2IP((,)°)
1

<

IE( Pn (hn)lr"’zn - 'Vn(hn)HVz](fVl)lTNZn - Vn(fn)|)

c(n)\? 1
(Y

By Corollary 3 and Cauchy-Schwartz inequality this implies that

e

1
JECn () = 1 (fa)) Levzn)| < —a
for some universal constant a, é(n) <n/y,(1), ¢(n)<n and a universal
constant b(p) which only depends on the parameter p. Finally by
Lemma 1 and setting ¢ = 1/2, we conclude that
ac(S))

N c(n) . 1

B o) oo~ ma ) < (4 by 4 e
for some universal constant a <oo and &(n) <n/y,(l), c(n)<n. For N
sufficiently large and taking p =2 we have the crude estimate

cln

B () Lo — 1)) < 2
for some finite constant ¢(n) < co(n+ 1)/y,(1) Using similar arguments,
we prove the second assertion and complete easily the proof of the
theorem. O
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Combining Corollary 1 and Theorem 3, we obtain a particle
approximation of the log-Lyapunov exponent A(G)=1og#(G) and the
corresponding eigen-measure 7 € 2(E)

n(GM(f)) = Mn(f).

Corollary 4. [f Assumption (B) holds then there exists a non-decreasing
sequence of time parameters n(N) — oo as N— oo such that for any
f€BL(E) and p>1 then

im sup I (3 (F) Lvza) — 1())")"" =0

1
N—00 yeg
as well as

: X 1
lim sup IE((log )y (G) vz — A(G))") " =0,

N—00 yeg

and

lim sup IE((A(N’X>(G) - A(G))p)]/p =0

N—o00 xes n(N)
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